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Abstract
Our purpose of this study is to construct an algorithm for finding a zero of the sum of twomaximally monotone
mappings in Hilbert spaces and discus its convergence. The assumption that one of the mappings is α-inverse
strongly monotone is dispensed with. In addition, we give some applications to the minimization problem. Our
method of proof is of independent interest. Finally, a numerical example which supports our main result is
presented. Our theorems improve and unifymost of the results that have been proved for this important class of
nonlinear mappings.
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1. Introduction
Let H be a real Hilbert space with inner product h:; :i and induced norm k:k. Let A : H → 2H

be a nonlinear mapping. The domain, range, zero, and graph of A are respectively the sets
DomðAÞ ¼ fx ∈ H : Ax ≠ 0=g; RðAÞ ¼ fAx : x ∈ DomðAÞg; ZeroðAÞ ¼ fx ∈ H : 0 ∈ Axg
and GphðAÞ ¼ fðx; yÞ ∈ H 3H : y ∈ Axg. A mappingA : H → 2H is called monotone if for
any x; y ∈ H and u ∈ Ax; v ∈ Aywe have
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hu� v; x� yi≥ 0: (1.1)

A monotone mapping A : H → 2H is called maximally monotone if GphðAÞ is not properly
contained in the graph of any other monotone operator. The resolvent of A is given by
JλA ¼ ðI þ λAÞ−1, where I is the identity mapping on H and λ > 0.

Let A; B : H → 2H be maximally monotone mappings. Consider the problem of finding
z∈H such that

0 ∈ Azþ Bz: (1.2)

We denote the solution set of (1.2) by ðAþ BÞ−1ð0Þ. This problem includes, as special cases,
convex programming, variational inequalities, split feasibility problem and minimization
problem. For solving problem (1.2), we remark that several authors have studied different
iterative schemes (see, for example, [3,4,10,11,14,21] and the references therein).

In 1979, Passty [11] introduced Forward–backward splitting method which defines a
sequence fxng by

xnþ1 ¼ ðI þ rnBÞ−1ðI � rnAÞxn; n ≥ 1; (1.3)

where frng is a sequence of positive numbers, A and B are maximal monotone mappings
with DomðAÞ ⊂ DomðBÞ, and A is single valued. This method is essentially a generalization
of the classical gradient method for constrained convex optimization and monotone
variational inequalities, and inherit restrictions similar to those methods such as A is single
valued. In general, this method provides weak convergence even with the restriction that
A is single-valued. It fails to provide weak convergence results to the zero of the sum of the
general maximal monotone mappings.

In 1979, Lions and Mercier [7] introduced Peaceman–Rachford splitting method whose
iteration method is given by

yn ¼
�
2ðI þ λBÞ−1 � IÞxn;

zn ¼
�
2ðI þ λAÞ−1 � IÞyn;

xnþ1 ¼ ð1� ρnÞxn þ ρn zn; n ≥ 1;

(1.4)

where λ > 0 is a fixed scalar, and fρng⊂ ð0; 1� is a sequence of relaxation parameters.
They proved weak convergence of this sequence to the solution of problem (1.2) under certain
conditions.

In 2008, Eckstein and Svaiter [5] constructed new approach splitting algorithms which
starts by reformulating (1.2) as the problem of locating a point in a certain extended solution
set SeðA; BÞ ⊂ H 3H and proved weak convergence results provided that H has finite
dimension or Aþ B is maximal monotone mapping. The extended solution set for the
problem (1.2), which is the subset of H 3H is defined by:

SeðA; BÞ ¼ fðz; wÞ∈ H 3 H : w ∈ BðzÞ;�w ∈ AðzÞg: (1.5)

We treat H 3 H as a Hilbert space by endowing it with the canonical inner product

hðx; x0 Þ; ðy; y0 Þi ¼ hx; yi þ hx0
; y

0 i:
More recently, in order to solve problem (1.2), Svaiter [17] studied the following Algorithm:
for any λ > 0; x0; b0 ∈H,

Step 1. Compute; yn; an such that an ∈ AðynÞ; λan þ yn ¼ xn−1 − λbn−1:

Step 2. Compute; xn; bn such that bn ∈ BðxnÞ; λbn þ xn ¼ yn þ λbn−1; n ≥ 1:
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They proved that fðxn; bnÞg and fðyn; − anÞg converge weakly to a point ðz; wÞ in SeðA; BÞ,
where z ∈ ðAþ BÞ−1ð0Þ. We remark that the convergence is still weak convergence.

With regard to a strong convergence, several authors have studied different iterative
schemes (see for example, [12,18–20,22] and the references therein) for a zero of the sum of
monotone mappings A and B.

In 2012, Takahashi et al. [20] proved some strong convergence theorems of the Halpern-
type iteration in a Hilbert spaceH, which is defined by the following manner: for any x1 ∈ H,

xnþ1 ¼ βnxn þ ð1� βnÞ
�
αnuþ ð1� αnÞJrnBðxn � rnAxnÞÞ; ∀n ≥ 1; (1.6)

where u ∈ H is a fixed point andA is an α -inverse stronglymonotonemapping onH andB is
a maximal monotone mapping on H. Under suitable conditions, they proved that the
sequence fxng generated by (1.6) converges strongly to a zero point of Aþ B. A monotone
mapping A : H →H is said to be α-inverse strongly monotone if there exists a positive real
number α such that hAx� Ay; x� yi ≥ αkAx� Ayk2; ∀ x; y ∈ H : (1.7)

Several researchers have also studied and obtained similar results in Hilbert and Banach
spaces more general than Hilbert spaces (see, e.g, [8,13,16]). However, we observe that the
strong convergence results available for the zero of the sum of monotone mappings A and B,
are either one of the mappings is α -inverse strongly monotone or single-valued.

Question 1. Anatural question arises whether we can obtain strong convergence result for
approximating a zero of the sum of two maximally monotone mappings?

Motivated and inspired by the above results, our purpose in this paper is to construct an
algorithm for finding a zero of the sum of maximally monotone mappings via the extended
solution set SeðA; BÞ ⊂ H 3H and discus its strong convergence. The assumption that one
of the mappings is α -inverse strongly monotone is dispensed with. Our results provide
an affirmative answer to our concern. Our method of proof is of independent interest. Our
results improve, extend, and generalize many results in the literature.

2. Preliminaries
Let H be a real Hilbert space, C be a nonempty closed convex subset of H. The set of fixed
point of the mapping T : C → C is denoted by FðTÞ, that is, FðTÞ ¼ fx ∈ C : Tx ¼ xg.
The following lemmas shall be used in the sequel.

Definition 2.1. Let H be a real Hilbert space, C be a nonempty closed convex subset of H.
A mapping T : C → C is said to be Lipschitz if there exists L ≥ 0 such that

kTx� Tyk ≤ Lkx� yk; ∀ x; y ∈ C: (2.1)

T is said to be nonexpansive mapping if L ¼ 1 and it is called contraction if L ∈ ½0; 1Þ.
We remark that every contraction mapping is nonexpansive and every nonexpansive
mapping is Lipschitz mapping.

Definition 2.2. Let H be a real Hilbert space, C be a nonempty closed convex subset of H.
A mapping T : C→ C is said to be firmly nonexpansive if

kTx� Tyk2 ≤ hTx� Ty; x� yi; ∀ x; y ∈ C: (2.2)

Lemma 2.3 ( [5] ). Finding a point in SeðA; BÞ is equivalent to solving (1.2) in the sense that
z∈ ðAþ BÞ−1ð0Þ5∃w ∈ H : ðz; wÞ ∈ SeðA; BÞ: (2.3)
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Lemma 2.4 ([5]). Given any two maximal monotone mappings A; B : H → 2H, the
corresponding extended solution set SeðA; BÞ is closed and convex in H 3H .

Lemma 2.5 ([5]). Given any two points ðx; bÞ ∈ GphðBÞ and ðy; aÞ ∈ GphðAÞ, define the
function w : H 3H →ℝ via

wðz; wÞ ¼ hz� x; b� wi þ hz� y; aþ wi:
Then, for any ðz; wÞ ∈ SeðA; BÞ we have wðz; wÞ ≤ 0, that is

SeðA; BÞ⊆ fðz; wÞ ∈ H 3 H jwðz; wÞ ≤ 0g:
Additionally, w is both continuous and affine, ∇w ¼ ðaþ b; x − yÞ, and

∇w ¼ 05 ðx; bÞ ∈ SeðA; BÞ; x ¼ y; a ¼ −b:

Furthermore, ∇w ¼ 0 implies wðz; wÞ ¼ 0 for all z;w∈H.

The function w in Lemma 2.5 is called decomposable separators.

Lemma 2.6 ([23]). Let fang be a sequence of nonnegative real numbers satisfying the
following relation:

anþ1 ≤ ð1� αnÞan þ αnδn; n ≥ n0;

where fαng⊂ ð0; 1Þ and fδng⊂R satisfying the following conditions:
P∞

n¼1αn ¼ ∞, and
lim supn→∞δn ≤ 0 or

P∞

n¼1jαnδnj < ∞. Then, limn→∞an ¼ 0.

Lemma2.7 ([2]).Let x; y∈H. If H is a real Hilbert space, then the following inequality holds:

kxþ yk2 ≤ kxk2 þ 2hy; xþ yi:

Lemma2.8 ([6] Demiclosedness Principle). Let H be aHilbert space, C be a closed and convex
subset of H, and T : C→C be a nonexpansive operator with FðTÞ ≠ 0=: If fxng is a sequence in
C weakly converge to x∈C and fðI −TÞxng converge strongly to y∈C, then ðI −TÞx ¼ y . In
particular, if y ¼ 0 , then x∈FðTÞ:
Lemma 2.9 ([24]). Let C be a closed and convex subset of a real Hilbert space H, given x∈H
and y∈C . Then y ¼ PCx if and only if the following inequality holds:

hx� y; z� yi≤ 0

for all z∈C.

3. Main results
In this section, we introduce ourAlgorithm for finding a pointwhich is a solution of the sumof
maximally monotone mappings as a problem of locating a point in the extended solution set
SeðA; BÞ in Hilbert spaces and discus its convergence.

Let H be a real Hilbert space. Hereafter, let A; B : H → 2H be maximal monotone
mappings satisfying Ω :¼ fx∈H : 0∈Axþ Bxg ≠ 0=. Let fαng⊂ ð0; 1Þ such that
limn→∞ αn ¼ 0;

P∞

n¼1αn ¼ ∞ and
P∞

n¼1jαn − αn−1j < ∞, and let fβng be a decreasing
sequence in ð0; 1� such that β0 ¼ 1, and

P∞

n¼1 jβnþ1 − βnj < ∞:
We now propose the following algorithm which uses basically Algorithm 2 of [5].
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Algorithm 3.1.

Step 0: Select initial guess p0 ¼ ðz0; w0Þ∈H 3H :

Step 1: Given ðzn; wnÞ∈H 3H, for n ≥ 0, compute:

xn ¼ ðI þ λnBÞ−1ðzn þ λnwnÞ;
yn ¼ ðI þ μnAÞ−1ðð1� θnÞzn þ θnxn � μnwnÞ;

where λn; μn ∈ ½λ ; λ� for some λ > λ > 0 and θn ∈R.

Step 2: Compute an ¼ 1
μn
ðð1− θnÞzn þ θnxn − ynÞ−wn and bn ¼ wn þ 1

λn ðzn − xnÞ:
Step 3: Define wi : H 3H →ℝ to be

wiðz; wÞ :¼ hz� xi; bi � wi þ hz� yi; ai þ wi;

and compute

Ti pn ¼
ðzn; wnÞ if wiðzn; wnÞ≤ 0;

ðzn; wnÞ �
�
wiðzn; wnÞ
k∇wik2

�
∇wi if wiðzn; wnÞ > 0;

8><
>: (3.1)

where Ti pn is the metric projection of pn ¼ ðzn; wnÞ onto the set
Hi ¼ fðz; wÞ∈H 3H : wiðz; wÞ≤ 0g; for each i ¼ 1; 2; . . . ; n:

Step 4: Compute 8<
:

qn ¼ βn pn þ
Xn

i¼1

ðβi−1 � βiÞTi pn;

pnþ1 ¼ αn f ðpnÞ þ ð1� αnÞqn; ∀n≥ 0;

(3.2)

where f : H 3H →H 3H is a contraction mapping with constant α. Set n :¼ nþ 1 and
go to Step 1.

Remark 3.2. By maximality of B the resolvent mapping ðI þ λn BÞ−1 is single-valued and
well-defined (see, e.g, [9]). Hence

ðxn; bnÞ ¼
�
ðI þ λn BÞ−1ðzn þ λnwnÞ; wn þ 1

λn
ðzn � xnÞ

�
;

exists and is unique. Similarly by maximality of A the resolvent mapping ðI þ μnAÞ−1 is
single-valued and well-defined, thus

ðyn; anÞ ¼
�
ðI þ μn AÞ−1ðð1� θnÞzn þ θnxn � μnwnÞ; 1

μn
ðð1� θnÞzn þ θnxn � ynÞ � wnÞ;

exists and is unique. By rearranging equations in Step 1, one has the following equations:�
xn þ λnbn ¼ zn þ λnwn;
yn þ μnan ¼ ð1� θnÞzn þ θnxn � μnwn;

(3.3)

AJMS
27,1

30

Downloaded from ftp.​nowpublishers.​com/​ajms/​article-pdf/​27/​1/​26/​132171/​j_ajmsc_2019_05_004.​pdf by guest on 04 October 2026



where an ∈AðynÞ and bn ∈BðxnÞ. Hence decomposable separators function w in Lemma2.5 is
well defined.

We proceed with the following lemmas which will be used to prove our main theorem.

Lemma 3.3. The sequence fpng generated by Algorithm 3.1 is bounded.

Proof. Let p* ¼ ðz*; w*Þ∈ SeðA; BÞ, then by Lemma 2.5 we have p* ∈Hi for all i ≥ 0 and
hence SeðA; BÞ ⊂ ∩∞

i¼1FðTiÞ ¼ F . Now, from (3.2) and the fact that Ti is firmly
nonexpansive we get

kqn � p*k ¼
���βn pn þXn

i¼1

ðβi−1 � βiÞTi pn � p*
���

¼
���βn pn þXn

i¼1

ðβi−1 � βiÞTi pn �
Xn

i¼1

ðβi−1 � βiÞp* þ
Xn

i¼1

ðβi−1 � βiÞp* � p*
���

¼
���βnðpn � p*Þ þ

Xn

i¼1

ðβi−1 � βiÞðTi pn � p*Þ
���

≤ βnkpn � p*k þ
Xn

i¼1

ðβi−1 � βiÞkpn � p*k ¼ kpn � p*k;

(3.4)

and

kpnþ1 � p*k ¼ kαn f ðpnÞ þ ð1� αnÞqn � p*k
¼ kαnðf ðpnÞ � p*Þ þ ð1� αnÞðqn � p*Þk
≤ αnk f ðpnÞ � p*k þ ð1� αnÞkqn � p*k
≤ αnk f ðpnÞ � f ðp*Þk þ αnk f ðp*Þ � p*k þ ð1� αnÞkqn � p*k
≤ αnk f ðpnÞ � f ðp*Þk þ αnk f ðp*Þ � p*k þ ð1� αnÞkpn � p*k
≤ ααnkpn � p*k þ αnk f ðp*Þ � p*k þ ð1� αnÞkpn � p*k
¼ ð1� αnð1� αÞÞkpn � p*k þ αnk f ðp*Þ � p*k

≤max

�
kpn � p*k; k f ðp*Þ � p*k

1� α

�
;

and hence by induction we have

kpn � p*k≤max

�
kp0 � p*k; k f ðp*Þ � p*k

1� α

�
;

which implies that fpng is bounded, so are fTi png; fqng and ff ðpnÞg. ,

Lemma 3.4. The sequence fpng generated by Algorithm 3.1 converges strongly to
p* ¼ ðz*; w*Þ in F ¼ ∩∞

i¼1FðTÞi.
Proof. We divide the proof into the following steps.
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Step 1. We prove that limn→∞kpnþ1 − pnk ¼ 0.
From (3.2), we have

kqn � qn−1k ¼
���βn pn þXn

i¼1

ðβi−1 � βiÞTi pn � βn−1 pn−1

�
Xn−1
i¼1

ðβi−1 � βiÞTi pn−1

���
≤ βnkpn � pn−1k þ jβn � βn−1jkpn−1k

þ
Xn

i¼1

ðβi−1 � βiÞkTi pn � Ti pn−1k þ jβn � βn−1jkTi pn−1k
≤ βnkpn � pn−1k þ jβn � βn−1jkpn−1k

þ
Xn

i¼1

ðβi−1 � βiÞkpn � pn−1k þ jβn � βn−1jkTi pn−1k
¼ kpn � pn−1k þ jβn � βn−1jðkpn−1k þ kTi pn−1kÞ;

(3.5)

hence Eqs. (3.2) and (3.5) yield

kpnþ1 � pnk ¼ kαn f ðpnÞ þ ð1� αnÞqn � αn−1 f ðpn−1Þ � ð1� αn−1Þqn−1k
≤ αnk f ðpnÞ � f ðpn−1Þk þ jαn � αn−1jk f ðpn−1Þk

þ ð1� αnÞkqn � qn−1k þ jαn � αn−1jkqn−1k
≤ ααnkpn � pn−1k þ ð1� αnÞkqn � qn−1k

þ jαn � αn−1jðk f ðpn−1Þk þ kqn−1kÞ
≤ ααnkpn � pn−1k þ jαn � αn−1jðk f ðpn−1Þk þ kqn−1kÞ

þ ð1� αnÞðkpn � pn−1k þ jβn � βn−1jðkpn−1k þ kTi pn−1kÞÞ
¼ ð1� αnð1� αÞÞkpn � pn−1k þ jαn � αn−1jðk f ðpn−1Þk þ kqn−1kÞ
þ ð1� αnÞjβn � βn−1jðkpn−1k þ kTi pn−1kÞ:

Thus, from Lemma 2.6 and conditions of fαng and fβng, we obtain that

kpnþ1 � pnk→ 0 as n→∞: (3.6)

Step 2.We prove that kTi pn − pnk→ 0 as n→∞. Take p* ¼ PF ðf ðp*ÞÞ. Then, we have

kpn � p*k2 ≥ kTi pn � Ti p
*k2

¼ kTi pn � pn þ pn � Ti p
*k2

¼ kTi pn � pnk2 þ kpn � p*k2 þ 2hTi pn � pn; pn � p*i;
(3.7)

which implies that

1

2
kTi pn � pnk2 ≤ hpn � Tipn; pn � p*i: (3.8)

Thus, from (3.2) and (3.8), we obtain
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1

2

Xn

i¼1

ðβi−1 � βiÞkTi pn � pnk2 ≤
Xn

i¼1

ðβi−1 � βiÞhpn � Ti pn; pn � p*i

¼
D
ð1� βnÞpn �

Xn

i¼1

ðβi−1 � βiÞTi pn; pn � p*
E

¼ hð1� βnÞpn � qn þ βn pn; pn � p*i
¼ hpn � qn; pn � p*i
¼ hpn � pnþ1; pn � p*i
þ hpnþ1 � qn; pn � p*i:

(3.9)

From (3.2) and (3.9), we also have
1

2

Xn

i¼1

ðβi−1 � βiÞkTi pn � pnk2 ≤ hpn � pnþ1; pn � p*i

þ hαn f ðpnÞ þ ð1� αnÞqn � qn; pn � p+i
≤ kpn � pnþ1k kpn � p*k

þ hαn f ðpnÞ � αnqn; pn � p+i
≤ kpn � pnþ1k kpn � p*k

þ αnk f ðpnÞ � qnk kpn � p+k:

(3.10)

Now, from Lemma 3.3, (3.6), (3.10) and the condition of fαng, we obtain that

lim
n→∞

Xn

i¼1

ðβi−1 � βiÞkTi pn � pnk2 ¼ 0: (3.11)

Since fβng is strictly decreasing, for every i∈N, equality (3.11) yields

lim
n→∞

kTi pn � pnk ¼ 0; (3.12)

and

lim
n→∞

kTn pn � pnk ¼ 0: (3.13)

Step 3. We prove that lim supn→∞h f ðp*Þ− p*; pn − p*i ≤ 0.
Since fpng is bounded, there exist u∈H 3H and a subsequence fpnkg of pn such that

lim sup
n→∞

h f ðp*Þ � p*; pn � p*i ¼ lim
k→∞

	
f ðp*Þ � p*; pnk � p*



;

and pnk * u. Now, using (3.12) and Lemma 2.8, we obtain that u∈FðTiÞ for each i ≥ 1and
hence u∈F . Since p* ¼ PF ð f ðp*ÞÞ, by Lemma 2.9, we obtain
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lim sup
n→∞

h f ðp*Þ � p*; pn � p*i ¼ lim
k→∞

	
f ðp*Þ � p*; pnk � p*



¼ h f ðp*Þ � p*; u� p*i≤ 0:

(3.14)

Step 4. Finally, we prove that pn → p* as n→∞. From Lemma 2.7, (3.2) and (3.4), we
have

kpnþ1 � p*k2 ¼ kαn f ðpnÞ þ ð1� αnÞqn � p*k2
≤ kαnð f ðpnÞ � f ðp*ÞÞ þ ð1� αnÞðqn � p*Þk2

þ 2αnh f ðp*Þ � p*; pnþ1 � p*i
≤
�
ααnkpn � p*k þ ð1� αnÞkpn � p*k�2
þ 2αnh f ðp*Þ � p*; pnþ1 � p*i

¼ ð1� ð1� αÞαnÞ2kpn � p*k2 þ 2αnh f ðp*Þ � p*; pnþ1 � p*i
≤ ð1� ð1� αÞαnÞkpn � p*k2 þ 2αnh f ðp*Þ � p*; pnþ1 � p*i
≤ ð1� ð1� αÞαnÞkpn � p*k2 þ 2αnh f ðp*Þ � p*; pn � p*i

þ 2αnk f ðp*Þ � p*kkpnþ1 � pnk:

(3.15)

Hence, from (3.14), (3.15) and Lemma 2.6, we get that pn → p* as n→∞. ,
Following the method of proof of [5] we obtain the following lemma.

Lemma 3.5. If in Algorithm 3.1 , the sequences fλng; fμng⊂ ½λ ; λ� for some λ > λ > 0 and
fθng⊂ℝ satisfy the condition

inf
n≥0

�
μn
λn

�
�θn
2

�2
�

> 0; (3.16)

then, there exists some scalar η > 0 such that wnðpnÞ ≥ ηk∇wnk2 for all n ≥ 0 .
Next, we state and prove our main theorem.

Theorem 3.6. Let H be a real Hilbert space and let A; B : H → 2H be maximal monotone
mappings satisfying Ω :¼ fx∈H : 0 ∈ Axþ Bxg ≠ 0=. If the sequences fλng; fμng⊂ ½λ; λ�
for some λ > λ > 0 and fθng⊂R satisfy the condition

inf
n≥0

�
μn
λn

�
�θn
2

�2
�

> 0;

then, the sequence fpng generated by Algorithm 3.1 converges strongly to an element
p* ¼ ðz*;w*Þ of SeðA;BÞ, where z* ∈Ω .

Proof. By Lemma 3.5, there exists η > 0 such that

wnðpnÞ ≥ ηk∇wnk2: (3.17)

This implies that wnðpnÞ is always nonnegative, so from (3.1), we have

kTn pn � pnk ¼
����−

�
wnðzn;wnÞ
k∇wnk2

�
∇wn

���� ¼ wnðzn;wnÞ
k∇wnk

; (3.18)

for all n for which ∇wn ≠ 0. Thus, dividing both sides of the inequality (3.17) by k∇wnk,
we obtain
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kTn pn � pnk≥ ηk∇wnk; (3.19)

which is also true for n with ∇wn ¼ 0. Now, (3.13) and (3.19) imply that ∇wn → 0 as n→∞.
Now, from the expression for ∇wn ¼ ðan þ bn; xn − ynÞ, we have

xn � yn → 0 and an þ bn → 0 as n→∞: (3.20)

Moreover, subtracting yn from both sides of the first equation and adding μnbn − θn yn to both
sides of the second equation in (3.3) and rearranging we obtain

� ðzn � ynÞ þ λnðwn � bnÞ ¼ ðxn � ynÞ;
ðθn � 1Þðzn � ynÞ þ μnðwn � bnÞ ¼ θnðxn � ynÞ � μnðan þ bnÞ; n ≥ 0:

Thus, solving for ðwn − bnÞ from the above equations we obtain that

ðμn þ ð1� θnÞλnÞðwn � bnÞ ¼ ðxn � ynÞ � μnðan þ bnÞ: (3.21)

Therefore, since ðμn þ ð1− θnÞλnÞ > 0, from (3.20) and (3.21) we have wn − bn → 0 and hence
this with (3.20) yields zn − yn → 0, as n→∞. As a consequence, we obtain

zn � xn → 0; zn � yn → 0; wn � bn → 0; wn þ an → 0 as n→∞: (3.22)

In addition, from Lemma 3.4 we know that the sequence fpng ¼ fðzn; wnÞg converges
strongly to a point p* ¼ ðz*; w*Þ∈F ¼ T∞

i¼1 FðTiÞ. Now, we show that p* ∈ SeðA; BÞ. But
zn − xn → 0 implies that xn → z*. Furthermore, since wn − bn → 0, we have bn →w*. As a
consequence, since the GphðBÞ is closed and ðxn; bnÞ ∈ GphðBÞ for all n, we conclude that
ðz*; w*Þ ∈ GphðBÞ. Similarly, ðz*; −w*Þ ∈ GphðAÞ, so ðz*; w*Þ ∈ SeðA; BÞ. Therefore, by
Lemma 2.3 we obtain z* ∈ ðAþ BÞ−1ð0Þ. The proof is complete. ,

If, in Algorithm 3.1, we replace the contraction mapping f by a constant
p ¼ ðz; wÞ∈H 3H, then we get the following corollary for the approximation of a zero of
the sum of maximally monotone mappings.

Corollary 3.7. Let H be a real Hilbert space. Let A; B : H → 2H be maximal monotone
mappings satisfying Ω :¼ fx∈H : 0∈Axþ Bxg ≠ 0= . Let λn; μn ∈ ½λ ; λ� for some
λ > λ > 0 and fθng⊂ℝ satisfy the following:

inf
n≥0

�
μn
λn

�
�θn
2

�2
�

> 0:

For arbitrary ðz0; w0Þ∈H 3H define an iterative algorithm by8<
:

qn ¼ βn pn þ
Xn

i¼1

ðβi−1 � βiÞTi pn;

pnþ1 ¼ αn pþ ð1� αnÞqn; ∀n≥ 0;

(3.23)

where p ¼ ðz; wÞ∈H 3H and Ti pn is as in (3.1) . Then fpng converges strongly to an element
p* ¼ ðz*; w*Þ of SeðA; BÞ , where z* ∈Ω .
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Remark 3.8. We observe that Algorithm 3.1 is equivalent to the following scheme:8>><
>>:

p0 ¼ ðz0; w0Þ∈H 3H chosen arbitrarly;

xn ¼ ðI þ λn BÞ−1ðzn þ λnwnÞ;
yn ¼ ðI þ μn AÞ−1ðð1� θnÞzn þ θnxn � μnwnÞ;
ðznþ1; wnþ1Þ ¼ αn f ðzn; wnÞ þ ð1� αnÞðcn; dnÞ;

(3.24)

where

cn ¼

8>>><
>>>:

βn zn þ
Xn

i¼1

ðβi−1 � βiÞzn if δi ≤ 0;

βn zn þ
Xn

i¼1

ðβi−1 � βiÞðzn � δiðai þ biÞÞ if δi > 0;

(3.25)

dn ¼

8>>><
>>>:

βnwn þ
Xn

i¼1

ðβi−1 � βiÞwn if δi ≤ 0;

βnwn þ
Xn

i¼1

ðβi−1 � βiÞðwn � δiðxi � yiÞÞ if δi > 0;

(3.26)

and λn; μn ∈ ½λ ; λ� for some λ > λ > 0, θn ∈ℝ, with

δi ¼ hzn � xi; bi � wni þ hzn � yi; ai þ wni
kai þ bik2 þ kxi � yik2

;

for bi ∈BðxiÞ and ai ∈AðyiÞ.
If, in (3.24) we assume θn ¼ 0 for all n ≥ 0 then we get the following corollary for

approximating a zero of the sum of maximally monotone mappings.

Corollary 3.9. Let H be a real Hilbert space. Let A; B : H → 2H be maximal monotone
mappings satisfying Ω :¼ fx ∈ H : 0 ∈ Axþ Bxg ≠ 0=. Let λn; μn ∈ ½λ ; λ� for some
λ > λ > 0. Let f : H 3H →H 3H be a contraction mapping with constant α. For
arbitrary ðz0; w0Þ ∈ H 3H define an iterative algorithm by8<

:
xn ¼ ðI þ λn BÞ−1ðzn þ λnwnÞ;
yn ¼ ðI þ μn AÞ−1ðzn � μnwnÞ;
ðznþ1; wnþ1Þ ¼ αn f ðzn; wnÞ þ ð1� αnÞðcn; dnÞ;

(3.27)

where fcngand fdngare as in (3.25) and (3.26) , respectively. Then fpng converges strongly to an
element p* ¼ ðz*; w*Þ of SeðA; BÞ , where z* ∈Ω .

If, in (3.24) we assume f ¼ p ¼ ðz; wÞ∈H 3H and θn ¼ 0 for all n ≥ 0, then we get the
following corollary for approximating a zero of the sum of maximally monotone mappings.

Corollary 3.10. Let H be a real Hilbert space. Let A; B : H → 2H be maximal monotone
mappings satisfyingΩ :¼ fx∈H : 0∈Axþ Bxg ≠ 0= . Let λn; μn ∈ ½λ ; λ� for some
λ > λ > 0: For arbitrary ðzo; w0Þ∈H 3H define an iterative algorithm by8<

:
xn ¼ ðI þ λn BÞ−1ðzn þ λnwnÞ;
yn ¼ ðI þ μn AÞ−1ðzn � μnwnÞ;
ðznþ1; wnþ1Þ ¼ αnðz; wÞ þ ð1� αnÞðcn; dnÞ;

(3.28)
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where fcngand fdngare as in (3.25) and (3.26), respectively. Then fpng converges strongly to an
element p* ¼ ðz*; w*Þ of SeðA; BÞ, where z* ∈Ω .

We note that if in Corollary 3.10 we assume that p ¼ ð0; 0Þwe get the following theorem for
approximating theminimum-norm point of the extended solution set of the sum ofmaximally
monotone mappings.

Theorem 3.11. Let H be a real Hilbert space. Let A; B : H → 2H be maximal monotone
mappings satisfying Ω :¼ fx∈H : 0∈Axþ Bxg ≠ 0=. Let λn; μn ∈ ½λ ; λ� for some
λ > λ > 0. For arbitrary ðz0; w0Þ∈H 3H define an iterative algorithm by8<

:
xn ¼ ðI þ λn BÞ−1ðzn þ λnwnÞ;
yn ¼ ðI þ μn AÞ−1ðzn � μnwnÞ;
ðznþ1; wnþ1Þ ¼ ð1� αnÞðcn; dnÞ;

(3.29)

where fcngand fdngare as in (3.25) and (3.26), respectively. Then fpng converges strongly to the
minimum-norm point p* ¼ ðz*; w*Þ of SeðA; BÞ .
Proof. We note that since p* ¼ ðz*; w*Þ ¼ PF ð0Þ, where p* ∈ SeðA; BÞ⊂F we obtain that
p* is the minimum-norm point of SeðA; BÞ. ,

4. Application
4.1 Application to convex minimization problem
In this section, we apply Theorem 3.6 to study the convex minimization problem. Let
h : H →ℝ be a convex smooth function and g : H →ℝ be a convex, lower semicontinuous
functions. We consider the problem of finding x* ∈H such that

hðx*Þ þ gðx*Þ ¼ min
x∈H

fhðxÞ þ gðxÞg; (4.1)

This problem is equivalent, by Fermats rule, to the problem of finding x* ∈H such that

0∈∇hðx*Þ þ vgðx*Þ; (4.2)

where ∇h is a gradient of h and vg is a subdifferential of g. Note that ∇h and vg are
maximally monotone mappings (see, for example, [1,15]). Thus, the following result can be
obtained from Theorem 3.6.

Theorem 4.1. Let H be a real Hilbert space. Let h : H →ℝ be a convex smooth function and
g : H →ℝ be a convex, lower semicontinuous functions such that Ω ¼ minx∈H
fhðxÞ þ gðxÞg ≠ 0= . Let fλng and fμng be real sequences such that λn; μn ∈ ½λ ; λ� for some
λ > λ > 0 , and fθng⊂ℝ , satisfy the condition

inf
n≥0

�
μn
λn

�
�θn
2

�2
�

> 0:

Let f : H 3H →H 3H be a contraction mapping with constant α. For arbitrary
ðz0; w0Þ∈H 3H define an iterative algorithm by8>><

>>:

p0 ¼ ðz0; w0Þ∈H 3H chosen arbitrarly;

xn ¼ ðI þ λnvgÞ−1ðzn þ λnwnÞ;
yn ¼ ðI þ μn∇hÞ−1ðð1� θnÞzn þ θnxn � μnwnÞ;
ðznþ1; wnþ1Þ ¼ αn f ðzn; wnÞ þ ð1� αnÞðcn; dnÞ;

(4.3)
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where

cn ¼

8>>><
>>>:

βnzn þ
Xn

i¼1

ðβi−1 � βiÞzn if δi ≤ 0;

βnzn þ
Xn

i¼1

ðβi−1 � βiÞðzn � δiðai þ biÞÞ if δi > 0;

(4.4)

dn ¼

8>>><
>>>:

βnwn þ
Xn

i¼1

ðβi−1 � βiÞwn if δi ≤ 0;

βnwn þ
Xn

i¼1

ðβi−1 � βiÞðwn � δiðxi � yiÞÞ if δi > 0;

(4.5)

with

δi ¼ hzn � xi; bi � wni þ hzn � yi; ai þ wni
kai þ bik2 þ kxi � yik2

;

for bi ∈ vgðxiÞ and ai ∈∇hðyiÞ . Then fpng converges strongly to an element p* ¼ ðz*; w*Þ of
Seð∇h; vgÞ , where z* ∈Ω

Proof. LetA ¼ ∇h and B ¼ vg in Theorem 4.1. Thus, Theorem 3.6 provides the conclusion
of the theorem. ,

5. Numerical example
In this section, we present some numerical experiment result to explain the conclusion of our
result. The following numerical example verifies the conclusion of Corollary 3.9.

Example 5.1. Let H ¼ l2, where l2 is the space of sequences. Let A; B : l2 → l2 be defined
by Ax ¼ 2xþ ð1; 2; 3; 0; 0; . . . Þ and Bx ¼ xþ ð1; 1; 1; 0; 0; . . . Þ, where x ¼ ðx1; x2; . . . Þ∈ l2.
We see that A and B are maximally monotone with RðI þ γAÞ ¼ l2 ¼ RðI þ γBÞ for all
γ > 0. Now by direct calculation we get that

n zn jjznþ1 − znjjl2
1 ð1:0000; 4:0000; 5:0000; 0; 0; . . . Þ
2 ð0:5000; 2:4998; 3:0831; 0; 0; . . . Þ 2.4850
3 ð0:1319; 1:3956; 1:6734; 0; 0; . . . Þ 1.8269
4 ð−0:0320; 0:9039; 1:0465; 0; 0; . . . Þ 0.8134
5 ð−0:1089; 0:6730; 0:7528; 0; 0; . . . Þ 0.3814
10 ð−0:3328; 0:0014; −0:0986; 0; 0; . . . Þ 0.1263
100 ð−0:6237; −0:8714; −1:1904; 0; 0; . . . Þ 0.0022
200 ð−0:6478; −0:9436; −1:2774; 0; 0; . . . Þ 0.0010
300 ð−0:6563; −0:9694; −1:3077; 0; 0; . . . Þ 2.8284e�04
400 ð−0:6607; −0:9825; −1:3228; 0; 0; . . . Þ 1.4142e�04
500 ð−0:6633; −0:9904; −1:3318; 0; 0; . . . Þ 1.0000e�04

..

. ..
.

↓ ↓�
−2
3; − 1; − 4

3; 0; 0; . . .
�

0

Table 1.
Convergence of the
sequence zn.
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xn ¼ zn þ λnwn � λnð1; 1; 1; 0; 0; . . . Þ
1þ λn

; yn ¼ zn � μnwn � μnð1; 2; 3; 0; 0; . . . Þ
1þ 2μn

;

an ¼ 2zn � 2μnwn þ ð1; 2; 3; 0; 0; . . . Þ
1þ 2μn

and bn ¼ zn þ λnwn þ ð1; 1; 1; 0; 0; . . . Þ
1þ λn

:

Thus, if we assume λn ¼ μn ¼ 1, αn ¼ 1
1000ðnþ10Þ , βn ¼ 1

n
, for all n ≥ 1, and f ðxÞ ¼ x

1000
with

initial point z1 ¼ ð1; 4; 5; 0; 0; . . . Þ and w1 ¼ ð0; − 1; − 2; 0; 0; . . . Þ then the iteration
Scheme (3.27) provides the following numerical experiment result using MATLAB
(see, Table 1). From this we obtain that the Algorithm zn converges strongly
to z* ¼ �

−2
3
; − 1; − 4

3
; 0; 0; . . .

�
∈ ðAþ BÞ−1ð0Þ.

6. Conclusion
In this paper, we have constructed and studied splitting algorithms which starts by
reformulating (1.2) as the problem of locating a point in a certain extended solution set
SeðA; BÞ⊂H 3H which converges strongly to a zero of the sum of twomaximallymonotone
mappings in Hilbert spaces. The assumption that one of the mappings is single-valued, α
-inverse stronglymonotone or α -stronglymonotone is dispensedwith. In addition, we applied
our main results to study the convexminimization problem. Finally, we provided a numerical
example to support our results. Our results extend the results of [5] in the sense that our
theorems provide strong convergence in arbitrary Hilbert spaces. In particular, Theorem 3.6
extends Proposition 3 of Eckstein [5] from weak to strong convergence. Moreover, our
theorems improve and unify most of the results that have been proved for this important
class of nonlinear mappings.
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