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Abstract

The purpose of this paper is to extend the recent results of Okeke et al. (2018) to the class of multivalued
p-quasi-contractive mappings in modular function spaces. We approximate fixed points of this class of
nonlinear multivalued mappings in modular function spaces. Moreover, we extend the concepts of 7 -stability,
almost 7 -stability and summably almost 7 -stability to modular function spaces and give some results.
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1. Introduction

It is known that there is a close relationship between the problem of solving a nonlinear
equation and that of approximating fixed points of a corresponding contractive type operator
(see, e.g. [4,17). Hence, there is a practical and theoretical interest in approximating fixed
points of several contractive type operators. For over a century now, the study of fixed point
theory of multivalued nonlinear mappings has attracted many well-known mathematicians
and mathematical scientists (see, e.g. Khan et al. [13]). The motivation for such studies stems
mainly from the usefulness of fixed point theory results in real-world applications, as in Game
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AJMS Theory and Market Economy and in other areas of mathematical sciences such as in
26.1/2 Nonsmooth Dzﬂer(;ntial Equations. o ‘
’ Modular function spaces are natural generalizations of both function and sequence
variants of several important, from application perspective, spaces like Musielak—Orlicz,
Orlicz, Lorentz, Orlicz—Lorentz, Kothe, Lebesgue, Calderon-Lozanovskii spaces and
several others. Interest in quasi-nonexpansive mappings in modular function spaces stems
76 mainly in the richness of structure of modular function spaces, that — besides being Banach
spaces (or F-spaces in a more general settings) — are equipped with modular equivalents of
norm or metric notions and also equipped with almost everywhere convergence and
convergence in submeasure. It is known that modular type conditions are much more
natural as modular type assumptions can be more easily verified than their metric or norm
counterparts, particularly in applications to integral operators, approximation and fixed
point results. Moreover, there are certain fixed point results that can be proved only using
the apparatus of modular function spaces. Hence, fixed point theory results in modular
function spaces, in this perspective, should be considered as complementary to the fixed
point theory in normed and metric spaces (see, e.g. [10]). Several authors have proved very
interesting fixed points results in the framework of modular function spaces, (see, e.g.
[10,11,15,18]).

It is our purpose in the present paper to extend the recent results of Okeke et al.[17]to the
class of multivalued p-quasi-contractive mappings, which is known to be wider than
the class of Zamfirescu operators (see, e.g.[5]) in modular function spaces. We approximate
the fixed point of these classes of nonlinear multivalued mappings in modular function
spaces. Moreover, we extend the concepts of T '-stability, almost 7 -stability and summably
almost T -stability to modular function spaces. Consequently, we define the concepts of
p-T-stable, p-almost T -stable and p-summably almost 7 -stable in modular function spaces.
We prove that some fixed point iterative processes are p-summably almost 7'-stable with
respect to 7, where T is a multivalued p-quasi-contractive mapping in modular function
spaces.

2. Preliminaries

In this study, we let £2 denote a nonempty set and X a nontrivial s-algebra of subsets of 2. Let
‘P be a &ring of subsets of £, such that £ n A € P for any E € Pand A € X. Let us assume
that there exists an increasing sequence of sets K,, € P such that Q = u K, (for instance, P
can be the class of sets of finite measure in a o-finite measure space). By 14, we denote the
characteristic function of the set A in £2 By € we denote the linear space of all simple functions
with supports from P. By M, we denote the space of all extended measurable functions, i.e.,
all functions f : 2 — [— o0, o0] such that there exists a sequence {g,} C¢, |g,| <|f| and
Gn(w) = f(w) for each w € Q.

Definition 2.1. Let p : M, — [0, oo] be a nontrivial, convex and even function. We say that
p1s a regular convex function pseudomodular if

1) p(0) =0;

(2) p is monotone, ie.,|f(w)|<|g(w)| for any we R implies p(f)<p(g), where
f,8 € M

(3) p is orthogonally subadditive, ie., p(flaus) < p(f1la) +p(f1p) for any A, BeX
such that ANB#0, f € M

(4) p has Fatou property, ie,|f,(®)|1]f(w)| for all @ € L2 implies p(f,)tp(f), where
€M
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(5) pis order continuous in ¢, ie. g, € e and | g,(w)|10 implies p(g,)10. Approx1mat10n

A set A€ Xissaid to be pnull if p(gly) = Oforeverygee A property p(w) is said to hold in modular
p-almost everywhere (p-a.e) if the set {® € : p(w) does not hold} is p-null. As usual, we function spaces
identify any pair of measurable sets whose symmetric difference is p-null as well as any pair

of measurable functions differing only on a p-null set. With this in mind we define

M(R,2,P,p) ={f € Ms : | f(®)| < 0p-ae.}, 77

where f € M(Q, X, P, p) is actually an equivalence class of functions equal p-a.e. rather than
an individual function. Where no confusion exists, we shall write M instead
of M(Q,X,P,p).

The following definitions were given in [12].

Definition 2.2. Let p be a regular function pseudomodular;
(@) we say that p is a regular convex function modular if p(f) = 0 implies f = 0 p-ae.

(b) we say that p is a regular convex function semimodular if p(af) = 0for every a > 0
implies f = 0 p-a.e.

It is known (see, e.g. [10]) that p satisfies the following properties:
(1) p(0) =0iff f =0 p-ae.
@ p(af) = p(f) for every scalar a with |a| = 1and f € M.
@) plaf+p2)<p(f)+plg)ifat+p=1ap>0andf, geM.

pis called a convex modular if, in addition, the following property is satisfied:

@) plaf +p2g) < ap(f) + pp)ifa+p=1a8>0andf,geM.
The class of all nonzero regular convex function modulars on €2 is denoted by R.

Definition 2.3. The convex function modular p defines the modular function space L, as
L,={feM;p(if)—-0 as 1—0}.

Generally, the modular p is not subadditive and therefore does not behave as a norm or a
distance. However, the modular space L, can be equipped with an /-norm defined by

11, = inf{a >0 p@ Sa},

In the case p is convex modular,

11, = inf{a >0 p@ 51}.

defines a norm on the modular space L,, and it is called the Luxemburg norm.

Lemma 2.1 (/10)). Let peR. Defining LO {feLyp(f,.) is order continuous} and
E, = {f€L,;if €L for every 2> 0}, we hawe

@ L,> Lp DE;
(i) E, has the Lebesgue property, ie., p(af,Dy) =0, for a >0, f €E, and Dy, | @;
() E,is the closure of € (in the sense of ||.|| ).
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AJMS Definition 2.4. A nonzero regular convex function p is said to satisfy the As-condition, if
26.1/2 sup, »1P(2fy, Dr) = 0 as k— oo whenever {D;} decreases to ¢ and sup,»1p(fn,Dr) =0
’ as k— oo.
If p is convex and satisfies As-condition, then L, = E,.
The following uniform convexity type properties of p can be found in [6].

Definition 2.5. Let p be a nonzero regular convex function modular defined on £
78 @) Let 7 > 0, ¢ > 0. Define

Dl(ra 6) = {(fag) :f>gELpap(f) Sf’,p(g) Sr:ﬂ(f 7g) 261’}.

Let
arg =intf1-1o(LhE) s reniaf it Do,

and & (r,€) = 1 if Dy(r,€) = . We say that p satisfies (UC1) if for every » >0, € > 0,
81(r, €) > 0. Observe that for every » > 0, Dy (7, €) £, for € > 0 small enough.

(i) We say that p satisfies (UUC1) if for every s>0, ¢ > 0, there exists #;(s,€) > 0
depending only on s and e such that & (7, €) > 5, (s, €) > 0 for any » > s.

(i) Let » > 0, € > 0. Define

Ditr.d = {.0) sz et,pt <ropte) < (P ) 2er).
Let
sirg =int{1-1o(LLE) s rorena, it Do £

and &;(r,€) = 1 if Dy(r,¢) = (. We say that p satisfies (UC2) if for every » >0, € > 0,
82(r, €) > 0. Observe that for every 7 > 0, Dy(7, €) #, for € > 0 small enough.

(iv) We say that p satisfies (UUC2) if for every s>0, e > 0, there exists 7,(s,€) > 0
depending only on s and e such that 53(7, €) > 1,(s, €) > 0 for any » > s.

(v) We say that p is strictly convex (SC), if for every f, g € L, such that p(f) = p(g) and

) <z¥> — o012, there holds f = g.

Proposition 2.1. ([10)). The following conditions characterize relationship between the above
defined notions:

@) (UUG)=(UC)fori=1,2
(i) &1(r,€) <827, €).

(i) (UC1)=(UC2).

(iv) (UUC1)=(UUC2).

(V) If pis homogeneous (e.g. it is a norm), then all the conditions (UC1),(UC2),(UUC1),
(UUC2) are equivalent and 6, (r, 2¢) = 61(1, 2¢) = 82(1, €) = a(7, €).

Definition 2.6. Let L, be a modular space. The sequence {f,} C L, is called:
(1) p-convergent to f €L, if p(f,, —f) = 0as n — oo;
(2) p-Cauchy, if p(f, — fin) = 0 as nand m — .
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Observe that p-convergence does not imply p-Cauchy since p does not satisfy the triangle  Approximation

inequality. In fact, one can easily show that this will happen if and only if p satisfies the in modular

AZ_(I:girllrilet;Oer}[. al. [14] defined p-distance from an f € L, to a set D C L, as follows: function Spaces
dist,(f,D) = inf{p(f — h) : heD}.

Definition 2.7. A subset D C L, is called: 79

(1) p-closed if the p-limit of a p-convergent sequence of D always belongs to D;
(2) p-ae.closedif the p-a.e. limit of a p-a.e. convergent sequence of D always belongs to D;
(3) p-compact if every sequence in D has a p-convergent subsequence in D;
(4) p-a.e. compact if every sequence in D has a p-a.e. convergent subsequence in D;
(5) p-bounded if
diam,(D) = sup{p(f —g) : f,g €D} < .

The following famous result was proved by Zamfirescu [19]

Theorem 2.1. (/19)). Let (X, d) be a complete metric space, and let T : X — X be a mapping
Sfor which there exist real numbers a,b and c satisfying 0 <a <1, 0< b,c < %such that for
each pair x,y € X at least one of the following is true:

(z1) d(Tx, Ty) <ad(x,y),

(:2) d(Tx. Ty) <bld(x, Tx) + d(y, Ty)}

(3) d(Tx, Ty) <cld(x. Ty) + d(y, T
Then T has a unique fixed point p and the Picard iteration process {x,} defined by

Xnt1 = Txm n:071725~--
converges to p for any xy € X.
Remark 2.1. Any operator 7 which satisfies the contractive conditions (z1)—(z3) of Theorem
2.1 is called a Zamfirescu operator (see e.g. [5]) and is denoted by Z.

The following class of quasi-contractive operators was introduced on a normed space £ by
Berinde [5]:
T — Ty[| <6|lx = y|| + L[| Tx — ],
for any x,y€FE, 0<5 < 1 and L>0. He proved that this class is wider than the class of
Zamfirescu operators.
AsetDc L, is called p-proximinal if for each f € L, there exists an element g € D such that
p(f —g) = dist,(f, D). We shall denote the family of nonempty p-bounded p-proximinal subsets

of Dby P, (D), the family of nonempty p-closed p-bounded subsets of D by C, (D) and the family
of p-compact subsets of D by K,,(D). Let H,(., .)be the p-Hausdorff distance on C,(L,,), that is,

H,(A,B) = max{supdistp(f,B), supdist,,(g,A)},A,B eC,(L,).
feA geB

A multivalued map 7 : D — C,(L,) is said to be:

(a) p-contraction mapping if there exists a constant %z € [0, 1) such that
H,(Tf, Tg) <kp(f — g), for allf,geD. 2.1
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AJMS (b) pnonexpansive (see, e.g. Khan and Abbas [12]) if

26,172 H,(Tf, Tg) <p(f —g), for all f,geD. 22
(¢) p-quasi-nonexpansive mapping if
H,(Tf,p)<p(f —p) for all feD and peF,(T). 2.3)
80 (d) p-quasi-contractive mapping if

H,(Tf, Tg) <dp(f — g) + Lp(Tf — f), for all f,g€D,0<5<1 and L>0. (24)

A sequence {f,} C (0,1) is called bounded away from 0 if there exists @ > Osuch that ¢, >a
for every n € N. Similarly, {#,} € (0,1) is called bounded away from 1 if there exists b < 1
such that £, <b for every n € N.

Recently, Okeke et al. [17] approximated the fixed point of multivalued p-quasi-
nonexpansive mappings using the Picard—Krasnoselskii hybrid iterative process. It is known
that this iteration process converges faster than all of Picard, Mann, Krasnoselskii and
Ishikawa iterative processes when applied to contraction mappings (see, Okeke and Abbas
[16]). The following is the analogue of the Picard—Krasnoselskii hybrid iterative process in
modular function spaces: Let T : D — P,(D) be a multivalued mapping and {f,} cD be
defined by the following iteration process:

{fn+1 EP/;F( n)

r 25)
8n = (1 - l)fn + /IPp (Un)a ”EN:
where v, € PT (f,) and 0 < A < 1. It is our purpose in the present paper to prove some new
fixed point theorems using this iteration process in the framework of modular function
spaces.
The following is the analogue of the S-iteration, introduced by Agarwal et al. [1] in
modular function spaces.

= (1 _ﬁn) fn + Bt

where u, € P (), On €P] (g,), the sequences {a,}, {$,} € (0,1) are bounded away from
both 0 and 1. Tt is known’ (see, e.g. [9) that the S-iteration converges faster than the Mann
iteration process and the Ishikawa iteration process for Zamfirescu operators.

fo€eD
f;erl = (1 - an)un + a,vy (26)

Definition 2.8. A sequence {f,} C D is said to be Fejér monotone with respect to subset
P,(D) of Dif p(f,s1 = p) <p(fu —p), for all pe P} (D) of D,neN.

Definition 2.9. (/1.2)). A multivalued mapping 7" : D — C,(D) is said to satisfy condition (I)
if there exists a nondecreasing function / : [0, c0) — [0, 00) with /(0) = 0, /(») > 0 for all
7€ (0, 00) such that dist, (f, Tf) > {(dist, (f, F,(T))) for all f € D.

The following Lemma will be needed in this study.

Lemma 2.2. (/2)). Let p € R satisfy the As-condition. Let {f,} and{g,} be two sequences in
L, Then

lim p(g,) = 0=lim sup p(f, +g,) = lim sup p(/,)

n—oo n—00 n—00
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and Approximation
limp(g,) = 0=lminf p(f, +g,) = iminf p(f,). in modular
function spaces
Lemma 2.3. ((6)). Let p satisfy(UUCY) and let{t;,} C (0,1) be bounded away from 0 and 1.
If there exists R > 0 such that

lim sup p(f,) <R, limsupp(g,) <R 81

and

n—o0

then lim,,_,o, p(f,, —gu) = 0.
A function f € L, is called a fixed point of T": L, — P,(D) if f € Tf. The set of all fixed
points of 7" will be denoted by F,(T).

Lemma 2.4. ((12)). Let T : D — P,(D) be a multivalued mapping and
PI(f) ={g€Tf : p(f —g) = dist, (f, Tf)}.

Then the following are equivalent:

(1) feF,(T), thatis, f € T.

@) PI(f) = {f}, that is,f = g for each g € P] (f).

(3) feF(PL(f)) that is, feP!(f). Further F,(T)=F(PL(f)) where F(P!(f))

denotes the set of fixed points of PT (f).
Lemma 2.5. (/3)). Let {ay } o {0n } -0 be Sequences of nonnegative numbers and 0<q < 1,
such that
Ap11 Sqan + bn: f07’ al n ZO

() If lim,,_, b, = O, then lim,,_,,a, = 0.
(@) If > obn < o0, then Y e jay < oo.

3. Approximation of fixed points in modular function spaces
We begin this section with the following proposition

Proposition 3.1. Let p satisfy (UUC1) and Ax-condition. Let D be a nonempty p-closed,
p- bounded and convex subset of L,. Let T : D — P, (D) be a multivalued mapping such that PPT
s a p-quasi-contractive mappmg, satisfying contmctwe condition (2.4) and F,(T)#§. Let
{fu} € Dbe defined by the two step S-iterative process (2.6), such that the sequences{an} c(0,1)
and{p,} C (0,1) are bounded away from both 0 and 1. Then the S-iterative process (2.6) s Fejér
monotone with respect tol,(T).

Proof. Let p € F,(T). By Lemma 24, P} (p) = {p} and F,,(T) = F(P]). Using relation (2.4)
and (2.6), we obtam the following estimate:
p(fn-f—l - ) = p[(l - aﬂ)un + Uy _p]

=p[(1 — ) (uy — ) + (v, — p)]. 31
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AJMS The convexity of p implies
26’1/2 /)(fn+1 _p) < (1 - an)p(”n —P) + an[)(UH — p)

< (= @ H (BTGP 0) + (BT e). PR ).

From relation (2.4), with f = p, g = f,, and also f = p, g = g, then we obtain the following
82 estimates from relation (3.2):

H,(P] (1), P, () <p(f, — b)- (33)
H, (P, (). P, (b)) < 6p(g1 — b)- (34

Using (3.3), (3.4) and the fact that 0 <6 < 11in (3.2), we have

pfa1 — D) <(1 = a,)p(fs — D) + aubp(gn — D) 35)
S(l_an)p(fn_p)"f'anp( n_p) .
Next, we have
P(g; _p) = p[(l - ﬂn)fﬂ +ﬁnuﬂ _p] (36)

= p[(l - ﬁn)(f;f _p) +ﬂn(uﬂ _p)]
By convexity of p, we have
P& =) <A =B )plfh —0) + B.H,(P) (), P) (b)) 3.7)
Using (2.4) with f = p and g = f,, and the fact that 0 < < 1, relation (3.7) yields:
p(gn 71)) < (1 7ﬂ¢1)p(f}l 71)) +ﬁn5p(ﬁ¢ 71))
=p(fu —D)-
Using (3.8) in (3.5), we obtain: (3.9)
p(fn+1 _p) S (1 - aﬂ)p(fn _p) + an/)(fn _p)
= p(fn _p)

Hence, the S-iteration (2.6) is Fejér monotone with respect to F,(T"). The proof of Proposition
3.1 is completed. [J
Next, we prove the following proposition.

3.9)

Proposition 3.2. Let p satisfy the (UUCY) and Ay-condition. Suppose that D is a nonempty
p-closed, p-bounded and convex subset of L, LetT : D — P, (D) be a multivalued mapping such

that P,,T is a p-quasi-contractive mapping, satisfying contractive condition (2.4) and F,(T) #§.

Let {f,} D be defined by the two step S-iterative process (2.6), such that the
sequences{ay } C (0,1) and{p,} C (0,1) are bounded away from both 0 and 1. Then

() the sequence {f,} is bounded.

(i) for each f € D{p(f, —f)} converges.

Proof. Since {f, } is Fejér monotone as shown in Proposition 3.1. Using the fact that p satisfies
the As-condition, we can easily show (i) and (ii). This completes the proof of Proposition 3.2. []
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Theorem 3.1. Let p satisfy (UUCL) and Ay-condition. Let D be a p-closed, p-bounded and Approximation
convex subset of a p-complete modular space L, and T : D — P, (D) be a multivalued mapping in modular

T . . . . . . . .. .
such that Pp s a p-quasi-contractive mapping, satisfying contractive condition (2.4) and function spaces

F,(T)# Let {f,} C Dbe defined by the two step S-iterative process (2.6) and fy € D, where the
sequences {a, },{B,} C (0,1) are bounded away from both 0 and 1, satisfying > .2,y = .
Then {f,} converges strongly to the fixed point of T.

Proof. Let p € F,(T). By Lemma 2.4, PPT () ={p}andF,(T) =F (P/)T ). Using relation (2.4)
and (2.6), we obtain the following estimate:
pUfair = D) = pl(1 — an)uty + a0, — P
=pl(1 = a,)(n — p) + an(vn — p)]-
The convexity of p implies (3.11)
P — D) (1 = an)p(un — p) + anp(vy — b)
<= a)H,(P) (), P, (D) + a1, (P} (g:), P) (b))

From relation (2.4), with f = p, g = f, and also f = p, g = g, then we obtain the following
estimates from relation (3.11):

83

(3.10)

3.11)

Hp(PpT(«f;Z)’P/)T )) <p(fu — D). 3.12)
H,(P}(g,), P (b)) <8p(gy — D) (3.13)

Using (3.12) and (3.13) in (3.11), we have
p(f;wl —P) < (1 - an)5p(fn _p) + an(sp(gn _p) (314

Next, we have

p(gn _p) = p[(l _ﬁn)fn +ﬁnun _p}

— 9l = Bo) s = 2) + Byl — ) s
By convexity of p, we have
(g =)< (= B)p(fu —b) + B,H, (P} (1), P, (b)). (3.16)
Using (2.4) with f = pand g = f,, then relation (3.16) yields:
P& =)< (1 =B )pUw =) + P.op(fu — b). 3.17)
Using (3.17) in (3.14), we have
pfacs =) (L= a)dp(fu — p) + aud(1 = B,(1 = 8))p(fu — D) (318)
<P -a( =601 -B,(1-0)))lplh —p).
Using (3.18), we inductively obtain
p(fur1 —p) < g[l — (1 =61 (1-9))lpth — 1), (319

n=0,1,2,3,...
Using the fact that 0<6 < 1, {ay}, {#,} € (0,1) are bounded away from both 0 and 1,
satisfying Y ;- ja, = oo, relation (3.19) yields
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26,1/2 Tim [T - a1 - 801 - (1 =) =0, (320
k=0

which implies that (3.19) becomes:
Timp(fyi1 — ) = 0. (3:21)
84

Consequently, £, — p € F,(T). The proof of Theorem 3.1 is completed. [

Theorem 3.2. Let p satisfy (UUCL) and As-condition. Let D be a nonempty p-closed,

p-bounded and convex subset of L,. Let T : D — P,(D) be a multivalued mapping such that PﬂT

is a p-quasi-contractive mapping, satisfying contractive condition (2.4) and F,(T)#9. Let
{fu} €D be defined by the two step S-iterative process (2.6) and fo € D, where the sequences
{a, },{B,} € (0,1) are bounded away from both 0 and 1. Then lim,,_.p(f,, — p) exists for all
peF,(T)and limn_,oodistp(fn,PpT(ﬂ,)) =0

Proof. Let p € F,(T). By Lemma 24, P! (p) = {p} and F,(T) = F(P]). Using relation (2.4)
and (2.6), we obtain the following estimate:
p(j;H»l 71)) = p[(l - aﬂ)un + anvn 71‘)]

= pl(1 — ) (u, — p) + (v, — D)) (3.22)

The convexity of p implies
/)(fn+1 _ﬁ) S (1 - an)p(”n —P) + an/)(vn _p)
<(1- a”)Hﬂ(PpT(«fﬂ)’PpT(p)) + anHﬂ(PpT(gn)7PpT(p))'

From relation (2.4), with f = p, g = f,, and also f = p, g = g, then we obtain the following
estimates from relation (3.23):

H,(P/ (1), P, () <p(f, — b)- (3.24)
H,(P)(g,),P) (0)) <5p(g, — D). (3.25)

(3.23)

Using (3.24), (3.25) and the fact that 0 <6 < 11in (3.23), we have

p(fun —p) (1 = a,)dp(fu — p) + ,8p(8, — P)

3.26
<A —=ayp(fu —p) + awp(g, — ). 620

Next, we have

p(gn _p) = /)[(1 - ﬁn)fﬂ +ﬁnuﬂ _p]

3.27
:p[(l_ﬁn)(fn_p)_'_ﬂn(uﬂ_p)]' ( )

By convexity of p, we have
p(g, —b) S (1= B)p(fy — D)+ B,H, (P (£,), P} (1)) (3.28)
Using (3.25) with f = p and g = f,, and the fact that 0 <6 < 1, relation (3.28) yields:

p( n 7p) < (1 7ﬁn)p(f;1 7p) +ﬁnép(f;7 7.0)
<A =B)plhu —0) + B — D) (3.29)
:p(fn _p)
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Using (3.29) in (3.26), we obtain: Approx1mat10n

3 3 3 3 in modular
pUusr =) <(1 = an)p(fu = ) + awp(fu = D) (330) function spaces

This implies that lim,,_.cp(f, — p) exists for all p € F,,(T).
Let 85
lim p(f, —p) =K, where K>0. (3.31)
Now, we show that
11m dist, (fy, P, (fn ) =0. (3.32)
Since dist, (., P! (f)) < p(fu — tn), it suffices to show that
lim p(f, — u,) = 0. 3.33)
Now,
plu, — p) <H, (P) (), P} (b)) <p(fu — b)- (334)
This implies that
lim sup p(u, — p) <lim sup p(f,, — ). 3.35)
By (3.31), we have
lim sup p(u, —p) <K. (3.36)
Also from (3.29), we have
lim sup p(g, — p) <lim sup p(f, — ), (3.37)
so that ” ”
lim sup p(g, —p) <K. 3.38)
Moreover, the inequality
this implies that
lim sup p(v, — p) <lim sup p(f,, — p), (3.40)
hence, ” ”
lim sup p(v, —p) <K. (341)
Now, o

hm p(fn+1 +2) = lim p[(1 — a,)u, + ayvy — )

n—oco

= lim /)[(1 - an)(un —P) + an(vn —P)} (3.42)

n—oo

=K.
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AJMS Using (3.35), (3.41), (3.42) and Lemma 2.3, we have

26,1/2 lim p(v, — u,) = 0. (3.43)
Now,
nt+l — = 1- n)%n nUn —
Pt —b) = pl(1 — )it + @ — P (3.44)
86 = P[(”n *p) + an(”n - Mn)]-
Using Lemma 2.2 and (3.44), we have
K = lim inf p(f;wrl 71‘)) = lim infp[(un *p) + an(vn - Mn)]
= lim inf p(u, — p). (3:45)
This means that
K =lim inf p(u, — p). (3.46)
Using (3.35) and (3.46), we have
lim p(u, — p) = K. (3.47)
Using (3.43), we have
lim inf p(u, — p) = lim inf p[(u, — v,) + (v, — p)] = lim Inf p(v, — p). (348)
But
Py — p) <H,(P)(2,), P (D)) <p(gy — b)- (349)
Hence,
lim inf p(v, — p) <lim inf p(g, — p). (3.50)
By (3.41), we have
K <lim inf p(g, — p). (3.51)
From (3.41) and (3.51), we have
lim p(g, —p) = K. (352
Since
’}Ln;lop( 7 71‘)) = Jljgp[(l - ﬂn)fn + ﬂnun *p] (3 53)
:Ji_{l;lop[(l_ﬂn)(ﬁl_p)_'_ﬂn(uﬂ_p)] =K. '
Using (3.31), (3.35) and Lemma 2.3, we have
lim p(f,, — u,) = 0. (3.59)
Hence,
limdist, (fn,PpT(f,q)) =0. (3.55)

The proof of Theorem 3.2 is completed. (]
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Theorem 3.3. Let p satisfy (UUCL) and Ag-condition. Let D be a nonempty p-compact, Approx1mat10n
p-bounded and convex subset of L, Let T : D — P, (D) be a multivalued mapping such that PT in modular
is a p-quasi-contractive mapping, satisfying contractive condition (2.4) and F,(T)# . Let function spaces
{fu} €D be defined by the two step S-iterative process (2.6) and fy € D, where the sequences

{a,},{p,} € (0,1) are bounded away from both 0 and 1. Then {f, } p -converges to a fixed point

of T.

Proof. Using relation (2.4) with f =g, g = f,, and the fact that 0<é < 1. Since D is 87

p-compact, there exists a subsequence {f,,} of {f,} such that lim,,_,, (f,,— ¢) = 0 for some
q € D. Next, we show that ¢ is a fixed point of 7". Suppose ¢ is an arbitrary point in P/;F (g)and

f €Pl(f,,). Observe that

o5 ol 52150

Sép(q—fnk) +%p(fn,, -/ +%P(f—f)

<p(q —fu) + dist, (5, Py () + dist, (P} (). 1) (356)
<p(a—fu) +dist, (i, B, () + H,y (P, (£,). P, (2)

<p(g —fn) + dist, (. P, () + 8p(q = /)

<p(qg— 1) +dist, (fo, P} () + p(a — o)

By Theorem 3.2, we obtain lim,,_ . dist, (/, P/JT (f4)) = 0.So that p(%5%) = 0. Therefore, g isa

fixed point of P/,T .By Lemma 2.4, we see that the set of fixed points of P/,T is the same as that of
T, hence, we have that {f,} p-converges to a fixed point of 7. The proof of Theorem 3.3 is
completed. []

Theorem 3.4. Let p satisfy (UUCL) and Ag-condition. Let D be a nonempty p-closed,
p-bounded and convex subset of L, Let T : D — P,(D) be a multivalued mapping satisfying
condition (I) such thathT 1S a p-quasi-contractive mapping, satisfying contractive condition (2.4)

and F,(T) # 0. Let {f,,} C Dbe defined by the two step S-iterative process (2.6) and fo € D, where
the sequences {a,, },{p,} C (0, 1) are bounded away from both 0 and 1. Then {f, } p-converges
to a fixed point of T.

Proof. The proof of Theorem 3.4 is similar to the proof of Theorem 3 of Khan and Abbas
[12]. O

4. p-Stability of fixed point iterations in modular function spaces
In this section, we define the concepts of p-T-stable, p-almost 7T-stable and p-summably
almost T'-stable in modular function spaces. We prove that some fixed point iterative
processes are p-summably almost 7-stable with respect to 7, where T is a multivalued
p-quasi-contractive mapping in modular function spaces.

Let p satisfy (UUC1) and D a nonempty p-closed, p-bounded and convex subset of L,,. Let
T : D — P,(D) be a mapping with F,(T") # . Suppose that {f,, }> is a fixed point 1terat1ve
process, i.e. a sequence {f,} defined by fo € Dand (4.1)
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AJMS fan=F(T.£,), n=0123,..., A1)
26,1/2 o)
where F'is a given function.
Several fixed point iterations exist in literature. For instance, Mann iteration, with
F(T,f,) = 1 —an)fy + a,Tf,, where {a,} c[0,1] such that {a,} is bounded away from
both 0 and 1. The Ishikawa iteration, with F(7', f,) = (1 — an)fu + o T[(1 = B,)fn + B, TS,
88 such that {a,}:*, {8} C [0, 1] are both bounded away from both 0 and 1.
Let {f,},~, converge strongly to some p € F,,(T). In practice, we compute {f,}, as
follows:

(1) Choose the initial guess (approximation) fy € D;

(i) Compute f; = F(T,fy). However, as a result of various errors that occur during
computations (numerical approximations of functions, rounding errors, derivatives,
integration, etc.), we do not obtain the exact value of f7, but a different one, say , which is
close enough to f;, this means that /i ~ f1;

(iti) Therefore, during the computation of f, = F(T, f1) we have
fo=FE(T, ). 4.2)

This means that instead of the theoretical value of f5, we expect another value /s will be
obtained, and 7, being close enough to f, i.e. iis = fo, and so on.

Continuing this process, we see that instead of the theoretical sequence {f, } >, defined by
the fixed point iteration (4.1), we obtain practically an approximate sequence {/, },-.

The fixed point iteration (4.1) is considered to be numerically stable if and only if for 7,
close enough to £, at each stage, we have that the approximate {, },- , still converges to the
fixed point p of F,(T).

Next, we give the following definition, which is the analogue of the concept of T"-stability
introduced by Harder and Hicks (see, [7,8]) in modular function spaces.

Definition 4.1. Let p satisfy (UUC1) and D a nonempty p-closed, p-bounded and convex
subset of L. Let T : D - P,(D) be a mapping with F,(T") # @. Suppose that the fixed point
iterative process (4.1) converges to a fixed point p of 7' Let {/, },., be an arbitrary sequence
in D and set

&y = plhyss — F(T,hy)), n=0,1,23,... 43)

The fixed point iterative process (4.1) is said to be p-T'-stable, or p-stable or p-stable with respect
to T if and only if

Jim g, = 0=>Jim h, =p. 4.4)
Definition 4.2. Let p satisfy (UUC1) and D a nonempty p-closed, p-bounded and convex
subset of L. Let T : D — P, (D) be a mapping with F,(T") # @. Suppose that the fixed point
iterative process (4.1) converges to a fixed point p of 7. Let {/, },_, be an arbitrary sequence
in Dand let {¢,},., be defined by (4.3). The fixed point iterative process (4.1) is said to be
p-almost T-stable or p-almost stable with respect to T if and only if

> &, < co=limh, = p. 45)

n=0
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Remark 4.1. It is clear from the definitions that any p-stable fixed point iteration {f, } is also Approx1mat10n

p-almost stable. in m lar
A sharper concept of almost stability was introduced by Berinde [4]. He showed some odula

almost stable fixed point iterations which are also summably almost stable with respect to function Spaces
some classes of contractive operators. We next define the analogue of this concept in modular

function spaces.

Definition 4.3. Let psatisfy (UUC1) and D a nonempty p-closed, p-bounded and convex 89

subset of L,. Let T : D — P,(D) be a mapping with F,(T") # §. Suppose that the fixed point
iterative process (4.1) converges to a fixed point p of T. Let {h,},", be an arbitrary
sequence in Dand let {¢,},, be defined by (4.3). The fixed point iterative process (4.1) is
said to be p-summably almost T-stable or p-summably almost stable with respect to T if and
only if

ien < co= ip(hn —p) < o0. (4.6)

n=0 n=0

Remark 4.2. Clearly, any fixed point iteration {f,} that is p-almost stable is also
p-summably almost stable, since

Zp(hn —p) < co= lim#h, = p.
poar n—c0

However, we show that the converse is generally not true (see Example 4.1 below).

Example 4.1. Let the real number system R be the space modulared as follows:
pUf) =IfF, k1.

LetD={feL,:0<f(x)<1}.Let T : D — P,(D)beamultivalued mapping such that PPT is
p-nonexpansive satisfying 7f = f. Let {f,} be the Picard iteration. Then {f,} is not
p-summably almost 7 -stable.

Clearly, D is a nonempty p-compact, p-bounded and convex subset of L, = R which
satisfies UC1 condition. Moreover, p(f) = |f|*, k>1 is homogeneous and it is of degree £,
hence by Proposition 2.1 (UUC1) hold. Clearly, F,(T") = [0,1]. Suppose p = 0. Take /2, = %,
for each n > 1. Hence, lim,,_, .1, = 0, we see that

& = p(hn+1 - F(T, hn)) dZSt ( L 1)

+1n
Lo
n+1l n nn+1)] nmr+1)

Hence, >~ (&, < 0.
However, we have

> ol ~9) = ity (3,0) = >

This means that the Picard iteration {f,,} is not p-summably almost 7 -stable.
It is known that the Picard iteration is not 7'-stable and hence not almost T -stable (see,
e.g. [4).
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AJMS Next, we prove the following results.

26,1/2 Theorem 4.1. Let p satisfy(UUC1) and Ax-condition. Let D be a p-closed, p-bounded and
convex subset of a p-complete modular space L, and T : D — P, (D) be a multivalued mapping
such that P/,T 1S a p-quasi-contractive mapping, satisfying contractive condition (2.4) and
F,(T)#0. Let {f,} C D be defined by the two step S-iterative process as follows

90

foeD
fn+1 = (1 - an)un + a,vy (4'7)
& = (1 _ﬁn)fn +ﬁnun»

where u, € P,,T (fu)vn € PpT (), the sequences{a, },{B,} C (0, 1) are bounded away from both
0 and 1. Then {f,} is p -summably almost stable with respect to T.

Proof. Suppose p € F,(T) and {,} is an arbitrary sequence. Define

{Sn = (1 - ﬁn)hn + ﬂﬂwﬂ? (48)

& = p(hn+1 - (1 - an)wn - anzn)a
where w, € PpT(hn), z, € P/)T (sn), the sequences {a,},{f,} € (0,1) are bounded away from

both 0 and 1.
Using the convexity of p, we have the following estimates:

p(hn+1 _p) = p(hn+1 - (1 - an)wn — M2y + (1 - an)(wn —P) + an(zn —P))
<é& + (1 - an)p(wn *1‘7) + anp(zn 71)) 4.9
< ey + (1= a)H,(PY (h), PY(0)) + auH, (P (s,), PL (p)).

Using (4.9), relation (2.4) with f = p, g = I, and also f = p, g = s,,, we have
p(hnﬂ —P) <&+ (1 - an)fsp(hn _p) + 0%5,0(511 _p) (4.10)

Next, by convexity of p we have

p(sﬂ 717) = p((l 7ﬁ71)hﬂ +ﬂnwn 7p)
< = p)p(hy — b) + p,H, (P} (), P, (b))

< (1 - ﬂn)p(hn 7.0) +ﬂn§p(hn 7p) (411)
< (1 - ﬂn)p hn 71)) +ﬂnp(hn *p)
:p(hn —1))

Using (4.11) in (4.10), we obtain

p(hn+1 _p) Sen + (1 - an)ép(hn —P) + anép(hn _p)

=&+ 0p(hn — D). 412

By Lemma 2.5, we have that the two step S-iteration (4.7) is p-summably almost stable with
respect to 7. The proof of Theorem 4.1 is completed. (]
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Theorem 4.2. Let p satisfy(UUCL) and Ay-condition. Let D be a p-closed, p-bounded and Approximation
convex subset of a p-complete modular space L, and T : D — P, (D) be a multivalued mapping in modular

such that P/,T s a p-quasi-contractive mapping, satisfying contractive condition (2.4) and function spaces
F,(T)#@ Let {f,} C D be defined by the following iterative process

foeD
{fn+1 EP/;T(un) (413) 91

where u, € P} (f,). Then {f,} is p -summably almost stable with respect to T.
Proof. Let p € F,(T) and {%,} be an arbitrary sequence. Define

& = p(hn+1 - mn)7 @414

wherem,, € PpT (1,). Using (4.13), (4.14), relation (2.4) with f = p,g = h, and the convexity of p,
we have the following estimate:

p(hs1 = D) = p(lix — My +my, — p)
<p(hpy1 —my) + p(m, — p)
<e, +H,(P (1), P (b))
<é&,+dp(hy — D).

4.15)

By Lemma 2.5, it follows that the fixed point iteration (4.13) is p-summably almost stable with
respect to 7. The proof of Theorem 4.2 is completed. [J

Theorem 4.3. Let p satisfy (UUCY) and As-condition. Let D be a p-closed, p-bounded and
convex subset of a p-complete modular space L, and T : D— P,(D) be a multivalued

mapping such that P/)T s a p-quasi-contractive mapping, satisfying contractive condition

(24) and F,(T)#0. Let {f,} CD be defined by the two step S-terative process as
follows

fo€eD

k k
S €Y atdy,n>0,0,>0,a01 >0, a;=1.

=0 i=0

(4.16)

where u, € P (f,). Then {f,} is p-summably almost stable with respect to T.

Proof. Let p € F,(T) and {%,} be any given sequence in D and define

k
En =P (hn+1 - Z atzzn> s (417)
=0

wherez,, € P (). Using (4.16), (4.17), relation (2.4) with f = p, g = h, and the convexity of p,
we have the following estimate:
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26,1/2 p(hn+1 - p) =p <h12+1 - § al»z; + E (Zl'ZZ - p)
=0 =0

k k
<p (hn+1 - Z aiZiL) +p ( aiz, — P)
i=0 i=0
92 koo
<eg, +p<2al-z; —p)

=0

k ) 4.18
<, +Hp<zaipf<hn>,z)5<p>> o

=0

k
S LA ON AT
1=0

k

Sen + (ng)p(}ln _p)
=0

=&, Jré]P(hn _p)v

whereq = Zfzoaiéi < 1.Hence, by Lemma 2.5 it follows that the fixed point iteration (4.16) is
p-summably almost stable with respect to 7. The proof of Theorem 4.3 is completed. (]
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