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Abstract

Purpose — The purpose of this study is to extend the classical noncentral F-distribution under normal settings
to noncentral closed skew F-distribution for dealing with independent samples from multivariate skew normal
(SN) distributions. )
Design/methodology/approach — Based on generalized Hotelling’s 7' statistics, confidence regions are
constructed for the difference between location parameters in two independent multivariate SN distributions.
Simulation studies show that the confidence regions based on the closed SN model outperform the classical
multivariate normal model if the vectors of skewness parameters are not zero. A real data analysis is given for
illustrating the effectiveness of our proposed methods.

Findings — This study’s approach is the first one in literature for the inferences in difference of location
parameters under multivariate SN settings. Real data analysis shows the preference of this new approach than
the classical method.

Research limitations/implications — For the real data applications, the authors need to remove outliers
first before applying this approach.

Practical implications — This study’s approach may apply many multivariate skewed data using SN fittings
instead of classical normal fittings.

Originality/value — This paper is the research paper and the authors’ new approach has many applications
for analyzing the multivariate skewed data.

Keywords Confidence regions, Pivotal method, Location parameter, Multivariate skew normal family,
Hotelling’s 72
Paper type Research paper

1. Introduction
Although the normal distribution is a standard assumption for modeling observations in
‘ general, practitioners and researchers prefer more flexible models that account for the
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non-normality when the data collected in finance and econometric fields. The family of skew  [nferences on
normal (SN) distributions, introduced by Azzalini (1985) for the univariate case, Azzalini and location
Valle (1996) for the multivariate case and Chen and Gupta (2005) for the matrix variate case, t
becomes a popular parametric family in statistical analysis of real data which account for parameters
asymmetry. There are several successful applications using SN, like modeling skewness
premium of a financial asset by Carmichael and Coén (2013), addressing “wrong skewness”
problems in stochastic frontier models by Wei et al (2021). Here just list a few, an updated 271
review was given by Adcock and Azzalini (2020).

Based on the definition given in Arellano-Valle et al. (2005), a p-dimensional random vector
Yis said to be SN distributed with the location parameter vector u € W, the scale parameter

matrix £ (ap X p positive definite matrix), and the shape parameter vector A € 0, denoted as
Y ~SN,(pu, Z, 1), if its probability density function (pdf) is given by

fr(y) =20,(y;u. D)@ NV (y —p)),  ye, )

where ¢,(+; #, Z) is the pdf of the p-dimensional normal distribution with the mean vector g and
the covariance matrix ¥, and ®(-) is the cumulative distribution function (cdf) of the univariate
standard normal distribution. Extensions of Equation (1) are investigated by many researchers
(see Azzalini and Capitanio, 1999; Wang et al, 2009; Young ef al, 2016; Li ef al, 2018).

For the univariate SN family, constructing plausibility regions for skewness parameter
was discussed by Zhu et al (2017) using inferential models (IMs). The joint plausibility
regions for location parameter and skewness parameter were studied by Ma et al. (2018) when
scale parameter is known using IMs, and the joint plausibility regions for location parameter
and scale parameter were constructed by Zhu et al. (2018) when skewness parameter is given.
For multivariate SN model, the confidence regions for location parameter are obtained by Ma
etal (2019). In this work, we study the difference of location parameters based on independent
multivariate SN distributions so that the generalized Hotelling’s 7%, and noncentral closed
skew F-distributions are used. Under the assumption of equal but unknown scale parameters,
the confidence regions for differences of location parameters of the multivariate SN model are
proposed. Simulation studies show that the proposed confidence regions have higher relative
coverage frequency rates than those in classical normal model for skewed data.

The organization of this paper is listed below. In Section 2, the definition of matrix variate
SN distribution is introduced and some useful properties of sampling distribution on
difference of sample means are derived. In Section 3, the confidence regions on the difference
of location parameters by pivotal method are proposed when scale parameters from two
populations are assumed to be equal but unknown. A group of simulation studies, which
illustrate the effectiveness of our proposed methods, are given in Section 4, followed by a real
data example in Section 5. The conclusion is given in Section 6.

2. Matrix variate SN distributions and sampling distributions

Let M,,;, be the set of all z X kmatrices over the real field t and " = M,, x 1. The transpose
of a matrix A is denoted as A’. The n X n identity matrix is denoted as 7,,, the constant vector
(1,...,1) €N is denoted as 1,, and J, = 11,1. For B = (b, by, ..., b,) € M, x, with
b; € R let Vec(B) = (b}, b}, ..., b) € W™ For positive definite matrix 7' € M,,sx,, we use
771, T2 and T2 to denote, respectively, the inverse, symmetric square root of 7, and
symmetric square root of 7', For B € M,,x,, C € M,%p, we use B ® C to denote the
Kronecker product of B and C. Through this paper, N(0, 1) represents the standard normal
distribution and bold phase letters represent vectors.

Definition 2.1. Ye et al. (2014) The n X p vrandom matrix Y is said to have a SN matrix
distribution with location matrix M, scale matvix V QX and skewness
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AJEB parameter matrix y @A, denoted by Y ~SN,xp(M,VQ@Z,y®1), if
6.2 y=Vec(Y)~SNy(p, VOZ,y®A), where M € M,x,, V € Myxy
’ p=Vec(M), yeR" and AR’

Suppose that X; € M, x , and Xy € M,,, x , are two independent sample matrices such that
)(iNSNniXp(lni®”l/‘aIni®2i,lni®ll,‘) (2)
272

for i = 1, 2. We are interested in analyzing the difference vector g; = g1 — po. The sampling
distributions of the sample mean and sample covariance matrix are given by Ma et al. (2019)
in following Lemma.

Lemma 2.1. Ma et al. (2019) Let Y ~ SN, (1, @', [, ® 2,1, ®A). Then,
- 1 ! )
Y = <—1;ZY> ~ SN, <p,—, ﬁl)
n n

and

mn-1)S=Y'(l, - ],)Y ~W,(n—1,%)
are independently distributed, where W,(n—1,Z) represents the p-dimensional Wishart
distribution with n — 1 degrees of freedom and the mean X.

By Lemma 2.1, we have

and
(ni - 1)81 = X: (In, _jn,-))(i ~ %(”z - 17 Zt) @)

for i = 1, 2. It is natural to use the statistic X; = X7 — X to inference on p.
The difference between two independent SN distributed random vectors follows a closed
SN distribution, which is reviewed below.
Defimition 2.2. (Gonzalez-Farias et al. (Gonzalez-Farias et al., 2004) A random vector
Y e N is said to have closed SN distribution (CSN), denoted as
CSN, (1, 2, D, v, A), if its pdf is

foa(¥i.Z,D,0,A) = Cd, (y;p, 2) @y (D(y — p); v, A),  yeR,

where C' = ®,(0;0,A+DXD'), p > 1, ¢ > 1, peR’, LeM;,, D € My, vel’,
AGM;X , and O.(im,Q), ©(+;n,Q) are the pdf and cdf of a k-dimensional normal
distribution.

For simplicity, we assume that v = 0 so that Y ~ CSN,,,(u, Z, D, A). The following two

properties of CSN can lead to the distribution of X .

Lemma 2.2. (Gonzélez-Farias et al. (Gonzalez-Farias et al,, 2004) Let Y ~ CSN,, ,(u, %, D, A)

Q) For an arbitrary constant b e R?,
Y +b~CSN,,(p+ b,Z,D,A) )
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2) For nonzero real number c €N, Inferences on

¢Y ~CSN,, (qu, Z,¢7'D, A); ©) location
parameters
() Let Y;~CSN)q,(p;, Zi, Di, A;), fori = 1, 2, be independently distributed. Then,
Y1t Yo Oy, (B + oy B2 4 2,7, 47) ™) 073
where
D — (Dlzl(zl + 22)_1> A — <A11 A12>
D)% (3 + 22)71 ’ An Ay
and
An = A +DiED; — D% (5 + 22)_121D/1,
Ay = Ay + DD, — DyZy(E 4 %) 5,0,
Ay = —DiZi(Z + 22)_122D’2.

In term of CSN, X; ~ CSN;, 1 (ﬂ,-, %, nl-ngl-_l/ 2, 1) for ¢ = 1, 2. Thus, we obtain the distribution

of X,.
Theorem 21. Let Xy = Xy — X, with X; ~CSNj, (,;2 nix;z;1/2,1) fori=1,2
Then,
X4 ~CSN,5(sty, £4, Da, Ag) ®)
where
Hi =M — K, Zd:i_IJr%
( mE ey ) <A11 Am) ®
Dy = . Ag=
—/1'22;/ 22;1 Ay Ay
with
Ay = 14+mAA — 2525,
Ap = 14 ndpdy — 4/ * 215 %A,
Ap = Ay =555

Proof. By part (2) and (3) of Lemma 2.2, the desired result follows immediately. [

Remark. If A, = 0, ie. X, following multivariate normal distribution with mean ps
and covariance i—j, the distribution of difference X,; has the form

Xd~CSN1,,1(pd,zd,x’12}/22}/2,An) which can be further expressed as
X4~ SNy (g Za, 5y "2 JA}).
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Figure 1.

Contour plot of
bivariate normal, SN
and close SN
distributions with
various values of
parameters

Figure 1 presents the contour of bivariate closed SN for various combinations of shape

parameter parameters D with different scale parameter £ = (; /1) ) Specifically, the gray

contours show D = 0 with p = 0, 0.5 and —0.5; the green contours show D = (g 8) with

p =0,0.5and —0.5; the blue contours show D = ( (1) _05 ) with p = 0,0.5and —0.5 the red

é _05 with p = 0, 0.5 and —0.5. From another point of view, these
contour plots present bivariate normal distribution (gray), SN distribution (green and blue)
and closed SN distribution (red).

contours show D =

3. Inference on difference of location parameters

In this section, the inference on the difference of location parameter is proposed when the
scale parameter ¥; and Z, are unknown but assumed to be equal, say £; = £, = X. The main
result is based on the generalized Hotelling’s 7% under multivariate SN setting.

3.1 Some related distributions ~ . B
At first, we consider the distribution of S = (X;—p,) ;' (Xa—p,). The following
definition and lemma by Zhu ef al. (2019) are useful to derive the distribution of S.

Definition 3.1. Zhuetal (2019) Let X ~ CSN, /@, 1, D, A ). The distribution of X' X, denoted
by X' X ~ CS;QZ7 (4,61, 82, Ay), is called a noncentral closed skew chi-
square distribution with degrees of freedom p, noncentrality parameter
A = W'p, skewness parameters 6 = D, 6o = DD’ and parameter A,

Lemma 3.1. Zhu et al. (2019) Let X ~ CSN,,, =, D, A) and Q = XWX with a
nonnegative definite W € M. If SV2WsY2 is idempotent of rank k, then
Q~ CSy3(2,61,82,Q), where 2 = p'Wp, 81 = DEWp, 5, = DEWED' and
Q,=A+DE W) '
Based on Theorem 2.1 and Lemma 3.1, we obtain the following result.
Proposition 3.1. Let S = (X4 —py) =" (Xa—py). Then, S~ CSx3(0,0, 62, Q) with
%?ﬂ.llﬂ.l m ngll;/h

/ /
A A m + ng nm +ng
w=its | 0 o |mde=| " 1
2\ A Ade n1n2,1/2/11 1 n%llzlz
m + ns n + ng
2 2 2
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Proof. From part (i) of Lemma 2.2, we have X; —p, ~CSN,2(0,%4,D4, Ag). Since  Inferences on
;}/ 22(;.123/ - I, is an idempotent of rank p, the desired result follows location
immediately. U parameters

Remark. Comparing with one sample case, the distribution of quantity n(X —p)

'E7HX —p) ~ x5 for X ~ SN, (u,2,\/n4) is free of the skewness parameter A.
Here, the distribution of Sfollows noncentral closed SN distribution given above 275

which depends on the parameters &, and Q. Readers are referred to check out
Figures 5 and 6 in Zhu et al. (2019) for the density curves of CSy*(0, 0, 55, Q).

3.2 Confidence region of pq

In this subsection, we will extend the Hotelling’s 7% statistic from multivariate normal setting
to the multivariate SN setting, called the generalized Hotelling’s 72 = %
(Xa— ;td)’S;l (X4 —py), to construct the confidence regions for the difference of location
vector where (n; + 1z —2)S, = (11 —1)S; + (12 —1)S;. First we need to derive the
distribution of S, then extend the F-distribution to closed skew F-distribution which can
describe the distribution of 7% under the multivariate SN setting.

Proposition 3.2. Let (n1 +ng —2)Sy = (m —1)S1 + (n2 — 1)Sawith Sy and S, defined by
equation (4) Then, (ny + ny — 2)S, ~ Wyny + ng — 2, %)

Proof. By Lemma 2.1, (n; — 1)S; ~ Wy(n; — 1, Z) for ¢ = 1, 2 are independently distributed.

Thus, the well-known properties of Wishart distribution for sums and scale
transformation lead to the desired result. O

To obtain the distribution of 7% we need the following well-known result (Lemma 3.2, Mardia
et al. (1980), Theorem 3.4.7) and extended version of the F-distribution, called closed skew F-
distribution, Definition 3.2, which was introduced by Zhu et al. (2019).

Lemma 3.2. If H~Wy(m,Z), m > p, then the ratio d = a/dH  a~y%_,., for any
fixed p-vector a
Definition 3.2. Zhu et al. (2019) Let Uy ~ CSy? (2,61, 82, Ap), Uz ~ 2, and Uy and Uz are
independent. The distribution of F = g%l is called the noncentral
closed skew F-distribution with degf_’ees of freedom ny and ns, and
parameters 1, 51, 55 and A, denoted by F ~ CSFy, »,(4, 61,82, Ay,)

Based on above definition, the pdf of noncentral closed skew F-distribution can be
obtained below.

Proposition 3.3. Let F' ~ CSFy, n,(4, 61, 62, Ay). The pdf of F is given by

Cmo . [(mav
Fr(; 2,61, 82, A) = / —A <1—;A,61,62,Am)fz(v)dv (10)
0o 72 7]

where fi(+; 4, 81, 82, A,,) and fo+) are pdf of CSy? (2,61, 6, M) and y3,, respectively.
Proof. Let F = Y% with Uy ~ CSyZ2 (4,61, 82, Ap), Uz ~ y2, independently distributed.

= Up/ny
The joint density of (U1, U?) is f(y, 1, (#,v) = f1(u)f2(v) where fi(+) and f2(-) are
pdf of U1 and U2, respectively. Then change of variables x = 224 ), = v, for x > 0,

mv
h > 0. The Jacobian of this transformation is #1v/x12. So integrating with respect to v
over 0 < v < oo leads to desired results.

By Lemma 3.2 and Definition 3.2, we obtain the distribution of 7% as follows.
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AJEB Theorem 3.1. For two independently distributed random matrices
6’2 )QNSM@Xp(lnl@”;aIfl,@za 1nl®ltl) for i= 1a27

where A;s are known. Let X, S; be given by equation (3) and (1), X, = X, — X,, and
S, = (m —1)S; + (n2 —1)Sy. Then, the distribution of T? = 2(X, —ﬂd)/S;I(Xd —p,)is

ny+ng

276 given by o
mﬂ ~ CSFyy +n,p-1(0,0, 82, Q), (1)
A YW
where 8, = ;% </1§/11 /1:2}»1) nd Q= mny o+
b Ak nnghoh 1 M3An A

ny + Ny n + 7z
Proof. Rewrite 7% as

T2 — mny (Xd _ﬂd>lz_1 (Xd _”d)
m (X, —ﬂd)/z_l (X4 _”d>/(Xd _”d)/szgl(xd ~ i)

Since S, and X, —p, are independent by Lemma 2.1, the conditional distribution of
w= (n +ng—2) (Xd *ﬂd)lEil (Xd *ﬂd)/<Xd */‘d)lsgl (Xd 7”d) N}(Elﬁ—nz—p—l

given X, —p, by Proposition 32 and Lemma 3.2. It is clear that w~y% ., _,  since the

conditional distribution does not depend on X; —p,. On the other hand, since = %E‘l,

then 2 (X, —py) =Xy —pg) = (Xa—pg) =3 (X4 —p,) which follows closed skew

ny+ng
chi-square distribution CS)(IZ,(O, 0, 82, Q) from Proposition 3.1. Therefore, the desired result
follows by Definition 3.2.
Based on above results, we construct confidence regions for the difference of location
parameter p, by using generalized Hotelling’s 7% as a pivotal statistics.

Theorem 3.2. Assume two samples satisfying (2) with unknown X, and Zo but 1 = X and
known A1 and Ag. Then, the 100(1 — a) % confidence regions for p,is given by

P mAm—p—-1_ 2
G (@) = {ﬂd- WT <CSFy iy pa (1= @) }»

where CSF?

oo imyp1 (1 — @) represents the 1 — a quantile of CSF’ 2

pa+ng—p-1

(07 07 527 Q)
The following plots present the pdf of noncentral closed skew F-distribution (see Figure 2).

4. Simulation study

Simulations are conducted for evaluating the performance of the proposed confidence regions
for p; under independent multivariate SN settings using the coverage relative frequency
rates. Comparisons of proposed confidence regions with those in classical independent
multivariate normal distributions are given.
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4.1 Coverage frequencies

To evaluate the proposed confidence regions for difference of location parameters under
multivariate SN setting, Monte Carlo simulation studies (each with a number of simulation
runs M = 10,000) are conducted for combinations of various values of sample sizes (721, 75) =

(2025), (40, 50) and (80,100, (o1, p) = ({0.1, 05, 08}, {0.1, 05, 08}), Dy — @ _35>

-2 2
and Dy = 3 0

Table 1 shows that our method provides reliable inference about the difference of location
parameters with nominal confidence level (95%). To further illustrate the effectiveness of the
proposed method, we confidence intervals of the coverage probability presented in the
following plot.

From Figure 3, we can see clearly that the pivotal quantity-based closed skew F-
distribution produce more robust confidence region than that based on F-distribution. The
coverage relative frequencies, based on the SN model, are close to the nominal confidence
level 95% consistently for the combination of different sample sizes, scale parameter and

0.20 ~,
ll \
RN
FOERANAY
N
0.15F Fo W 1
b s\
§
den=
el S
b
0.10F ol
ool
]
e
fol
H ol
0.05r Hi
il
]
farl
N ol
i
0.00 |- pmatt?
0 5 10 15 20

Inferences on
location
parameters

277

1 p 1 -2 2
(m,m2) z;(/) /1> D1:<2 _35> Dz:< 3 0)
F-distribution ~ CSF-distribution ~ F-distribution ~ CSF-distribution
(20,25) p=02 0.9268 0.9495 0.9224 0.9524
p=05 0.9274 0.9511 09135 0.9502
p=08 0.9206 0.9504 0.9227 0.9520
(40, 45) p=02 0.9025 0.9479 0.9008 0.9534
p=05 09118 0.9451 0.9095 0.9509
p=08 0.9036 0.9521 0.9016 0.9524
(80,100) p=02 0.8932 0.9527 0.9080 0.9479
p=05 0.8917 0.9463 0.8702 0.9470
p=08 0.9035 0.9483 0.8933 0.9448
(200,250) p =102 0.8824 0.9503 0.8883 0.9461
p=05 0.88920 0.9533 0.8956 0.9559
p=08 0.8998 0.9492 0.8852 0.9546

Figure 2.
The pdfs of noncentral
closed skew

Fa, <5, (5,11)",
5 11
11 25 )
1 05
05 1

distributions with
n =5, 10, 20 and 50
(black, green, red

and blue)

Table 1.
Coverage relative
frequencies of
confidence regions at
confidence level
a = 95% for difference
of location parameters
Jq With various
combinations of sample
sizes, p1, p2 and D:
D using Hotelling’s 75
as the pivotal quantity
when %, and X, are
equal but unknown
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AJ'EB p=0.2, and D4 p=0.2, and D,

bz | !
095" I I I 0 0.95 1 I
2 2
Q Q
= [ =
[ [
3 3
g l g
I I
2 P | = CSF P = CSF
78 2 0.92 §r 20w =B
K K
& ] © l
[ [
(=) (=]
o S
g 1 g l
00.89 )
© I ©0.89- I
(20,25)  (40,50)  (80,100) (200,250) (20,25)  (40,50)  (80,100) (200,250)
Sample Size Sample Size
p=0.5,and D4 p=0.5,and D,
509 1 ] I 1 509 I I I
Q Q
c c
[ [
3 3
g g
s 1 = o 092 I = oo
z = 2 -
E 0.92 E I
Q Q
© ©
: l : ]
] &0.89 :
Q Q
> >
3 3
0.89- I ] I
) ! ) ! 0.86- : . ; :
(20.25)  (40.50)  (80,100) (200.250) (20.25)  (40,50)  (80,100) (200,250)
Sample Size Sample Size
Figure 3 p=0.8, and D4 p=0.8, and D,
The confidence I
intervals of coverage I I
relative frequencies at @ 0.9 1 l I 8 0.95 I I
confidence level o 2
a = 0.95, red ones g g
based on SNmodeland ~ § g
blue ones based on w w
normal model with 2 - Som 1 afr
sample size (11, 1) = s K
(20, 25), (40, 50), (80, 2092 &
100) and (200, 250) g g
(from left to right in g g
eachfigure),p =02,05 3 3 I
and 0.8 (in each row), o 0089
and D; and D, (from
left to right), ‘ . ‘ ‘ ‘ . ‘ ‘
respectively (20.25)  (40,50)  (80,100) (200.250) (20,25)  (40,50)  (80,100) (200,250)
Sample Size Sample Size
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skewness parameters. But the coverage relative frequencies, based on the normal model, are  [nferences on
lower than the nominal confidence level. location

parameters

5. Real data example

In this section, we illustrate the effectiveness and applicability of the proposed methods by

applying them to Australian Institute of Sport (AIS) data (Cook and Weisberg, 2009). We 279
explore the difference of body mass index (BMI) and lean body mass (LMB) between males
and females athletes in AIS data.

The point estimates of the parameters for AIS data are reported in Table 2.

In Figure 4, the scatter plots and contour plots of fitted bivariate SN distributions are
presented. Based on our previous work (Azzalini and Valle, 1996), this data set prefers
multivariate SN model. So we adopt multivariate SN model as well to explore the difference of
location parameters. Using point estimates listed in Table 2 and applying Theorem 2.1, the
differences of sample mean has closed SN distribution, X;~CSNoo(p,%,D, A) with
estimated parameters

A=(129,1813), = (0.13 0.41)

0.41 2.09

D 320 —4.83 A 28.90 101.01
~\ —29.80 16.82 )’ “\101.01 473.42 )

Then, we apply Theorem 3.2 to construct the confidence region of difference of location
parameters p ;. In Figure 5, the confidence regions for the difference of location parameters are
given below at 95% confidence level.

Males Females
i@ (24.47,79.55) (23.18,61.42) Point esti TablfeS%\'I
5 181 1895 832 21.30 oint estimates o
parameters for the
. 18.95 114.00 21.30 8996 ) males and females AIS
7 (=0.20, —0.80) (0.88, —2.63) data, respectively
Males Females
110F 110F
100f 100
90l 90+
80+
= 80+ =
= 3 70
60+
60+
50 Figure 4.
50+ PR 2 The scatter plots and
- e hes st contour plots for the
b . . . T ' . v AIS data of males and
15 20 25 30 15 20 25 30 females
BMI BMI
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AJEB Differences between males and females

6,2 40 L B e e B e L B B e LB
30} i
280 [ , £
= 20 R 1, ,’ A
& L /- A K -
- g J
Figure 5. 10+ ! R 4
The confidence region r ' . 1
of difference of location r 4 o
parameter p,; at ! 22
confidence level 95% 3 H Lo’ 4
for AIS data between Or pLTS o8 ]
males and females, 3 d
where the black J
triangle represents the T L T i Ll
H, , and the blue dot -4 -2 0 2 4 6 8 10
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6. Conclusion

In this work, the difference for location parameters between two independent samples under
multivariate SN setting is studied. The construction of confidence region procedure is
developed. From the results of simulation studies, the confidence region based on SN model
has better performance than normal model in term of relative coverage frequencies to capture
the true value when the data are generated from skewed distribution.
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