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Abstract
We consider, as discretization in space, the nonconforming mesh developed in SUSHI (Scheme Using
Stabilization and Hybrid Interfaces) developed in Eymard et al. (2010) for a semi-linear heat equation. The time
discretization is performed using a uniform mesh. We are concerned with a nonlinear scheme that has been
studied in Bradji (2016) in the context of the general framework GDM (Gradient Discretization Method)
(Droniou et al., 2018) which includes SUSHI.We provide sufficient conditions on the size of the spatial mesh and
the time step which allow to prove a W 1;∞ðL2Þ-error estimate. This error estimate can be viewed as an
improvement for theW 1;2ðL2Þ-error estimate proved in Bradji (2016). TheW 1;∞ðL2Þ-error estimate we want to
prove in this note was stated without proof in Bradji (2016, Remark 7.2, Page 1302). Its proof is based on a
comparison with an appropriately chosen auxiliary finite volume scheme along with the derivation of some
new estimates on its solution.
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1. Problem to be solved and aim of this note
Let us consider the following semilinear parabolic problem:

utðx; tÞ � Δuðx; tÞ ¼ f ðuÞðx; tÞ; ðx; tÞ∈Ω3 ð0;TÞ; (1)
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where Ω is an open bounded polyhedral subset in ℝd with boundary denoted by vΩ,
d∈ f2; 3g, T > 0, and f is a given function defined on ℝ into ℝ.

An initial condition is given by, for a given function u0 defined on Ω

uðx; 0Þ ¼ u0ðxÞ; x ∈Ω: (2)

For the sake of simplicity, we consider homogeneous Dirichlet boundary conditions

uðx; tÞ ¼ 0; ðx; tÞ∈ vΩ3 ð0;TÞ: (3)

Problem (1)–(3) arises for instance in combustion modeling, epidemic phenomena, and
stochastics controls, see [15]. Finite volume methods have been widely used to approximate
different types of partial differential equations which represent a large class of problems in
application. Starting from the standard volume methods which use the so-called admissible
meshes (cf. [10]), passing by the so-called SUSHI method (cf. [12]), and then a generalization to
the framework of Gradient Schemes (cf. [9]), finite volume methods have then witnessed
considerable developments in the last fewdecades. They can be applied in arbitrary geometries
and are locally conservative, see [10] and the references therein. One of the principles of finite
volumemethods is the integration of the equation to be solved on the so called control volumes.
We use then numerical fluxes to approximate, using the discrete unknowns, the continuous
fluxes over the boundaries of the control volumes, which appear after the integration by parts.
A widely used definition of admissible finite volumemeshes for viscous conservation laws can
be found in [10, Definition 9.1, Pages 762–763]. However, the control volumes in the sense of [10,
Definition 9.1] are open polygonal convex sets. In addition to this, for admissibility, the mesh
should satisfy an orthogonality condition, that is, there exists a family of points ðxKÞK∈T , such
that for a given edge σKL, the line segment xKxL is orthogonal to this edge. This condition
allows to approximate the fluxes over a given edge using two point difference quotients. The
construction of suchmeshes in general geometries is possible inmany interesting cases but still
linked to a number of challenging problems [13]. Consequently inmany cases it is useful to drop
the orthogonality condition and to assume general polyhedral control volumes, where the
boundary of each control volume is a finite union of subsets of hyperplanes. Recently in [12], a
large class of nonconforming meshes are used in the approximation of stationary anisotropic
heterogeneous diffusion equations, and some error estimates have beenprovided. In addition to
this, a discrete gradient is developed in [12] and it satisfies the properties of stability and
consistency. The scheme which has been developed in [12] is called SUSHI.

In the recent work [4], the second author addressed an analysis for the convergence of the
GDM for the problem (1)–(2). GDM is a generic framework has been developed recently in [9]
which includes, in addition to SUSHI [12], several numerical methods:

• Conforming finite element methods, including mass lumped versions.

• The non-conforming finite element methods, again including mass lumped, versions.

• The mixed finite element methods and in particular the Raviart–Thomas ones.

• The symmetric interior penalty Galerkin version of the discontinuous Galerkin (DG)
method.

• The multi-point flux approximation (MPFA) schemes and the discrete duality finite
volume (DDFV) schemes on particular grids.

• The hybrid mimetic mixed (HMM) family of schemes, which includes the hybrid
mimetic finite difference schemes, the SUSHI, and the mixed finite volume scheme.

• The nodal mimetic finite difference scheme.
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In [4, Theorem 4.1, Pages 1290–1291] and [4, Corollary 6.2, Pages 1298–1299], the second
author established some error estimates in discrete norms of L∞ðH 1Þ,W 1;2ðL2Þ, and L∞ðL2Þ
in the context of the general framework GDM. Consequently, these results can be applied in
the particular method of SUSHI. The aim of this note is to improve the W 1;2ðL2Þ -error
estimate, in the context of SUSHI method, in the sense that the estimate will be uniform in
time, i.e.W 1;∞ instead ofW 1;2. This is strong sinceW 1;∞ðL2Þ-error estimate impliesW 1;2ðL2Þ
-error estimate. We will address the extension to GDM in a future work. Such improvement,
i.e.W 1;∞ðL2Þ-error estimate, exists in SUSHI for the linear case and it was treated in [3,5,6] but
it does not exist for the nonlinear case. In fact, L∞ðH 1Þ and W 1;∞ðL2Þ-error estimates are
useful since they allow to derive approximations for the gradient (spatial derivatives) and
time derivative, respectively. The W 1;∞ðL2Þ-error estimate we want to prove was stated
without proof in [4, Remark 7.2, Page 1302].

The proof of uniform-in-time convergence results has attracted considerable attention in
the literature. Indeed, in [8], a numerical scheme is developed in the context of GDM for non-
linear degenerate parabolic equations and a uniform-in-time strong-in-space convergence
result is proved. In [1] (see also [2]), a numerical scheme given by a backward Euler in time and
finite volume in space discretization is established for the drift–diffusion system and some
uniform-in-time bounds for the approximate solutions are proved. In this work, we are
concerned with the uniform-in-time convergence of the discrete time derivative of the
approximate solutions towards the time derivative of the exact solution of the problem (1)–(3).

The structure of this note is as follows. In Section 2, we describe the time and space
discretizations. For the sake of completeness, we recall some convergence results concerning
SUSHI applied to elliptic equations.Wewill also state in Section 2 some known results and the
aim of this note. In Section 3, we state and prove ourmain result, that is Theorem 3.1. Section 4
is devoted to provide some numerical tests.

2. Meshes, schemes, and some preliminaries
We consider, as discretization in space, the mesh introduced in [12]. We recall its definition:

Definition 1 (Space Discretization, cf. [12, Definition 2.1, Page 1012]). Let Ω be a
polyhedral open bounded subset of ℝd, where d∈ℕnf0g, and vΩ ¼ Ω nΩ its boundary. A
discretization of Ω, denoted by D, is defined as the triplet D ¼ ðM; E;PÞ, where:

1. M is a finite family of non empty connected open disjoint subsets of Ω (the “control
volumes”) such that Ω ¼ ∪K∈MK. For any K ∈M, let vK ¼ KnK be the boundary
of K; let mðKÞ > 0 denote the measure of K and hK denote the diameter of K.

2. E is a finite family of disjoint subsets of Ω (the “edges” of the mesh), such that, for
all σ ∈ E, σ is a non empty open subset of a hyperplane of ℝd, whose
ðd− 1Þ–dimensional measure is strictly positive. We also assume that, for all K ∈M,
there exists a subset EK of E such that vK ¼ ∪σ∈EK

σ. For any σ ∈ E, we denote
Mσ ¼ fK; σ ∈ EKg. We then assume that, for any σ ∈ E, either Mσ has exactly one
element and then σ ⊂ v Ω (the set of these interfaces, called boundary interfaces,
denoted by Eext) or Mσ has exactly two elements (the set of these interfaces,
called interior interfaces, denoted by Eint). For all σ ∈ E, we denote by xσ the barycenter
of σ. For all K ∈M and σ ∈ E, we denote by nK;σ the unit vector normal to σ outward
to K.

3. P is a family of points ofΩ indexed byM, denoted byP ¼ ðxKÞK∈M, such that for all
K ∈M, xK ∈K and K is assumed to be xK-star-shaped, which means that for all
x ∈K, the property ½xK ;x�⊂K holds. Denoting by dK;σ the Euclidean distance
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between xK and the hyperplane including σ, one assumes that dK;σ > 0. We then
denote by DK;σ the cone with vertex xK and basis σ.

The time discretization is performed with a constant time step k ¼ T
N þ 1 , where N ∈N*, and

we shall denote tn ¼ nk, for n∈ E0;N þ 1F. We introduce the operator v1 of the discrete

temporal derivative v1vn ¼ vn − vn−1

k
. We denote by v2 the discrete second time derivative

v2v jþ1 ¼ v1ðv1v jþ1Þ ¼ v jþ1 − 2v jþv j−1

k2
.

Throughout this paper, the letterC stands for a “generic” positive constant independent of
the parameters of the space and time discretizations.

We define the discrete spaceXD as the set of all v ¼ ððvKÞK∈M; ðvσÞσ∈EÞ, where vK ; vσ ∈ℝ
and XD;0 ⊂ XD is the set of all v∈ XD such that vσ ¼ 0 for all σ ∈ Eext. Let HMðΩÞ⊂ L2ðΩÞ
be the space of functions which are constant on each control volume K of the mesh M.

The space HMðΩÞ is equipped with the norm kuk21;2;M ¼
P
σ∈ E

mðσÞ
dσ

ðuL − uKÞ2, where we

have denoted σ ¼ KjL if σ ∈ Eint and uL ¼ 0 if σ ∈ EK ∩ Eext. For all v∈XD, we denote
by ΠMv ∈ HMðΩÞ the function defined by ΠMvðxÞ ¼ vK, for a.e. x ∈K, for all K ∈M.
For all w ∈ CðΩÞ, we define PDw ¼ ððwðxKÞÞK∈M; ðwðxσÞÞσ∈EÞ∈XD. We denote by
PMw∈HMðΩÞ the function defined by PMwðxÞ ¼ wðxKÞ, for a.e. x ∈K, for all K ∈M. In
order to analyze the convergence, we need to consider the size hD of the mesh D defined by
hD ¼ supfdiamðKÞ; K ∈Mg and the regularity of the mesh θD given by

θD ¼ max

�
max

σ∈Eint ;K;L∈M

dK;σ

dL;σ
; max
K∈M;σ∈EK

hK

dK;σ

�
:

The scheme we want to consider is based on the use of the discrete gradient given in [12]. For
u∈XD, we define, for all K ∈M, for a.e. x ∈DK;σ

∇DuðxÞ ¼ ∇Kuþ
 ffiffiffi

d
p

dK;σ
ðuσ � uK �∇Ku $ ðxσ � xKÞÞ

!
nK;σ; (4)

with

∇Ku ¼ 1

mðKÞ
X
σ∈EK

mðσÞðuσ � uKÞnK;σ: (5)

We introduce the bilinear form h$; $iF defined on XD 3XD by

hu; viF ¼
Z
Ω

∇D uðxÞ $∇D vðxÞdx; ∀ ðu; vÞ ∈ XD 3XD: (6)

Let us recall error estimates given in [12] of the finite volume approximate solution in the
elliptic case. For this reason, we consider the following second order elliptic equation, for a
given function F:

−ΔUðxÞ ¼ FðxÞ; x ∈ Ω; (7)

with the homogeneous Dirichlet boundary conditions, that is

UðxÞ ¼ 0; x ∈ vΩ: (8)

Let us consider the finite volume scheme given in [12] and approximating the elliptic problem
(7)–(8):
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hUD; viF ¼ ðF ;ΠM vÞL2ðΩÞ; ∀v∈XD;0: (9)

The following theorem is the subject of [12, Theorem 4.8, Page 1033] and [12, (4.19), Page 1031]
(see also [5,6] for some details):

Theorem 2.1 (Convergence Order in the Elliptic Case, cf. [12]). Let Ω be a polyhedral open
bounded subset of ℝd, where d∈ℕnf0g, and vΩ ¼ ΩnΩ its boundary. LetD ¼ ðM; E;PÞ be
a discretization in the sense of Definition 1. Let ∇D be the discrete gradient defined by (4)–(5) and
h$; $iF be the bilinear form given by (6). Assume that θD satisfies θ ≥ θD, for some given θ > 0.
Then the discrete problem (9) has a unique solution. Assume in addition that the solution U of
the elliptic problem (7)–(8) is satisfying U ∈ C2ðΩÞ, then the following error estimates hold:

� L2ðΩÞ-estimate.

kΠMUD � PMUkL2ðΩÞ ≤ ChDkUkC2ðΩÞ: (10)

� H 1ðΩÞ-estimate.

kΠMUD � PMUk1;2;M ≤ ChDkUkC2ðΩÞ: (11)

� Estimate in the gradient approximation .

k∇DUD � ∇Uk
L2ðΩÞd ≤ ChDkUkC2ðΩÞ: (12)

Using the fact that kU–PMUkL∞ðΩÞ≤ChDkUkC1ðΩÞ (which stems from jUðxÞ−UðxKÞj≤
ChDkUkC1ðΩÞ, for all x ∈K ), estimate (10) together with the triangle inequality implies that

kΠMUD � UkL2ðΩÞ≤ChDkUkC2ðΩÞ: (13)

As discretization for the problem (1)–(3), it is considered in [4] a non-linear scheme in the
context of the general framework GDM (recall that GDM includes SUSHI method) which can
be written in the particular case of SUSHI as: For any n∈ E0;NF, find unþ1

D ∈XD;0 such that�
v1ΠMunþ1

D ;ΠM v
�
L2ðΩÞ þ

�
unþ1
D ; v

�
F
¼
�
f ðΠMunþ1

D Þ;ΠMv
�
L2ðΩÞ; ∀v∈XD;0; (14)

where ð$; $ÞL2ðΩÞ denotes the L
2ðΩÞ -inner product and�

u0D; v
�
F
¼ −

�
Δu0;ΠMv

�
L2ðΩÞ; ∀v∈XD;0: (15)

Under assumptions that u∈ C2ðC2Þ, f is Lipschitz continuous, and θ ≥ θD for some θ > 0, it is
shown in [4, Theorem 4.1, Pages 1290–1291] and [4, Corollary 6.2, Pages 1298–1299] that for
sufficiently small k, there exists a unique solution ðunDÞ

Nþ1
n¼0 for (14)–(15) and the following

W 1;2ðL2Þ-error estimate holds: XNþ1

n¼1

k
		utðtnÞ−v1ΠMunD

		2
L2ðΩÞ

!1
2

≤ Cðkþ hDÞkukC2ð½0;T�; C2ðΩÞÞ: (16)

Our aim is to get a uniform version in time for (16), that is a W 1;∞ðL2Þ-error
estimate. To analyze the convergence, we introduce the following auxiliary problem: For
any n∈ E0; N þ 1F, find unD ∈XD;0 such that�

unD; v
�
F
¼ ð−ΔuðtnÞ;ΠMvÞL2ðΩÞ; ∀v ∈ XD;0: (17)
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The well-posedness for scheme (17) is given in Theorem 2.1. Acting the discrete time
derivatives vj, for j∈ f1; 2g, on the both sides of (17) yields, for all n∈ Ej;N þ 1F�

v j u n

D; v
�
F
¼
�
−Δv juðtnÞ;ΠMv

�
L2ðΩÞ; ∀v∈XD;0: (18)

Therefore v j unD is satisfying the same scheme (9) with right hand side F given by −ΔvjuðtnÞ.
We are able then to apply error estimates (11) and (13) to get (see [4, (25), Page 1292],
[4, Corollary 6.2, Pages 1298–1299], and also [5, (15), Page 1121])		ΠMv j u n

D � v jPMuðtnÞ
		
1;2;M ≤ChD

		v juðtnÞ
		
C2ðΩÞ ≤ ChDkukC jð½0;T�; C2ðΩÞÞ (19)

and 		ΠMv j u n

D � v juðtnÞ
		
L2ðΩÞ≤ChDkukC2ð½0;T�; C2ðΩÞÞ: (20)

In addition to (19)–(20), we will also need to use the following L∞ðL2Þ-error estimate obtained
in [4, (13), Page 1291]:

max
Nþ1

n¼0

		uðtnÞ � ΠMunD
		
L2ðΩÞ≤Cðkþ hDÞkukC2ð½0;T�; C2ðΩÞÞ: (21)

The following assumptions are needed (see Remark 2.1):

Assumption 1 (Assumptions on D and k). Let D ¼ ðM; E;PÞ be a discretization in the
sense of Definition 1 and k ¼ T=ðN þ 1Þ for a givenN ∈ℕ*.We assume that for some given
ξ > 0, the following assumption holds (see [7]):

ξ≤
mðKÞ
hdD

; ∀K ∈M: (22)

In addition to this, we assume the following relation between hD and k, for some given positive
constant δ:

� When d ¼ 2:

j InðhDÞjk ≤ δ: (23)

� When d ¼ 3:

h
−1
2
D k≤ δ: (24)

Assumption 2 (Assumption on the Function f ).We assume that the function f is satisfying
f ∈ C2ðℝÞ and for some positive constant κ

j f 0 ðsÞj þ j f 00 ðsÞj≤ κ; ∀ s∈ℝ: (25)

Remark 2.1 (Comments on the Conditions (22), (23), and (24)). Let us comment on the
hypotheses of Assumption 1.

� The condition (22) is known in the literature, see for instance [7, Corollary 1, Page 777].

� If we assume that, for some s > 0, k=hsD ≤ δ, then (23) is satisfied. Indeed, since
lim
hD→0

hsD j ln ðhDÞj ¼ 0, then for sufficiently small hD, we have j lnðhDÞj ≤ h−sD .

Consequently, j lnðhDÞjk≤ h−sD k for small hD.
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� The known condition k=h2D ≤ 1=2 for the convergence of the explicit scheme for the

heat equation is sufficient to obtain (24) since h
−1
2

D ≤ h−2D for small hD.
Consequently, the conditions (23) and (24) are weaker than that known for the
convergence of the explicit scheme for the heat equation.

From these facts, the hypotheses of Assumption 1 are reasonable.

3. Statement of the main results
The main result of this paper is the following W 1;∞ðL2Þ-error estimate:

Theorem 3.1 (W 1;∞ðL2Þ-Error Estimate). Let Ω be a polyhedral open bounded subset of

ℝd, where d ¼ 2 or 3, and vΩ ¼ Ω nΩ its boundary. Assume that the solution of (1)–(2) is

satisfying u∈ C3ð½0;T�; C2ðΩÞÞ. Let k ¼ T
Nþ1, with N ∈ ℕ*, and denote by tn ¼ nk, for n∈

E0;N þ 1F. LetD ¼ ðM; E;PÞ be a discretization in the sense of Definition 1. Let ∇D be the
discrete gradient defined by (4)–(5) and h$; $iF be the bilinear form given by (6). Assume that θD
satisfies θ ≥ θD, for some given θ > 0. There exists, according to [4], 0 < k0 < T such that for

all k ≤ k0, there exists a unique solution ðunDÞ
Nþ1
n¼0 for the scheme (14)–(15). Then, under

Assumptions 1 and 2, and for sufficiently small hD and k, the followingW 1;∞ð0;T;L2ðΩÞÞ-error
estimate holds, for all n∈ E0;N þ 1F:		utðtnÞ � v 1ΠMunD

		
L2ðΩÞ≤Cðkþ hDÞkukC3ð½0;T�;C2ðΩÞÞ: (26)

Remark 3.1 (Importance of the Uniform-in-time Estimate (26) and Similar Results in
Literature). The error estimate (26) of Theorem 3.1 provides optimal convergence order for
the error enD ¼ utðtnÞ− v1 ΠMunD between a discrete time derivative of the approximate
solution and the time derivative ut of the exact solution u in the uniform norm L∞ðL2Þ-norm.
This is stronger than that of (16) since (26) implies (16).

On the other hand, estimate (26) means that the discrete time derivative v1 ΠMunD of the
approximate solution approximates the time derivative ut. This is important in some
applications, e.g. ut represents the velocity.

As stated in Section 1, we find in the literature several works which aim to prove error
estimates in the uniform norm with respect to time, see for instance [1,2,8].

Asmentioned also in Section 1, we proved in [3,5,6],W 1;∞ðL2Þ-error estimates for the finite
volume methods for linear case of heat equation ut −Δu ¼ f . However, W 1;∞ðL2Þ-error
estimate has not been proved for the non-linear case ut −Δu ¼ f ðuÞ. It is worth mentioning
that theW 1;∞ðL2Þ-error estimates proved for the linear case of the heat equation ut −Δu ¼ f
do not require any relation between hD and k.

The proof of Theorem 3.1 is not straightforward and it is based on the L∞-estimates of
Lemma 3.1 as well as the technical Lemma 3.2 given.

Lemma 3.1 (Some L∞-estimates). Let Ω be a polyhedral open bounded subset of ℝd, where

d ¼ 2 or 3, and vΩ ¼ Ω nΩ its boundary. Assume that the solution of (1)–(2) is satisfying

u∈ C3ð½0;T�; C2ðΩÞÞ. Let k ¼ T
Nþ1, with N ∈ℕ*, and denote tn ¼ nk, for n∈ E0;N þ 1F.

Let D ¼ ðM; E;PÞ be a discretization in the sense of Definition 1. Assume that θD satisfies

θ ≥ θD. There exists a unique solution ðunDÞ
Nþ1
n¼0 for (14)–(15)when k is sufficiently small. For all

n∈ E0;N þ 1F, let unD be the solution of (17) and ηnD be defined as ηnD ¼ unD − unD. Then, for
hD ≤ 1

e
(where e is the Euler’s number, i.e. lnðeÞ ¼ 1) if d ¼ 2 and for arbitrary hD if d ¼ 3		v1ΠMun

D

		
L∞ðΩÞ≤CkukC2ð½0;T�;C2ðΩÞÞ; ∀n∈ E1; N þ 1F: (27)
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If we assume in addition that Assumptions 2 and 1 are satisfied, then for hD ≤ 1
e
if d ¼ 2

and for arbitrary hD if d ¼ 3, the following estimate holds:		ΠMηnD
		
L∞ðΩÞ≤CkukC2ð½0;T�;C2ðΩÞÞ; ∀n∈ E1;N þ 1F: (28)

Proof. We will prove Lemma 3.1 item by item.

1. Proof of estimate (27). Let us consider a (generic) function uM ∈HMðΩÞ. We use the
discrete inequality of [7, Lemma 1, Page 774] to get, for all q∈ ½1;∞Þwhen d ¼ 2 and for all
q∈ ½1; 6�when d ¼ 3

kuMkLqðΩÞ≤CqkuMk1;2;M; (29)

where C in the previous estimate is independent of q. Using now the reasoning of [7, Proof of

Corollary 1, Page 777] yields kuMkL∞ðΩÞ≤Ch
−d
q

D kuMkLqðΩÞ. Which, using (29), implies that

kuMkL∞ðΩÞ≤Cqh
−d
q

D kuMk1;2;M; ∀uM ∈HMðΩÞ: (30)

Taking uM ¼ v1ðPMuðtnÞ−ΠMunDÞ in (30) and using (19) with j ¼ 1 yield		v1�PMuðtnÞ � ΠMun

D

�		
L∞ðΩÞ≤Cqh

1−d
q

D kukC1ð½0;T�;C2ðΩÞÞ: (31)

We have, for all n∈ E1;N þ 1F		v1PMuðtnÞ
		
L∞ðΩÞ ¼

		PM
�
v1uðtnÞ

�		
L∞ðΩÞ≤

		v1uðtnÞ		L∞ðΩÞ

¼
				1k
Z tn

tn−1

utðtÞdt
				
L∞ðΩÞ

≤
1

k

Z tn

tn−1

kutðtÞkL∞ðΩÞdt

≤ kukC1ð½0;T�;CðΩÞÞ:

(32)

Gathering this with (31) and the triangle inequality implies that		ΠMv1unD
		
L∞ðΩÞ≤

		v1�PMuðtnÞ � ΠMunD
�		

L∞ðΩÞ þ
		v1PMuðtnÞ

		
L∞ðΩÞ

≤Cqh
1−d

q

D kukC1ð½0;T�;C2ðΩÞÞ þ
		v1PMuðtnÞ

		
L∞ðΩÞ

≤Cqh
1−d

q

D kukC1ð½0;T�;C2ðΩÞÞ þ kukC1ð½0;T�;CðΩÞÞ:

(33)

Let us discuss the two cases of d ¼ 2 or 3:

1.1. The case d ¼ 2. A study for the function q↦ qh
1−d

q

D on q∈ ½1;∞Þ shows that it takes its
minimum when q ¼ −2 lnðhDÞ. Since q should satisfy q≥ 1, then hD should verify
j lnðhDÞj ≥ 1

2. This can be satisfied when for instance hD ≤ 1
e
. Taking q ¼ −2 lnðhDÞ in (33)

gives 		v1ΠMun

D

		
L∞ðΩÞ≤ChDj lnðhDÞjkukC1ð½0;T�;C2ðΩÞÞ þ kukC1ð½0;T�;CðΩÞÞ: (34)
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Weremark that the function hD ↦ hDj lnðhDÞjdefined on ð0; 1=eÞ is increasing.Wededuce that
hDj lnðhDÞj≤ 1=e for all hD ≤ 1=e. This with (34) implies the desired estimate (27) when d ¼ 2.

1.2. The case d ¼ 3. Taking q ¼ 6 in (33) yields
		v1ðPMuðtnÞ−ΠMun

DÞ
		
L∞ðΩÞ is orderffiffiffiffiffiffi

hD
p

. This with the fact that hD < diamðΩÞ yields the desired estimate (27) when d ¼ 3.

2. Proof of estimate (28). Using [4, (39), Page 1293] and [4, Corollary 6.2, Pages 1298–1299]
implies that

		ΠMηnD
		
1;2;M is of order kþ hD. This implies, when taking uM ¼ ΠMηnD in (30),

for all q∈ ½1;∞Þwhen d ¼ 2 and for all q∈ ½1; 6�when d ¼ 3		ΠMηnD
		
L∞ðΩÞ≤Cqh

−d
q

D ðkþ hDÞkukC2ð½0;T�;C2ðΩÞÞ (35)

Let us discuss the two cases for d ¼ 2 or 3 as in the previous items:

2.1. The case d ¼ 2. Taking q ¼ −2 lnðhDÞ (recall that the hypothesis hD ≤ 1=e of Lemma
3.1 implies that lnðhDÞ≤ − 1 which gives q ¼ −2 lnðhDÞ≥ 2 > 1) in (35) gives		ΠMηnD

		
L∞ðΩÞ≤Cj lnðhDÞjðkþ hDÞkukC2ð½0;T�;C2ðΩÞÞ: (36)

This implies that, thanks to hypothesis (23) and the fact that hDj lnðhDÞj≤ 1=e for all hD ≤ 1=e,
the desired estimate (28) when d ¼ 2.

2.2. The case d ¼ 3. Taking q ¼ 6 in (35) and using (24) to get (28). ,
The following technical lemma will be useful to prove Theorem 3.1, see Remark 3.2.

Lemma 3.2 (Technical Lemma).Under Assumption 2, we consider two real sequences ðαnÞn
and ðβnÞn. Then, the following estimate holds:

v1f ðαnþ1Þ � v1f ðβnþ1Þ



≤ κ


v1ðαnþ1 � βnþ1Þ



þ κ
�

v1αnþ1



þ 

v1βnþ1


�jαn � βnj:

Proof. We will use mainly the following Taylor expansion, for all ψ ∈ C1½0;T�

ψðrÞ � ψðsÞ ¼ ðr � sÞ
Z 1

0

ψ
0 ðr þ tðs� rÞÞdt: (37)

Using the Taylor expansion (37) to get

v1f
�
αnþ1

�
� v1f

�
βnþ1

�
¼ v1

��
αnþ1 � βnþ1

� Z 1

0

f
0�
αnþ1 þ t

�
βnþ1 � αnþ1

��
dt

�
(38)

For two sequences ðLnÞn and ðMnÞn, we also need to use the following rule of a discrete
version for the derivative (time derivative) of the product of two functions

v1
�
Lnþ1Mnþ1

�
¼ Lnþ1v1Mnþ1 þMnv1Lnþ1: (39)

Let us set

Lnþ1 ¼
Z 1

0

f
0 ðαnþ1 þ tðβnþ1 � αnþ1ÞÞdt and Mnþ1 ¼ αnþ1 � βnþ1

Applying the rule (39) and using (38) leads to

v1f
�
αnþ1

�
� v1f

�
βnþ1

�
¼
�Z 1

0

f
0�
αnþ1 þ t

�
βnþ1 � αnþ1

��
dt

�
v1
�
αnþ1 � βnþ1

�
þ ðαn � βnÞv1

�Z 1

0

f
0�
αnþ1 þ t

�
βnþ1 � αnþ1

��
dt

�
:

(40)
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But using the Taylor expansion (37) yields

v1
�Z 1

0

f
0�
αnþ1 þ t

�
βnþ1 � αnþ1

��
dt

�
¼
Z 1

0

�
γnðtÞ

�Z 1

0

f
00 ðGnðsÞÞds

��
dt; (41)

where

γnðtÞ ¼ ð1� tÞv1αnþ1 þ tv1βnþ1; (42)

and

GnðsÞ ¼ αnþ1 þ tðβnþ1 � αnþ1Þ þ s
�
αn þ tðβn � αnÞ � αnþ1 � tðβnþ1 � αnþ1Þ

�
: (43)

The expression (41) with Assumption 2 yields



v1
�Z 1

0

f
0�
αnþ1 þ t

�
βnþ1 � αnþ1

��
dt

�



≤ κ
�

v1αnþ1



þ 

v1βnþ1


�: (44)

This with (40), and Assumption 2 imply the desired estimate of Lemma 3.2. ,

Remark 3.2 (Comments on Lemma 3.2). Lemma 3.2 can be viewed as a discrete version for
the following estimate, for any sufficiently smooth functions f and ψ :

jðf ðfðtÞÞÞt � ðf ðψðtÞÞÞtj≤ κjftðtÞ � ψ tðtÞj þ κjψ tðtÞj jfðtÞ � ψðtÞj:

This estimate stems from the following identity together with Assumption 2:

ðf ðfðtÞÞÞt � ðf ðψðtÞÞÞt ¼ ftðtÞftðfðtÞÞ � ψ tðtÞftðψðtÞÞ
¼ ðftðtÞ � ψ tðtÞÞ ftðfðtÞÞ þ ψ tðtÞ ftðfðtÞÞ � ψ tðtÞ ftðψðtÞÞ
¼ ðftðtÞ � ψ tðtÞÞ ftðfðtÞÞ þ ψ tðtÞðftðfðtÞÞ � ftðψðtÞÞÞ:

Proof of Theorem 3.1Writing scheme (17) in the level nþ 1and subtracting the result from
(14) to get, for all v∈XD;0�

v1ΠMηnþ1
D ;ΠMv

�
L2ðΩÞ þ

�
ηnþ1
D ; v

�
F
¼
�
Snþ1;ΠMv

�
L2ðΩÞ

; (45)

where ηnD ¼ unD − unD and Snþ1 ¼ T1 þ T2 with

T1 ¼ f ðΠMunþ1
D Þ � f ðuðtnþ1ÞÞ and T2 ¼ utðtnþ1Þ � v 1ΠMunþ1

D : (46)

We act the discrete time derivative v1 on the both sides of Eq. (45) to get, for all n∈ E1;NF�
v2ΠMηnþ1

D ;ΠMv
�
L2ðΩÞ þ

�
v1ηnþ1

D ; v
�
F
¼
�
v1Snþ1;ΠMv

�
L2ðΩÞ

: (47)

Taking v ¼ v1ηnþ1
D in (47), using the fact that v2ηnþ1

D ¼ ðv1ηnþ1
D − v1ηnDÞ=k, and summing

the result over n∈ E1; J − 1Fwhere J ∈ E2;N þ 1F yield that

		v1ΠMη J
D
		
L2ðΩÞ≤

XJ−1
n¼1

k
		v1Snþ1

		
L2ðΩÞ þ

		v1 ΠMη1D
		
L2ðΩÞ: (48)

Let us now estimate the terms on the right hand side of (48). We begin to estimate		v1ΠMη1D
		
L2ðΩÞ. Taking n ¼ 0 and v ¼ v1η1D in Eq. (45) leads to
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		v1ΠMη1D
		2
L2ðΩÞ þ

�
η1D; v

1η1D
�
F
¼
�
S1;ΠMv1η1D

�
L2ðΩÞ

: (49)

Since η0D ¼ 0, then v 1η1D ¼ ðη1D − η0DÞ=k ¼ η1D=k. Inserting this in (49) and using the Cauchy

Schwarz inequality to obtain
		v 1ΠMη1D

		
L2ðΩÞ≤

		S1
		
L2ðΩÞ. Gathering this with (48) gives

		v1ΠDMη J
D
		
L2ðΩÞ≤

XJ−1
n¼1

k
		v1Snþ1

		
L2ðΩÞ þ

		S1
		
L2ðΩÞ: (50)

Using the triangle inequality together with Assumption 2 and estimates (21) and (20) (when

j ¼ 1), we get
		Snþ1

		
L2ðΩÞ ≤Cðkþ hDÞkukC2ð½0;T�; C2ðΩÞÞ. This (when n ¼ 0) with (50) leads to

		v1ΠMηJD
		
L2ðΩÞ≤

XJ−1
n¼1

k
		v1Snþ1

		
L2ðΩÞ þ Cðkþ hDÞkukC2ð½0;T�; C2ðΩÞÞ: (51)

Using the triangle inequality together with a Taylor expansion and estimates (20) (when
j ¼ 2) to get 		v1T2

		
L2ðΩÞ ≤Cðkþ hDÞkukC3ð½0;T�; C2ðΩÞÞ: (52)

Let us apply Lemma 3.2 to get a convenient estimate for
		v1T1

		
L2ðΩÞ. Using the definition of

T1 in (46) and the triangle inequality to get		v1T1
		
L2ðΩÞ ≤

		v 1T3
		
L2ðΩÞ þ

		v 1T4
		
L2ðΩÞ þ

		v1T5
		
L2ðΩÞ; (53)

where

T3 ¼ f ðΠMunþ1
D Þ � f ðΠMunþ1

D Þ;T4 ¼ f ðΠM unþ1
D Þ � f ðPMuðtnþ1ÞÞ

and

T5 ¼ f ðPMuðtnþ1ÞÞ � f ðuðtnþ1ÞÞ:

Applying Lemma 3.2 and using estimates (20)–(21) and (27)–(28), we getX5
i¼3

		v1Ti
		
L2ðΩÞ ≤C

		v1ΠMηnþ1
D
		
L2ðΩÞ þ Cðkþ hDÞkukC2ð½0;T�; C2ðΩÞÞ: (54)

Gathering (51)–(54) yields

		v1ΠMη J
D
		
L2ðΩÞ≤C

XJ−1
n¼1

k
		v1ΠMηnþ1

D
		
L2ðΩÞ þ Cðkþ hDÞkukC3ð½0;T�; C2ðΩÞÞ:

Choosing k such that 1
2≤ 1−Ck gives

		v1ΠMη J
D
		
L2ðΩÞ≤C

XJ−1
n¼2

k
		v1ΠMηnD

		
L2ðΩÞ þ Cðkþ hDÞkukC3ð½0;T�; C2ðΩÞÞ:

This with a discrete Gronwall’s lemma imply that
		v1ΠMη J

D
		
L2ðΩÞ is of order kþ hD.

Gathering this with estimate (20) (when j ¼ 1), the fact that v1uðtnÞ− utuðtnÞ is of order k, and
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the triangle inequality yields the desired estimate (26). This completes the proof of Theorem
3.1. ,

4. Some computational results
This section is devoted to give some computational results supporting the theoretical results
included in Theorem 3.1. We consider Ω ¼ ð0; 1Þ2 meshed with the rectangular meshes
described as in [10, Pages 756–758], with uniform meshes with mesh size h, that is a mesh
D ¼ ðM; E;PÞ given by

• M is a set of rectangles M ¼ fKij ¼�ði − 1Þh; ih½3 �ðj − 1Þh; jh½; ði; jÞ ∈ E1;NF 3
E1;NFg, where N ∈ℕnf0g is given and h ¼ 1=N.

• E is the set of the edges of the elements Kij of M.

• The family P is the set of points ðði − 1
2Þh; ðj − 1

2ÞhÞ, where ði; jÞ ∈ E1;NF 3 E1;NF.

For the sake of simplicity, we will consider the discrete gradient described in [11, (211)–(212),
Page 333] (which is also a particular case of the discrete gradient introduced recently in [12]).
The exact solution is given by

uðx; y; tÞ ¼ sinðπ xÞ sinðπ yÞð1� expð−tÞÞ; ðx; y; tÞ∈ ð0; 1Þ2 3 ð0; 1Þ:

By thiswayu0 ≡ 0 and f ðx; y; t; sÞ ¼ ð2π2 − 1Þsþ sinðπ xÞ sinðπ yÞ, for all ðx; y; tÞ∈ ð0; 1Þ2 3
ð0; 1Þ3ℝ.

By some computations, we find that the discrete gradient is given by, for
Kij ¼� ði− 1Þh; ih½3 �ðj− 1Þh; jh½

∇DuDjKij
¼
�uiþ1; j � ui−1; j

2h
;
ui; jþ1 � ui; j−1

2h

�
;Ki j ∩ vΩ ¼ 0=;

and with slightly modification when Kij ∩ vΩ ≠ 0=.
We presented the W 1;∞ðL2Þ-error estimate (26) for the finite volume scheme (14)–

((15)) which is a fixed point problem. Consequently, to deal with the non linear scheme
(14)–(15), we use instead linearized schemes. In [4], we performed simulations using a
linearized Crank–Nicolson scheme. These simulations show that the convergence order
is k2 þ h in not only W 1; 2ðL2Þ-norm but in W 1;∞ðL2Þ-norm. In addition to these
simulations of [4] which show that the convergence order of a linearized scheme for
(14)–(15) is at least kþ h in W 1;∞ðL2Þ-norm which support the theoretical results
of Theorem 3.1, we consider other simulations on the following linearized scheme for
(14): �

v1ΠMunþ1
D ;ΠMv

�
L2ðΩÞ þ

�
unþ1
D ; v

�
F
¼
�
f ðΠMunDÞ;ΠMv

�
L2ðΩÞ; ∀v∈XD;0: (55)

We will show numerically that the convergence order of (55) is kþ h in W 1;∞ðL2Þ-norm
which supports the theoretical results of Theorem 3.1. However, in all these tests, we have not
needed to use Assumption 1.

To check the numerical order, we assume an expression for the error in a given norm
denoted by j$j of the form jeh;kj ¼ C $ hr þ D $ kp, where C and D are two constants
independent of h and k. This yields the following values for r and p

p ¼ log2
jeh; kj � jeh; k

2
j

jeh; k
2
j � jeh; k

4
j

 !
and r ¼ log2

jeh;kj � jeh
2
;kj

jeh
2
;kj � jeh

4
;kj

 !
: (56)
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A. First test: Convergence order with respect to the mesh size k of the time discretization
The results of the following table are obtained using Scilab programs with h ¼ 1=25. The
notation “–” in the table corresponds to values of k for which the numerical order cannot be
computed using the second formula in (56).

Table 1 shows that the numerical order in time is one. This confirms the results of
Theorem 3.1.

B. Second test: Convergence order with respect to the mesh size of the space discretization
The results of the following table are obtained using Scilab programs with k ¼ 0:001.

Table 2 shows that the numerical order in space is not only one as stated in
Theorem 3.1 but it is two, i.e. space discretization is performed using uniform squares.
This confirms the observation stated in [12, Lines 31–33, Page 1022] where the
numerical tests show a better rate of convergence of the gradient in the case of uniform
squares.

5. Conclusion and perspectives
We considered a nonlinear scheme studied recently in [4] in the gradient schemes framework
for the semilinear heat equation.Wewere interested to improve an error estimate proved in [4]
but in the particular case of SUSHI. The discretization in space is performed using ”SUSHI”
method whereas the time discretization is uniform. We provided a sufficient condition on the
function f (Assumption 2) as well as some relations (Assumption 1) between the size of the
spatial mesh and the time stepwhich allow to prove aW 1;∞ðL2Þ�errorestimate. Assumption
2 on f is reasonable from the point of view that it is known in the literature of numerical
methods for semilinear parabolic equations, see [14, Beginning of Section 3, Page 338].
Assumption 1 contains three conditions, namely (22), (23), and (24). The condition (22) is well
known in the literature of finite volume methods, cf. [7], whereas the conditions (23) and (24)
are similar to those known by CFL conditions or the one assumed to get the convergence of
explicit schemes for the heat equation ut − uxx ¼ 0, that is k=h2 < 1=2. TheW 1;∞ðL2Þ�error

k
jErrorjW 1;∞ðL2Þ

Error Order

1/250 0.0341637 –
1/500 0.0181005 –
1/1000 0.0095616 0.9116372
1/2000 0.0051566 0.9549082

h
jErrorjW 1;∞ðL2Þ

Error Order

1/10 0.0778465 –
1/20 0.0757006 –
1/40 0.0751631 1.9972462
1/80 0.0750287 1.9997316

Table 1.

Table 2.
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estimate proved in this note can be viewed as an improvement for the W 1;∞ðL2Þ�error
estimate presented in [4]. In factW 1;2ðL2Þ�error estimate is a uniform-in-time version for the
W 1;2ðL2Þ�error estimate. Uniform convergence-in-time is an interesting task which has
been studied for instance in [8]. We aim in a future paper to extend the obtained results
to GDM.
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