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Abstract

It is known that the iterative roots of continuous functions are not necessarily unique, if it exist. In this note, by
introducing the set of points of coincidence, we study the iterative roots of order preserving homeomorphisms.
In particular, we prove a characterization of identical iterative roots of an order preserving homeomorphism
using the points of coincidence of functions.
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1. Introduction
Given a function F: X — X and a positive integer #, if there is a function f : X — X such that

f(x) =F(x), foralyeX (o))

(where /™ is z times composition of /) then f is called an 7 th iterative root or fractional iterate of
order » of F. The problem of finding the iterative root of functions was initiated in the classical
works of Charles Babbage [1]. The iterative roots of continuous monotone and piecewise
monotone function was developed in the works of Bédewadt [2], Lojasiewicz [7], Kuczma [4],
Zhang [6,12] and many others. For a detailed study of recent results on iterative roots of
continuous piecewise monotone functions can be found in the survey paper by Zdun and
Solarz [11].
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AJMS For the class of strictly increasing continuous functions, we have the following result.
26.1/2 Theorem 1.1 ([5]). Let ICR be any iﬂterval . Then every stﬂcﬂy ;'ncreasing continuous
’ Sfunction F from [ into itself possesses a strictly increasing continuous itevative roots of order n, for
alln eN.
Theorem 1.1 guarantees the existence of strictly increasing continuous iterative roots of a
strictly increasing continuous functions. Moreover, this strictly increasing continuous 7th
204 order iterative root depends on arbitrary strictly increasing homeomorphisms (see Theorem
11.2.2 [5]), and hence its iterative roots are not necessarily unique. In fact, every strictly
increasing continuous function, other than identity, possesses infinitely many strictly
increasing continuous zth order iterative roots.

In fact, uniqueness of iterative roots of a special class of monotonic functions was conjectured
by Bodewadt [2] and answered in negative by Smajdor [9]. Motivated by Bodewadt, suppose
f and g are two iterative roots of order # of a strictly increasing homeomorphism F (ie.
f" = g" = F), it is reasonable to ask under what condition f and g are identically equal?

Itisknown that, if /" = g" = Fandf, g commutes each other (ie. f g = g f)thenf mustbe
equal to g (see [10]). In this article, we further investigate this problem. We give some sufficient
conditions, using the set of points of coincidence of two functions. Also, for given order
preserving homeomorphism from an interval onto itself, by generalizing the result in [10], we
characterize the conditions of identical iterative roots of an order preserving homeomorphism.

2. Set of points of coincidence

Throughout our discussion we fix I = (a,b), where —co <a <b < o0, and H(I) denotes the
set of all order preserving homeomorphisms from 7 onto itself. Here after we always assume
all the functions are in the class H (I) unless otherwise stated.

Let f and g be two order preserving homeomorphisms from the interval  onto J/ C I. We
say f and g are comparable, if either f(x) < g(x) or g(x) <f(x) for all x€1, and if the
inequalities are strict then we say f and g are strictly comparable.

Proposition 2.1. If f and g are two strictly comparable order preserving
homeomorphisms from I onto | C I, then " and g" are strictly comparable order preserving
homeomorphisms, for all n € N. In addition to that, if ] = I then ™" and g™ are also strictly
comparable order preserving homeomorphisms, for all n € N.

Proof. First we prove the result for positive integers using induction on 7 Assume
f(x) < g(x) for all xel. Suppose there exists ¢€f(I) such that f?(t)>g?(t). Since
f(t) < g(t) wehave f(f(t)) < f(g(t)). Therefore

g(g(t) < F(F(1) < fle(®)).
Le. (f —2)(g(t) > 0.

Since (f—g)(¢) <0, by intermediate value theorem there exists c € (¢,g(¢)) such that
f(c) = g(c), which is a contradiction. Hence /2 < g% on (a, b).
Assume f*(x) < g*(x) for all x € (a,b) and 1 <k <n—1. Suppose there is a t € "~ (I)
such that
()= g (1)

Since f"71(f) < g" () we have f”(¢) < f(g"7\(¢)). Therefore

gt < f1(t) < f(g" @)

ie.,(f —g)(g"(t)) > 0.

Since (f-g)(¢) <0, by intermediate value theorem there exists ¢ € (,2""1(¢)) such that
f(c) = g(c), which is a contradiction. Hence /" < g" on (a, b).
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Now, we prove the result for negatlve integers by assuming / = /. First we prove if Sybcommuting

f (x) gx ) for all x €/, then g Y(x) < f~Y(x) for all x € I. Suppose there is a ¢ €  such that and
L) > U I g7H(¢) = f71(¢) then there exists x € ] such that f(x) = g(x) = £, which is comparable
not possible as f(x) < g(x) for all x € I. Therefore g~ () > f~'(¢). But this implies iterative roots
flg () > t > g(f (1))
Since f(g—l(t)) g(g7'(£)) we have ¢t > f(g"'(t)) > t, which is a contradiction. Thus 205
g7 (x) < f~}(x) for all x €. Therefore, as above g~ (x) < f™(x) for all x &€/ and for all
neN. [

For any two functions f and g, we denote the set of points of coincidence of f and g by
Z(f,8).ie, Z(f,g) = {x€l| f(x) = g(x)}.

Theorem 2.2. [f Z(f, g) is a finite set, then [ # g" for alln € Z\{0}.

Proof. If Z(f, g) is empty, then either f(x) < g(x) or g(x) < f(x) for all x € 1. Therefore
by Proposition 2.1, g"(x) #f"(x) for all ¥ € and for all n € Z\{0}.

On the other hand, if Z(f, g) is non empty, we argue as follows:

If f and g do not have a common fixed point, then there exists ¢ € [ such that f(¢) = ¢ but
g(t) #t. Without loss of generality, let g(¢) < t. Therefore g"(f) < t but f"(¢) = ¢ which in
turn implies f” # g" for all n € 7.

If f and g have common fixed points, then the set {x €] f(x) = g(x) = x} must be
finite. Let a; where 1 <7 <k be the common fixed points of f and g with

a:a0<a1<~-~<ak<ak+1:b.

Now, to prove our result it is enough to prove f” #g”" on (a;, @;1) for some 7. Since on each
(@, aiy1) both the functions f and g are self maps and has no fixed points, we may assume f
and g do not have fixed points in /.

Casel.x < f(x)and g(x) < xforallxel.

Since g(x) < x < f(x) for all x € (a, ), for any positive integer 7, g"(x) < x < f"(x).
Moreover for any positive integer n, f7(x) <x <g™(x) for all x€(a,b) as
F(x) < x < g7(x) for all x € (a, b). Hence for any n € Z\{0}, /" # g".

Case 2. x < f(x)and x < g(x) for allx 1.

Step 1: We prove the result for positive integers.

Let a = max{x € (a,b)| f(x) = g(x)}, then f (@) = g(a) and f (x) #g(x) for all x € (a, b).
Without loss of generality assume f(x) < g(x) for all x € (a, b). To prove /" # g" on I, we
prove f* < g"on (a,b) for allm e N.

Since f and g are self maps on (a, b), By Proposition 2.1, /*(x) < g"(x) for all x € (a, b).

Step 2: We prove the result for negative integers.

Let p = min{x € (,b)|f (x) = g(x)}, then /() = g(B) and f (x) #g(x) for all x € (a, B).
We may assume f(x) < g(x) for all x € (@, p). Since

x<f(x)<g(x) forallxe(a,p), @

replacing x by g7!(x) in Eq. (2) we get g7}(x) < f(g7'(x)) < x for all x€ (a,g7'(B)). In
particular,

gl () < fHx) forallxe (a,g7'(p)). ®3)

To prove f™# g™ on I, we prove g™ < f on (a,g}(p)) for all n € N. Since, both f and
g are self maps on (a,g71(B)), by Proposition 2.1, g7 (x) < f™(x) for all x € (a,g71(B)).
Moreover the cases f(x) < xand x < g(x) for all x € and f(x) <xand g(x) < xforall
x €1 are similar to case 1 and case 2. [
Lemma 2.3. If fg = gf , then f"g"™ = g"'f" for alln,me 7.
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AJMS Proof. First we prove /g = g f" for all n € 7. As f and g commute, we see that
26,112 g =f(fe) = f(&) = &) = &,

Assume f*g = gf* for all 1 <k<n—1. Again, by using induction hypothesis and f and g
commute, we see that

206 &' = (@ = () =7 &) = £ ) = 1'%

Therefore /g = g f* for alln € N. Since g f = f g, pre-multiplying by /! we get flgf = g.
Now, post multiply by /! to get f~'¢ = g f~. Hence by repeating the above process we get
f"g = gf™. Therefore f™g =gf™ forallneZ

Since f"g = g /" for each n €Z, again by above argument, we have f"g” = g"f" for
almez. 0O

Proposition 2.4. If x€Z(f,g) and f g = gf, then f"(x),8" (x) €Z(f,g) for all n € 7.

Proof. For xe Z(f, g), we have f(f(x)) = f(g(x)) = g(f (x)). Therefore f(x) € Z(f, ).
By repeating the above process we see that /" (x) € Z(f, g) for all n € N. Now, by applying
Lemma 2.3, we see that

FUH@) =7 () = f 7 (g(x) = g(F~ (x)).

Therefore /' (x) € Z(f,g). Hence, by above argument, /™ (x) €Z(f,g) for all n€N. ie,
f(x)eZ(f,g) for all n € Z. Similarly g"(x) € Z(f,g) forallneZ. [

Theorem 2.5. If fg=gf, then Z(f,g) = Z(f",g") for al n e Z\{0}

Proof. Step 1: We prove Z(f,g) = Z(f",g") for all n € N using induction on #. First we
prove Z(f,g) = Z(f%,g%).

For xe Z(f,g), we have

Fx) =f(f(x) = flg(x) = g(f(x)) = g(g(x)) = &°(x).
Let x € Z(f?%,g%). 1f f (x) # g(x), without loss of generality, say f(x) < g(x) then
fHx) < flglx) = g(f(x) = & (x)
which is not possible. Therefore Z(f, g) = Z(f2, g%).

Assume Z(f,g) = Z(f*, g*) for 2 <k <n— 1. Therefore, by applying Proposition 2.4, for
x€Z(f,g), we have

f1x) =71 @) = (g(x) = & (g(x))-

This shows that Z(f,g) C Z(f",g"). Suppose x€Z(f",g") with f(x) < g(x). Then, by
applying Lemma 2.3

f1x) <) =" (%) = 8(g" () = &" (),

which is not possible. Therefore Z(f*,g") C Z(f,g). This completes the proof of step 1.
Step 2: We prove Z(f,g) = Z(f",g7") for alln e I\.
It is clear from Step 1 that, Z(f~!,g71) = Z(f~",g™") for all n € N. Therefore to prove
Step 2, it is enough to prove Z(f,g) = Z(f~,g7").
Let x € Z(f, ). Suppose f ! (x) < g7(x). Then, by applying Lemma 2.3 we see that,

x<fle @) =g (f(x) =g ' (g(x) = .
which is not possible. On the other hand, if g71(x) < f~!(x) then
x<g(fw) =) = (W) = x,
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again a contradiction. Therefore f~!(x) = g7!(x) whenever f (x) =
Z(f',g1). Now by replacing f and g by f! and g!
Z(f,g)=Z2(f1g"). O

Corollary 2.6. If f, g satisfy f ¢ = gf and f" = g" for some n € Z then f = g.

Proof. Since fg = gf, by Theorem 2.5, we have Z(f", ") = Z(f, ). But Z(f", g")
f" = g" Therefore f =gonl. [

Theorem 2.7. Let f, g € H(I) without fixed points such that fg = gf . Suppose Z (", g")is
an interval for somen€Z, then f = gon .

Proof. Since fg = gf, by Theorem 2.5, Z(f,g) = Z(f", g"). Without loss of generality, let
a€Z(f,g)such that a < f(a). Also by Proposition 2.4, f(a) € Z(f, g). Since /™ (a) — band
S (a) > aas m — oo. Therefore

U [fm

I=(ab)=
ﬂle

respectively, we get

=Jas

fm+1 (Z)

Let y€[f"(a),f™(a)] be arbitrary. Then there is an element x € [a,f ()] such that
y = f"(x).Since f = gon [, f(a)] we have y = f”(x) = g"(x). Therefore, by Lemma 2.3,

F) =rf(g"(x) =8"(/(x)) =&"(g(x)) = g(g"(x)) =gW).
This completes the proof. [

3. Subcommuting and comparable iterative roots
Definition 3.1 (/3)). Let f and g be two order preserving homeomorphisms on I. We say f
subcommutes with g if f(g(x)) <g(f(x)), for all x € L.

Note that every commuting functions are subcommuting, but the converse is not
necessarily true. For example, consider the functions f, g : (0, c0) = (0, 00) by f(x) = 2x and
g(x) = x% Clearly f subcommutes with gas f (g(x)) = 2x% < g(f(x)) = 4x*forallx € (0, ).
But f(g(x)) = 2x* £ g(f (x)) = 4x? for all x € (0, o0).

Let F': I — I be an order preserving homeomorphism. We prove that it is not possible to
have different iterative roots of F' which are either comparable or subcommuting.

Theorem 3.2. Let F e H(I). Suppose f,g € H(I) satisfy f" = g" = F for some n€Z.
Then the following are equivalent.

1. f subcommutes with g.
2. f and g are comparable.
3.f=g

Proof. 3 implies 1 and 2 are trivial.
(1= 3) In view of Corollary 2.6, it is enough to prove that fg = gf on I.
Suppose f g(x) < gf(x) for some x. Then

g (x) = g"(g(x))

=f )
<" Mg(f(x)))
</"*(g(f*(x)))

<g(/"(x))
— gn+1 ( x) )
ie, g (x) < g1 (x), a contradiction. Hence f g = g f. Therefore by Corollary 2.6,/ = gon L.

g(x), ie. Z(f,8)S Subcommuting

and
comparable
iterative roots

207
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(2=3) Assume f <g.If possible, let f(¢) # g(t) for some ¢ € I, therefore f () < g(¢). Since
f" = g" we have

g =r"(t) <7 (g®) <8("*(e(1)),

where the last inequality holds since f <g. But then g"1(f) < /" 2(g(¢)) as g7! is an order-
preserving homeomorphisms. Now

g7 < FHe(t) <t (e(h),

since f<g This implies g"%(¢) < f"3(g(¢)), since g is an order-preserving
homeomorphisms. Continuing this process up to (z — 2) times we get

g(g(t)) <f(g®),

a contradiction to our assumption. Therefore f = gonl. [

Part of a theorem due to McShane [8] is observed below.

Corollary 3.3 (/8)). The only order preserving iterative rvoot of any order of the identity
Sfunction on R is the identity function.

Proof. Clearly, identity function is an iterative root of any order of the identity function, it
follows from Theorem 3.2, that any order preserving homeomorphism whose iteration is
identity becomes identity, as the identity function subcommutes (also commutes, so Corollary
2.6 also applicable) with any function. [

Further, if f € H(I) such that f"(x) = x for all x €1 but f is not the identity, then there
exists an interval (a,f) such that either f(x) <x or f(x) >« for all x&(a,p) and
f((a,p)) = (a,p). Since f*(x) = « for all x € (a,p) and f is comparable with identity, by
Theorem 3.2 f(x) = xon (a, B), which is a contradiction. This forces that identity is the only
order preserving homeomorphism of the identity function.

From Theorem 3.2, we can conclude that the non-commuting, non-comparable iterative
roots of an order preserving homeomorphism are all different. We provide an illustrative
example. The construction given in this example is based on Theorem 11.2.2 in [5].

Example 1. Consider the order preserving homeomorphism £ : [0, 1] — [0, 1] defined by

)
)
A

In order to construct iterative roots of this function, first we define a sequence of disjoint
intervals whose union is [0, 1] and on each interval we define homeomorphism which serves
as an iterative root of order 2 of F.

To start with, let x = § and x; = 1. Define xy, := F(xg_2), %2041 := F(x2-1) for all
kReN and x_(g1) = F 7 (x_(2e1)), X-gp = F 7 (x_(—9)) for all k€N u{0}. Note that
Xy = F(x0) = 5343 = F(v1) = 5204 = F(xz) = 5 (5) + % = F(x3) =3(5) + 5, in general

4x if xe |0,

| = ool

F(x)= fx+% if xe

Z—14—§if S
9Ty M

== "o =



1 4k—1 5/@—2 4 i 2 4k—1
Yor =5 <§> +§ ; (5) X2kl = 3 <§)
and .y =F (1) = 1(3)sase = F ' (n0) = Dsass = F' () =1 ()P0 = F () = 1(0)% in

general 1 (1> k1

X—(2k41) :1 1 X2k = 5

é G)kaeN v {0}.

Define I, = [xz, X41] for k€ Z. Since x9;, = 1, %211 = 1, %_9; = 0, X_(9%41) = 0 as k— oo we
have Upez, = [0,1]. Let @y : Iy — I be the homeomorphism defined by Uy (x) = 2xforallx € k.

Now, define ¢y, : [, = Is1 by @(x) = Fo¢, ' (x) for all x€l, and ke, also define
¢y L= o1y by ¢_(x) = qb:(lk_l) oF(x) for all x€l, and keN. Consider the
homeomorphism f : [0, 1] — [0, 1] defined by f(x) = ¢, (x) if x € I, for all k € Z. By calculation

we can show that
2x if xe [O, %)
flx) =
—X + —

2 1 . 1
3 3 if xe [‘_1’ 1} .
and f%(x) = F(x) Vx €]0,1]. Now we construct another order preserving homeomorphism g

which do not subcommute and not comparable with f but g2 = F. For this, let y: Iy — I; be the
homeomorphism defined by

er1 if xeli

" 8 816
x) =

B PR RPN

T S el

Now, define y, : I, > L1 by w,(x) = Fey}(x) for all x€l, and k€N, also define
v L= Lgy by w_,(x) = y/:%k_l) o *(x) for all x € [, and % € N. Then the homeomorphism
g :[0,1] = [0, 1] defined by g(x) = w,(x) if x €1, for all k€ Z satisfies g?(x) = F(x) for all
x €10, 1]. Since,

4 1 . 1 5
§x+é if xe Z’E)
yn (%) = Foyy' () =
4 4 . 51
¥ g if xe E’é]’
and
1 1 . 17
§x+§ if xe §,E>
Yo(x) = Foyy'(x) =
er1 if xe 1%]
9 123)°

Subcommuting
and
comparable
iterative roots

209

Downl oaded from http://ftp. nowublishers.conlajnms/article-pdf/26/1-2/203/361071/j _aj msc_2019_10_003. pdf by guest on 11 June 2026



AJMS we observe that

(2)) =(o2)) (5) =B l(2) =) -2

and

13 29 103 13 13 45 27
mo ) ) A )5
Moreover, (%) =15 < f(5) =3 and f($) = 8 < g(%) =13 . Thus we have two order

preserving homeomorphisms f and g such that they are neither comparable nor
subcommuting but 2 = g2 = Fand f #g.
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