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Abstract

We consider, as discretization in space, the nonconforming mesh developed in SUSHI (Scheme Using
Stabilization and Hybrid Interfaces) developed in Eymard et al. (2010) for a semi-linear heat equation. The time
discretization is performed using a uniform mesh. We are concerned with a nonlinear scheme that has been
studied in Bradji (2016) in the context of the general framework GDM (Gradient Discretization Method)
(Droniou et al., 2018) which includes SUSHI. We provide sufficient conditions on the size of the spatial mesh and
the time step which allow to prove a W' (L?)-error estimate. This error estimate can be viewed as an
improvement for the W2 (L?)-error estimate proved in Bradji (2016). The W1 (L?)-error estimate we want to
prove in this note was stated without proof in Bradji (2016, Remark 7.2, Page 1302). Its proof is based on a
comparison with an appropriately chosen auxiliary finite volume scheme along with the derivation of some
new estimates on its solution.
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1. Problem to be solved and aim of this note
Let us consider the following semilinear parabolic problem:

u(x,t) — Au(x,t) = f(u)(x,t), (x,)e2x(0,T), 1)

JEL Classification — 35K15, 35K58, 65M08, 656M15, 65N12

© Ahmed Berkane and Abdallah Bradji. Published in the Arab Journal of Mathematical Sciences.
Published by Emerald Publishing Limited. This article is published under the Creative Commons
Attribution (CCBY 4.0) license. Anyone may reproduce, distribute, translate and create derivative works
of this article (for both commercial and non-commercial purposes), subject to full attribution to the
original publication and authors. The full terms of this license may be seen at http://creativecommons.
org/licences/by/4.0/legalcode

Declaration of Competing Interest. The authors declare that there is no conflict of interest in this
paper.

The authors would like to thank the anonymous referees for their useful advices that helped to
improve the paper. They would also like to thank Professors B. Said Houari and N. Tatar for their

linguistic helps.

I The publisher wishes to inform readers that the article “Note on a W (L?)-error estimate of a
nonlinear finite volume scheme for a semi-linear heat equation” was originally published by the previous
publisher of the Arab Journal of Mathematical Sciences and the pagination of this article has been

_ subsequently changed. There has been no change to the content of the article. This change was
4rab Journal of Mathematical necessary for the journal to transition from the previous publisher to the new one. The publisher
Vol. 27 No. 1, 2021 sincerely apologises for any inconvenience caused. To access and cite this article, please use Berkane, A.,
ré};neliﬁ ﬁbnshing Limited Bradji, A. (2020), “Note on a W1’°°(L2)-error estimate of a nonlinear finite volume scheme for a semi-
eISSN: 25889214 linear heat equation”, Arab Journal of Mathematical Sciences, Vol. 27 No. 1, pp. 104-118. The original
p-ISSN: 1319-5166 . . .

DOI 101016/4aimsc202001.000  publication date for this paper was 11/01/2020.

Downloaded from ftp.nowpublishers.com/ajms/article-pdf/27/1/104/132110/j_ajmsc_2020_01_001.pdf by guest on 03 October 2026


http://creativecommons.org/licences/by/4.0/legalcode
http://creativecommons.org/licences/by/4.0/legalcode
https://doi.org/10.1016/j.ajmsc.2020.01.001

where Q is an open bounded polyhedral subset in R with boundary denoted by 92,
de{2,3}, T > 0,and f is a given function defined on R into R.
An initial condition is given by, for a given function «° defined on

u(x,0) = u’(x), x€Q. @

For the sake of simplicity, we consider homogeneous Dirichlet boundary conditions
u(x,t) =0, (x,t)€d2x(0,T). 6))

Problem (1)—~(3) arises for instance in combustion modeling, epidemic phenomena, and
stochastics controls, see [15]. Finite volume methods have been widely used to approximate
different types of partial differential equations which represent a large class of problems in
application. Starting from the standard volume methods which use the so-called admissible
meshes (cf. [10]), passing by the so-called SUSHI method (cf. [12]), and then a generalization to
the framework of Gradient Schemes (cf. [9]), finite volume methods have then witnessed
considerable developments in the last few decades. They can be applied in arbitrary geometries
and are locally conservative, see [10] and the references therein. One of the principles of finite
volume methods is the integration of the equation to be solved on the so called control volumes.
We use then numerical fluxes to approximate, using the discrete unknowns, the continuous
fluxes over the boundaries of the control volumes, which appear after the integration by parts.
A widely used definition of admissible finite volume meshes for viscous conservation laws can
be found in[10, Definition 9.1, Pages 762-763]. However, the control volumes in the sense of [10,
Definition 9.1] are open polygonal convex sets. In addition to this, for admissibility, the mesh
should satisfy an orthogonality condition, that is, there exists a family of points (xx )z, such
that for a given edge og;, the line segment xx x; is orthogonal to this edge. This condition
allows to approximate the fluxes over a given edge using two point difference quotients. The
construction of such meshes in general geometries is possible in many interesting cases but still
linked to a number of challenging problems [13]. Consequently in many cases it is useful to drop
the orthogonality condition and to assume general polyhedral control volumes, where the
boundary of each control volume is a finite union of subsets of hyperplanes. Recently in[12], a
large class of nonconforming meshes are used in the approximation of stationary anisotropic
heterogeneous diffusion equations, and some error estimates have been provided. In addition to
this, a discrete gradient is developed in [12] and it satisfies the properties of stability and
consistency. The scheme which has been developed in [12] is called SUSHI.

In the recent work [4], the second author addressed an analysis for the convergence of the
GDM for the problem (1)—(2). GDM is a generic framework has been developed recently in [9]
which includes, in addition to SUSHI [12], several numerical methods:

e Conforming finite element methods, including mass lumped versions.
e The non-conforming finite element methods, again including mass lumped, versions.
o The mixed finite element methods and in particular the Raviart-Thomas ones.

e The symmetric interior penalty Galerkin version of the discontinuous Galerkin (DG)
method.

e The multi-point flux approximation (MPFA) schemes and the discrete duality finite
volume (DDFV) schemes on particular grids.

e The hybrid mimetic mixed (HMM) family of schemes, which includes the hybrid
mimetic finite difference schemes, the SUSHI, and the mixed finite volume scheme.

o The nodal mimetic finite difference scheme.
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In [4, Theorem 4.1, Pages 1290-1291] and [4, Corollary 6.2, Pages 1298-1299], the second
author established some error estimates in discrete norms of L* (H*), W'?(L?),and L*(L?)
in the context of the general framework GDM. Consequently, these results can be applied in
the particular method of SUSHI The aim of this note is to improve the W1?(L?) -error
estimate, in the context of SUSHI method, in the sense that the estimate will be uniform in
time, i.e. W instead of W2 This is strong since W* (L?)-error estimate implies W1?(L?)
-error estimate. We will address the extension to GDM in a future work. Such improvement,
ie. Wl (L?)-error estimate, exists in SUSHI for the linear case and it was treated in[3,5,6] but
it does not exist for the nonlinear case. In fact, L*(H') and W (L?)-error estimates are
useful since they allow to derive approximations for the gradient (spatial derivatives) and
time derivative, respectively. The W' (L?)-error estimate we want to prove was stated
without proof in [4, Remark 7.2, Page 1302].

The proof of uniform-in-time convergence results has attracted considerable attention in
the literature. Indeed, in [8], a numerical scheme is developed in the context of GDM for non-
linear degenerate parabolic equations and a uniform-in-time strong-in-space convergence
result is proved. In[1] (see also [2]), a numerical scheme given by a backward Euler in time and
finite volume in space discretization is established for the drift—diffusion system and some
uniform-in-time bounds for the approximate solutions are proved. In this work, we are
concerned with the uniform-in-time convergence of the discrete time derivative of the
approximate solutions towards the time derivative of the exact solution of the problem (1)—(3).

The structure of this note is as follows. In Section 2, we describe the time and space
discretizations. For the sake of completeness, we recall some convergence results concerning
SUSHI applied to elliptic equations. We will also state in Section 2 some known results and the
aim of this note. In Section 3, we state and prove our main result, that is Theorem 3.1. Section 4
is devoted to provide some numerical tests.

2. Meshes, schemes, and some preliminaries
We consider, as discretization in space, the mesh introduced in [12]. We recall its definition:

Definition 1 (Space Discretization, cf. [12, Definition 2.1, Page 1012]). Let Q be a
polyhedral open bounded subset of R?, where d € N\ {0}, and 92 = 2\ Q its boundary. A
discretization of £, denoted by D, is defined as the triplet D = (M, &, P), where:

1. Mis a finite family of non empty connected open disjoint subsets of £2 (the “control
volumes”) such that Q = Uge K. For any K € M, let d K = K\K be the boundary
of K; let m(K') > 0 denote the measure of K and /x denote the diameter of K.

2. & 1is a finite family of disjoint subsets of 2 (the “edges” of the mesh), such that, for
all €& o is a non empty open subset of a hyperplane of R? whose
(d — 1)—dimensional measure is strictly positive. We also assume that, for all K € M,
there exists a subset £k of € such that I K = Useg, 0. For any o €&, we denote
M, = {K, o0 € Ek}. We then assume that, for any o € &, either M, has exactly one
element and then 6 Cd £ (the set of these interfaces, called boundary interfaces,
denoted by Eey) or M, has exactly two elements (the set of these interfaces,
called interior interfaces, denoted by &;,¢). For all o € £, we denote by x,, the barycenter
of 6. For all K € M and ¢ € £, we denote by ng ,, the unit vector normal to ¢ outward
to K.

3. 'Pisafamily of points of Qindexed by M, denoted by P = (X ) g 5 Such that for all
KeM, xg eK and K is assumed to be xg-star-shaped, which means that for all
x €K, the property [xx,x] CK holds. Denoting by dg, the Euclidean distance
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between xx and the hyperplane including o, one assumes that dg , > 0. We then
denote by Dk , the cone with vertex xx and basis o.

The time discretization is performed with a constant time step 2 = NLH, where N € N*, and
we shall denote £, = nk, for n€[0,N + 1]. We introduce the operator 8" of the discrete
temporal derivative 9'v" = =1 We denote by 8% the discrete second time derivative

aZUj+1 — al (alvj+1) _ pitl _22]+y1—1

Throughout this paper, the letter Cstands for a “generic” positive constant independent of
the parameters of the space and time discretizations.

We define the discrete space X'pasthesetof allv = ((vg) ke s> (Vo) pes) Where vg, v, €R
and X'po C Xpis the set of all v € X'p such that v, = 0 for all 6 € Eexr. Let Hyy (2) € L?(Q)
be the space of functions which are constant on each control volume K of the mesh M.
The space Ha(2) is equipped with the norm \|u||%2 M= %(ML —ug)?, where we

' ol
have denoted 6 = K|L if 6 €&y and up = 0if 6 €Ex N Eext. For all v e X'p, we denote
by ITyv € Huy(R2) the function defined by ITyv(x) = vg, for ae. x €K, for all K € M.
For all ¢ € C(2), we define Ppe = ((¢(xk))xem> (¢(X5)),ec) € Xp. We denote by
P e € Hy () the function defined by Pao(x) = ¢(xk), forae. x €K, forall K e M. In
order to analyze the convergence, we need to consider the size /ip of the mesh D defined by
hp = sup{diam(K), K € M} and the regularity of the mesh 6p given by

( dKﬁ hK )
Op = max max : max .

6€E L K ,LeM dL.o‘ ’ KeMoelg dK,a

The scheme we want to consider is based on the use of the discrete gradient given in[12]. For
u € Xp, we define, for all K € M, for a.e. x € Dk,

Vou(x) = Viu + (de (o — ug — Viu - (x5 — xx))> ng g, “
with
1
VKM = M(;g}{m(o’)(uo— - uK)nK,ﬂ- (5)

We introduce the bilinear form (-, -) defined on X'p X X'p by

(u,0)p = /QVD u(x) - Vpo(x)dx, ¥ (u,v) € Xp X Xp. ©6)

Let us recall error estimates given in [12] of the finite volume approximate solution in the
elliptic case. For this reason, we consider the following second order elliptic equation, for a
given function F*

—-AU(x) =F(x), xe€Q, @

with the homogeneous Dirichlet boundary conditions, that is
Ux)=0, x€dQ. ®

Let us consider the finite volume scheme given in [12] and approximating the elliptic problem

(7))
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(Up,0)p = (F, I\ V) p2(0), V0 E Xpy. ©)

The following theorem is the subject of [12, Theorem 4.8, Page 1033]and [12, (4.19), Page 1031]
(see also [5,6] for some details):

Theorem 2.1 (Convergence Order in the Elliptic Case, cf. [12]). Let 2 be a polyhedral open
bounded subset of R%, where d € N\ {0}, and 32 = Q\Qits boundary. Let D = (M, E,P) be
a discretization in the sense of Definition 1. Let V p be the discrete gradient defined by (4)—(5) and
(-, - ) be the bilinear form given by (6). Assume that Op satisfies 0 > Op, for some given 6 > 0.
Then the discrete problem (9) has a unique solution. Assume in addition that the solution U of
the elliptic problem (7)—8) is satisfying U € C? (Q), then the following error estimates hold:

. L*(Q)-estimate.

1171 Up — 73MUHLZ(Q) < ChDHUHcZ(Ey 10)

. HY(Q)-estimate.
HHMUD - PMUHI,Z,M < ChDHUHc?(E)' 11

« Estimate in the gradient approximation .
[VoUp — V UHLZ(Q)‘i < ChDHU”c?(E)' 12

Using the fact that |U=PmUl|| «q) < Chp||U||¢1 5 (Which stems from [U(x) — U(xx )| <
Chp||U]|a @ for all x € K), estlmate (10) together with the triangle inequality implies that

11T Up — Ul 20y < Col| Ul - (13)

As discretization for the problem (1)-(3), it is considered in [4] a non-linear scheme in the
context of the general framework GDM (recall that GDM includes SUSHI method) which can
be written in the particular case of SUSHI as: For any »# € [0, N1, find u”“ € X'p such that

(6 H/\/ﬂ/t’grl, HM 11) + <un+l > (f(n/\/fu%+1)7 H/MU)LZ(Q)v Yo e XD.O? (14)

where (-, -);2q denotes the [*(Q) -inner product and
(uh,v), = —(AMO,HMU)LZ(Q), Yo € Xpy. (15)

Under assumptions that « € C2(C?), f is Lipschitz continuous, and 6 > 6 for some 6 > 0, it is
shown in [4, Theorem 4.1, Pages 1290—1291] and [4, Corollary 6.2, Pages 1298-1299] that for
sufficiently small £, there exists a unique solution (uD)fy +01 for (14) (15) and the following
W12(L?)-error estimate holds:

1

N+1 2
(Zk|ut n (9 HMM HL) > S C(k+hD)HMHCz([O.T];Cz(E))' (16)

n=1

Our aim is to get a uniform version in time for (16), that is a W*(L?)-error
estimate. To analyze the convergence, we introduce the following auxiliary problem: For
any n€[[0, N + 1], find @}, € Xp such that

(p, 0)p = (—Au(t,), M) o), Y0 € Xpy. 17
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The well-posedness for scheme (17) is given in Theorem 2.1. Acting the discrete time
derivatives &, for j € {1, 2}, on the both sides of (17) yields, for all z € [[j, N + 1]

(0, 0), = (~Adu(t,), M) oy V0 E Xy, 18)
Therefore ¢/ u’p is satisfying the same scheme (9) with right hand side F* given by -AY u(ty).

We are able then to apply error estimates (11) and (13) to get (see [4, (25), Page 1292],
[4, Corollary 6.2, Pages 1298-1299], and also [5, (15), Page 1121))

[T d" 8y, — & Prate(t)|] ., <Chip |0 ut)|| o ) < Chollulle oy 19)

and
HnMaf Uy, — du(t,) ng) < ChD||u\|Cz([O4T];Cz(§». (20)

In addition to (19)—(20), we will also need to use the following L (L?)-error estimate obtained
in [4, (13), Page 1291]:

N+1 u

max [|u(t,) — M| ) < Clk + o) utllez o 1y, ) @1)

n=0

The following assumptions are needed (see Remark 2.1):

Assumption 1 (Assumptions on D and k). Let D = (M, &, P) be a discretization in the
sense of Definition 1and % = T/(N + 1) for a given N € N*. We assume that for some given
& > 0, the following assumption holds (see [7]):

e< ) v gem 29)

d )
s,

In addition to this, we assume the following relation between %y and %, for some given positive
constant &:

« Whend =2
| In(hp)|k < 6. (23)

« Whend=3:
12 k<. (24)

Assumption 2 (Assumption on the Function f). We assume that the function f is satisfying
f €C*(R) and for some positive constant «

|F ()| +1f ()| <k, Vs€ER. (25)

Remark 2.1 (Comments on the Conditions (22), (23), and (24)). Let us comment on the
hypotheses of Assumption 1.

« The condition (22) is known in the literature, see for instance [7, Corollary 1, Page 777].

o If we assume that, for some s > 0, 2/l <4, then (23) is satisfied. Indeed, since
]limOhSD| In(hp)| =0, then for sufficiently small &p, we have |In(kp)| < hg.

Consequently, | In(%p) |k < Ik for small Zip.
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«  The known condition k/h% <1/2 for the convergence of the explicit scheme for the

-1
heat equation is sufficient to obtain (24) since /7, < hz? for small ip.
Consequently, the conditions (23) and (24) are weaker than that known for the
convergence of the explicit scheme for the heat equation.
From these facts, the hypotheses of Assumption 1 are reasonable.

3. Statement of the main results
The main result of this paper is the following W% (L?)-error estimate:

Theorem 3.1 (W' (L?)-Error Estimate). Let  be a polyhedral open bounded subset of
R% where d = 2 or 3, and d Q2 = @\ Q its boundary. Assume that the solution of (1)~(2) is
satisfying u € C([0, T); C*(Q)). Letk = v withN € N, and denote by t, = nk, forne
[0,N + 1] Let D = (M, &, P) be a discretization in the sense of Definition 1. Let Vp be the
discrete gradient defined by (4-(5) and (-, -)  be the bilinear form given by (6). Assume that Op
satisfies 0 > Op, for some given 0 > 0. There exists, according to [4], 0 < ky < T such that for

all k < ky, there exists a unique solution (u%)fjiol for the scheme (14)-(15). Then, under
Assumptions 1 and 2, and for sufficiently small hp and k, the following W > (0, T; L*(82) )-error
estimate holds, for allne[0,N + 1]

(1) — 0 T ast || ) < COl+ Pep) 2l s g 12 (26)

Remark 3.1 (Importance of the Uniform-in-time Estimate (26) and Similar Results in
Literature). The error estimate (26) of Theorem 3.1 provides optimal convergence order for
the error €, = u;(t,) — otn muf, between a discrete time derivative of the approximate
solution and the time derivative #; of the exact solution « in the uniform norm L* (L?)-norm.
This is stronger than that of (16) since (26) implies (16).

On the other hand, estimate (26) means that the discrete time derivative 8" I7 mih of the
approximate solution approximates the time derivative #;. This is important in some
applications, e.g. u; represents the velocity.

As stated in Section 1, we find in the literature several works which aim to prove error
estimates in the uniform norm with respect to time, see for instance [1,2,8].

As mentioned also in Section 1, we proved in[3,5,6], W' (L?)-error estimates for the finite
volume methods for linear case of heat equation #; — Au = f. However, W' (L?)-error
estimate has not been proved for the non-linear case #; — Au = f(u). It is worth mentioning
that the W1 (L?)-error estimates proved for the linear case of the heat equation u; — Au = f
do not require any relation between /5, and .

The proof of Theorem 3.1 is not straightforward and it is based on the L*®-estimates of
Lemma 3.1 as well as the technical Lemma 3.2 given.

Lemma 3.1 (Some L®-estimates). Let Q be a polyhedral open bounded subset of R% where
d=2o0r3 and 32 = Q\ Q its boundary. Assume that the solution of (1)~(2) is satisfying
ueC ([0, T);C3(Q)). Letk = %], with N eN", and denote t, = nk, for ne€l[O,N +1]
Let D = (M, E,P) be a discretization in the sense of Definition 1. Assume that Op salisfies
0 > Op. There exists a unique solution (%, );vjol for (14)—~(15) when kis sufficiently small. For all
nell0,N + 11 let @}, be the solution of (17) and '} be defined as '}y = s — '}y, Then, for
hp < %(where e s the Euler’s number, i.e. In(e) = 1) if d = 2 and for arbitrary hpifd = 3

HGIIYMQ |C2([07T];C2(5))’ ne [[17 N + ].]] (27)

;HL‘”(.Q)SCHM
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If we assume in addition that Assumptions 2 and 1 are salisfied, then for hp <1 sfd=2
and for arbitrary hp if d = 3, the following estimate holds:

[Tttt || o ) S Clletll 2 o 12y, ¥ ML N + 11 28)

Proof. We will prove Lemma 3.1 item by item.

1. Proof of estimate (27). Let us consider a (generic) function u € Hr4(£2). We use the
discrete inequality of [7, Lemma 1, Page 774] to get, for all ¢ € [1, o0) when d = 2 and for all
g€[l,6]whend =3

lleaall o) < Callaerally o, 000 (29)
where C in the previous estimate is independent of ¢. Using now the reasoning of [7, Proof of
—=d

Corollary 1, Page 777] yields ||| () < Ot ||t pa | 40 Which, using (29), implies that
__d
sl ooy < Cahp llumllyongs Yers € Hi(£2). (30)

Taking u = ' (Papu(t,) —11 MmUp) in (30) and using (19) with j = 1 yield
0" (Pae(t) = Tagie) || o <cqh;“\|u|\cl (0.11C@ (31)
We have, for all ne[[1,N + 1]

18P site(to)| oy = 1Paa (9"s(0)) | o gy < []6"26(52)

] P
1 ty
_ H—/ i (b)dt
L (@)

Mo

32)
<i [ 100len
<llllero.11.¢@).
Gathering this with (31) and the triangle inequality implies that
117,07 | ) 110" (Poste(tn) = T aailp) || ) + (|0 Pttt (t) | o
_d
Sth;q|W||c1([o,T];c~ + 0" Pae(t, ”Loo (33)

1-4
< thDq”””(jl([O,T];CZ(E)) + ||”Hc1<[0.,7]-,c<ﬁ>)-

Let us discuss the two cases of d = 2 or 3:

_d
1.1. The case d = 2. A study for the function g ~ qh; “ong € [1, ) shows that it takes its
minimum when ¢ = —2In(%p). Since ¢ should satisfy ¢>1, then hp should verify
|In(hp)| > 1 This can be satisfied when for instance /p < 1 Taking ¢ = —2In(/p) in (33)
gives

HalﬂMﬁgHm <ChD|ln(hD)|||”||c1 ome@) T 1lleio.re@)- (34)
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AJMS We remark that the function ip = /p| In(%p)| defined on (0, 1/¢) is increasing. We deduce that
271 hp| In(hp)| <1/efor all ip <1/e. This with (34) implies the desired estimate (27) when d = 2.
1.2. The case d = 3. Taking ¢ = 6 in (33) yields ||"(Puu(t,) - HMﬁg)HLw(Q) is order
Vhp. This with the fact that sp < diam(£2) yields the desired estimate (27) when d = 3.
2. Proof of estimate (28). Using [4, (39), Page 1293] and [4, Corollary 6.2, Pages 1298-1299]
112 implies that || 17 x|, , ,,is of order & + hp. This implies, when taking g = IT ptff in (30),
for all g € [1, o0) when d = 2and for all g € [1, 6] when d = 3

—d
”HM”nDHLw(g) <Cqhp (k + ho)llull e o ry0 @) (35)

Let us discuss the two cases for d = 2 or 3 as in the previous items:

2.1. The case d = 2. Taking ¢ = —2 In(/p) (recall that the hypothesis p <1/e of Lemma
3.1 implies that In(%p) < —1 which gives ¢ = -2In(/ip) =2 > 1) in (35) gives

Ty gy < 1) G+ o) it 1y 3)
This implies that, thanks to hypothesis (23) and the fact that zip| In(/p)| < 1/eforallip <1/e,
the desired estimate (28) when d = 2.

2.2. The case d = 3. Taking ¢ = 6 in (35) and using (24) to get (28). [
The following technical lemma will be useful to prove Theorem 3.1, see Remark 3.2.

Lemma 3.2 (Technical Lemma). Under Assumption 2, we consider two real sequences (),
and (B"),. Then, the following estimate holds:

’alf(awrl) _ alf(ﬂ11+1)| SK|al(an+1 _ ﬁn+1)| + K(|alan+1| + !alﬁn+l|) ‘an _ ﬁn|.
Proof. We will use mainly the following Taylor expansion, for all y € C'[0, 7]

1
w0 =) = r=9) [ Wt @)
Using the Taylor expansion (37) to get

alf(an+1) _ alf(ﬂn+l) _ al ((a,n+1 7ﬂn+1) /lf’ (an+1 4 t(ﬂn+1 _ an+1))dt) (38)
JO

For two sequences (L"), and (M"),, we also need to use the following rule of a discrete
version for the derivative (time derivative) of the product of two functions

al (Liz+1Mn+1> — Ln+laan+1 + M;laan+1 . (39)
Let us set

1
Ln+1 — / f’(an+l + t(/))n+1 _ an+1))dt and Mn+1 — an+1 _ﬂn+1
0
Applying the rule (39) and using (38) leads to

1
alf(an+1) _ alf(ﬂnﬂ) _ (/ f’(an+1 + t(ﬂwrl _ an+1))dt> al (anJrl _ﬂn+1)
! (40)

+ (@ —p)3 ( /O (g a”“))dt).
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But using the Taylor expansion (37) yields Nonlinear finite

al( /0 ! F (@ 4 1(p _a’Hl))dt) - /0 l(y"(t)( /O 1 f"(G”(s))ds))dt, (41) volume scheme

yn(t) _ (1 _ t)alan+1 4 talﬂwrl? (42) 1 13

where

and
Gn(s) — an+1 4 t(ﬁerl _ an+1) 4 S((Xn + t(ﬂn _ an) n+1 (ﬂ¢7+1 n+1))' (43)
The expression (41) with Assumption 2 yields

g < /O @ (g — a”“))dt)

This with (40), and Assumption 2 imply the desired estimate of Lemma 3.2. [

<k(|o'a" | + [0'p"). (44)

Remark 3.2 (Comments on Lemima 3.2). Lemma 3.2 can be viewed as a discrete version for
the following estimate, for any sufficiently smooth functions ¢ and y :

|F(@D)), = U w (@) <xld,(£) =y, ()] + xlw, (D] 19(2) — w (8-

This estimate stems from the following identity together with Assumption 2:

(F(e®) = Fw (@), = 6, (0AD() — v, (Dfi(w(?))
= (6:(1) =y, () S((D)) + v, (8) [i(D()) —w, (1) /iy (D))
= (¢:() =y, (D)) S($(D) +w, () (i (¢(1)) — filw(D)))-

Proof of Theorem 3.1 Writing scheme (17) in the level # + 1 and subtracting the result from
(14) to get, for allv € X'p g

1 n+1 n+1 n-+1
(0 Ty TTai0) gy + 0 = (87, 10 sy (45)
where i, = u, — ), and S = T' + T? with
T = f(IT ™) — F(u(ter)) and  T? = wy(tyr) — O 0™ (46)
We act the discrete time derivative ' on the both sides of Eq. (45) to get, for all z€ [1, N]
2 n+1 1 n+1 _ 1 on+l1
(I TT0) gy + (9 0), = (0 ,HMU)Lz(Q). (47)

Taking v = 8'/5"! in (47), using the fact that 6%p5™" = (3'y5! — 9'sh) /k, and summing
the result over # G [1,7 —1] where/ €[2,N +1] yleld that

J-1
Ot S S R[0S g+ 10" Pt 9

n=1

Let us now estimate the terms on the right hand side of (48). We begin to estimate
||6117M’71@||Lz(g). Taking 7 = 0and v = 8'5}, in Eq. (45) leads to
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271,1}/[ Hd HM’?DHLZ(.Q) + (1, 9 ’7D>F = (S 1 549 ”D)L2<9)' 49)

Since 5%, = 0, then 8 57}, = (n}, — %) /k = nk /k. Inserting this in (49) and using the Cauchy
Schwarz inequality to obtain ||8 117 ymb|| @< IS (- Gathering this with (48) gives

J-1
114 10" Toaitp ]| z(g < DR[0S ] ) + IS

n=1

(50)

LX)

Using the triangle inequality together with Assumption 2 and estimates (21) and (20) (when
j=1), we get [|S"*! @) < C(k + hp) [l 2 0.7, ¢2 ) This (when n = 0) with (50) leads to

J-1
HalnM%HLZ(m < ZkHaISnHHLZ(Q) +C(k+ hD)||”Hc2([o4T];c2<§))' (1)

n=1

Using the triangle inequality together with a Taylor expansion and estimates (20) (when
7 = 2) to get

0" 7 ng) < C(k A+ ho) |l e 0.1y 2@ - (62)

Let us apply Lemma 3.2 to get a convenient estimate for Halvl

’ Using the definition of
T! in (46) and the triangle inequality to get

lezqe

18" T |2y < 10T oy + 1187 T |2y + 118" T |2 (53)

where

T = f (i) = (™), T = () = f (Paat(bs))
and

T° = f(Puatt(tuin)) — f (@(tyi))-
Applying Lemma 3.2 and using estimates (20)—(21) and (27)—(28), we get

5
2 18" T2 ) < ClIO Tty |2 ) + CCl + ho) il 112 69

Gathering (51)—(54) yields
J-1
||0117M;77§||L2(m < CZ kHalHMﬂ%“
n=1

2T Ck+ hD)””HCS([OtT];Cz(ﬁ))'

Choosing % such that % <1-Ckgives

J-1
@) S CY |[0" T purty

n=2

Haln/\/lrlé

12y T Ck o)l s 0 71,2 -

This with a discrete Gronwall's lemma imply that ||9'11 M;yé” 12(q 18 of order &+ hp.
Gathering this with estimate (20) (when j = 1), the fact that 61u(tn) —upu(t,)is of order k, and
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the triangle inequality yields the desired estimate (26). This completes the proof of Theorem
31 0O

4. Some computational results

This section is devoted to give some computational results supporting the theoretical results
included in Theorem 3.1. We consider £ = (0,1)* meshed with the rectangular meshes
described as in [10, Pages 756-758], with uniform meshes with mesh size /4, that is a mesh
D = (M, &, P) given by

e Mis a set of rectangles M = {Kj; =|(i — 1)h,ih[X](j — 1)h, jh, (i,j) € [1,N] X
[1, NT}, where N € N\ {0} is given and & = 1/N.

o £is the set of the edges of the elements Kj; of M.
e The family P is the set of points ((i — 3, (G — 1)), where (i,7) € [1,N] x [1,N]

For the sake of simplicity, we will consider the discrete gradient described in[11, (211)—(212),
Page 333] (which is also a particular case of the discrete gradient introduced recently in [12]).
The exact solution is given by

u(x,y,t) = sin(zx) sin(zy)(1 — exp(-t)), (x,3,t)€(0, 1)2 X (0,1).

By thisway «’ =0 and f(x,y,1,5) = (22% —1)s + sin(z x) sin(zy), forall (x, v, ) € (0,1)* X
(0,1) XR.
By some computations, we find that the discrete gradient is given by, for
Ky =) (i D), b X )~ 1) jh|
_ (Ui, — Wi1j Wi j — Ui j1 3 _
VD”D']{U = ( o , on )aKu n 00 ¢7
and with slightly modification when K; n 9 2 # §.

We presented the W (L?)-error estimate (26) for the finite volume scheme (14)-
((15)) which is a fixed point problem. Consequently, to deal with the non linear scheme
(14)—(15), we use instead linearized schemes. In [4], we performed simulations using a
linearized Crank—Nicolson scheme. These simulations show that the convergence order
is k24 h in not only W'“2(L?)mnorm but in Wh*(L?)norm. In addition to these
simulations of [4] which show that the convergence order of a linearized scheme for
(14)-(15) is at least £+ /% in W' (L?)norm which support the theoretical results
of Theorem 3.1, we consider other simulations on the following linearized scheme for
(14):

(a]HMu%+1’H/VlU)L2(Q) + <M%+17 7)>F = (f(H/\/lM%), HMU)LZ(_Q)’ Yo e XD,(). (55)

We will show numerically that the convergence order of (55) is & +  in W' (L?)-norm
which supports the theoretical results of Theorem 3.1. However, in all these tests, we have not
needed to use Assumption 1.

To check the numerical order, we assume an expression for the error in a given norm
denoted by |-| of the form |e;,| =C -4 +D -k, where C and D are two constants
independent of /2 and %. This yields the following values for » and p

len.e| — ley s lenel — leyl
bp = log, TR and 7 = log, GG iy (56)
|eh‘§‘ - |eh,§| |eg,k| - |ej-;,k|
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Table 1.

A. First test: Convergence order with respect to the mesh size k of the time discretization
The results of the following table are obtained using Scilab programs with 2 = 1/25. The
notation “~” in the table corresponds to values of % for which the numerical order cannot be
computed using the second formula in (56).

Table 1 shows that the numerical order in time is one. This confirms the results of
Theorem 3.1.

B. Second test: Convergence order with respect to the mesh size of the space discretization
The results of the following table are obtained using Scilab programs with 2 = 0.001.

Table 2 shows that the numerical order in space is not only one as stated in
Theorem 3.1 but it is two, i.e. space discretization is performed using uniform squares.
This confirms the observation stated in [12, Lines 31-33, Page 1022] where the
numerical tests show a better rate of convergence of the gradient in the case of uniform
squares.

5. Conclusion and perspectives

We considered a nonlinear scheme studied recently in [4] in the gradient schemes framework
for the semilinear heat equation. We were interested to improve an error estimate proved in [4]
but in the particular case of SUSHI. The discretization in space is performed using "SUSHI”
method whereas the time discretization is uniform. We provided a sufficient condition on the
function f (Assumption 2) as well as some relations (Assumption 1) between the size of the
spatial mesh and the time step which allow to prove a W% (L?)—error estimate. Assumption
2 on f is reasonable from the point of view that it is known in the literature of numerical
methods for semilinear parabolic equations, see [14, Beginning of Section 3, Page 338].
Assumption 1 contains three conditions, namely (22), (23), and (24). The condition (22) is well
known in the literature of finite volume methods, cf. [7], whereas the conditions (23) and (24)
are similar to those known by CFL conditions or the one assumed to get the convergence of
explicit schemes for the heat equation u; — u,, = 0, thatis k/h? < 1/2. The W' (L?)—error

| Error| ypes 2
k Error Order

1/250 0.0341637 -
1/500 0.0181005 -
1/1000 0.0095616 09116372
1/2000 0.0051566 0.9549082

Table 2.

|Error| pe g2y
h Error Order

110 0.0778465 -
1/20 0.0757006 -
1/40 0.0751631 1.9972462
1/80 0.0750287 1.9997316
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estimate proved in this note can be viewed as an improvement for the W' (L?)—error Nonlinear finite
estimate presented in [4]. In fact W'?(L?)—error estimate is a uniform-in-time version for the volume scheme

W12(L?)—error estimate. Uniform convergence-in-time is an interesting task which has
been studied for instance in [8]. We aim in a future paper to extend the obtained results
to GDM.
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