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Abstract

For n ≥ 1, letDn be the polydisk in ℂn, and letTn be the n-torus. L2ðTnÞdenotes the space of Lebesgue square
integrable functions on Tn. In this paper we define slant Toeplitz operators on L2ðTnÞ. Besides giving a
necessary and sufficient condition for an operator on L2ðTnÞ to be slant Toeplitz, we also establish several
properties of slant Toeplitz operators.
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1. Introduction
Let D denote the open unit disk and T denote the unit circle in the complex plane ℂ. For
n ≥ 1, let Dn be the polydisk in ℂn, and let Tn be the n-torus which is the distinguished
boundary of Dn. Also let dσ be the normalized Haar measure (or Lebesgue measure) on Tn.
In the sequel, z will always denote a vector z ¼ ðz1; . . . ; znÞ in ℂn, and for
m ¼ ðm1; . . .mnÞ ∈ ℤn; zm :¼ zm1

1 . . . zmn
n and jmj :¼ m1 þ . . .þmn. Also for λ ∈ ℤ we

denote the n-tuple ðλ; . . . ; λÞ as λ and zλ :¼ zλ1 . . . z
λ
n. In particular, z ¼ z1 . . . zn.

L2ðTnÞ is the space of Lebesgue square integrable functions on Tn with respect to
dσ. Thus,

L2ðTnÞ ¼ f f : Tn
↦ ℂ j f ðzÞ ¼Pm∈ℤn fmz

m;
P

m∈ℤn jfmj2 < ∞g and for f ; g ∈

L2ðTnÞ, h f ; gi :¼ R
Tn f ðzÞgðzÞdσðzÞ. L∞ðTnÞ is the subspace of L2ðTnÞ, consisting of all

w∈L2ðTnÞ having the following two properties:

1. wf ∈ L2ðTnÞ ∀ f ∈ L2ðTnÞ.
2. ∃ c > 0 such that kwfk ≤ ckfk ∀ f ∈ L2ðTnÞ.

For w ∈ L∞ðTnÞ, kwk∞ is defined as kwk∞ ¼ in ffc > 0 j kwfk ≤ ck f k ∀ f ∈ L2ðTnÞg.
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The Hardy space H 2ðDnÞ consists of all holomorphic functions f on D
n such that

sup0<r<1

R
Tn j f ðrzÞj2dσðzÞ < ∞. For every function f ∈ H 2ðDnÞ, the radial limit

limr→1− f ðrzÞ exists for almost every z ∈ Tn [20]. If we denote this radial limit by f ðzÞ, then
the Hardy spaceH 2ðDnÞ can be isometrically identified with the closure of the polynomials in
L2ðTnÞ. Thus we can now define P to be the orthogonal projection of L2ðTnÞ onto H 2ðDnÞ.

M. C. Ho [11] defined slant Toeplitz operators on L2ðTÞ as those operators whose matrix
representation with respect to an orthonormal basis can be obtained by eliminating every
other row of a doubly infinite Toeplitz matrix. These types of operators appear frequently in
wavelet analysis as their spectral properties have a connection with the smoothness of
wavelets. The study of slant Toeplitz operators paved the way to the introduction of more
new classes of operators over various function spaces, like kth order slant Toeplitz operators,
essentially slant Toeplitz operators, weighted slant Toeplitz operators and so on. For
relevant results on slant Toeplitz operators and their generalizations, we refer the reader to
[1,3,5,10–13,17,18,23].

In this paper we define slant Toeplitz operators on L2ðTnÞ, for n≥ 1. Motivated by the
matricial definition of slant Toeplitz operators on L2ðTÞ, as given byM. C. Ho [11], we define a
slant Toeplitz matrix of level-n, and subsequently show that an operator on L2ðTnÞ is a slant
Toeplitz operator if and only if it can be represented as a slant Toeplitz matrix of level-n. For
this we first define a Laurent matrix of level-n and establish its relation to a Laurent operator
on L2ðTnÞ.

2. Laurent matrix of level n

Definition 2.1. For w ∈ L∞ðTnÞ, the Laurent operatorMw is defined as the multiplication
by w. That is, Mw f ¼ w: f ∀ f ∈ L2ðTnÞ.
Remark 2.2 (i). For w ∈ L∞ðTnÞ, we can easily show that M*

w ¼ Mw.
(ii) Let i be an integer such that 1 ≤ i ≤ n . If wðzÞ ¼ zi thenMw f ¼ zi f ∀ f ∈ L2ðTnÞ. In

this case we denote Mw as Mzi.

Definition 2.3 (Laurent Matrix of Level n). Consider scalars fakgk∈ℤn. A matrix of the type

1 ..
. ..

. ..
. ..

.

. . . að0;k2 ;...;knÞ að−1;k2 ;...;knÞ að−2;k2 ;...;knÞ . . .

. . . að1;k2 ;...;knÞ ½að0;k2;...;knÞ� að−1;k2 ;...;knÞ . . .

. . . að2;k2 ;...;knÞ að1;k2;...;knÞ að0;k2 ;...;knÞ . . .

..

. ..
. ..

. ..
.

1

0
BBBBBB@

1
CCCCCCA

is said to be Laurent matrix of level 1 and is denoted as L
ð1Þ
k2 ;...;kn

.
A block matrix of the type0

BBBBBBBBB@

1 ..
. ..

. ..
. ..

.

. . . L
ð1Þ
0;k3 ;...;kn

L
ð1Þ
−1;k3 ;...;kn

L
ð1Þ
−2;k3;...;kn

. . .

. . . L
ð1Þ
1;k3 ;...;kn

½Lð1Þ
0;k3 ;...;kn

� L
ð1Þ
−1;k3;...;kn

. . .

. . . L
ð1Þ
2;k3 ;...;kn

L
ð1Þ
1;k3 ;...;kn

L
ð1Þ
0;k3 ;...;kn

. . .

..

. ..
. ..

. ..
.

1

1
CCCCCCCCCA

is said to be Laurent matrix of level 2 and is denoted by L
ð2Þ
k3;...;kn

.
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A block matrix of the type0
BBBBBBBBB@

1 ..
. ..

. ..
. ..

.

. . . L
ð2Þ
0;k4 ;...;kn

L
ð2Þ
−1;k4 ;...;kn

L
ð2Þ
−2;k4;...;kn

. . .

. . . L
ð2Þ
1;k4 ;...;kn

½Lð2Þ
0;k4 ;...;kn

� L
ð2Þ
−1;k4;...;kn

. . .

. . . L
ð2Þ
2;k4 ;...;kn

L
ð2Þ
1;k4 ;...;kn

L
ð2Þ
0;k4 ;...;kn

. . .

..

. ..
. ..

. ..
.

1

1
CCCCCCCCCA

is said to be Laurent matrix of level 3 and is denoted as L
ð3Þ
k4 ;...;kn

. Continuing, we get a block
matrix of type 0

BBBBBBBBB@

1 ..
. ..

. ..
. ..

.

. . . L
ðn−1Þ
0 L

ðn−1Þ
−1 L

ðn−1Þ
−2 . . .

. . . L
ðn−1Þ
1

�
L
ðn−1Þ
0

�
L
ðn−1Þ
−1 . . .

. . . L
ðn−1Þ
2 L

ðn−1Þ
1 L

ðn−1Þ
0 . . .

..

. ..
. ..

. ..
.

1

1
CCCCCCCCCA

called Laurent matrix of level n denoted as LðnÞ.
For example when n ¼ 4 we consider the sequence fakgk∈ℤ4 given by

aðk1;k2;k3;k4Þ ¼

8>>>><
>>>>:

1; if k1 is even;
2; if k1 is odd; k2 is even;
3; if k1; k2 are odd; k3 is even;
4; if k1; k2; k3 are odd; k4 is even;
5; if k1; k2; k3; k4 are odd:

Then

L
ð1Þ
k2 ;k3 ;k4

¼

1 ..
. ..

. ..
. ..

.

. . . 1 j 1 . . .

. . . j ½1� j . . .

. . . 1 j 1 . . .

..

. ..
. ..

. ..
.

1

0
BBBBBB@

1
CCCCCCA

where j ¼

8>><
>>:

2; if k2 even;
3; if k2 odd; k3 even;
4; if k2; k3 odd; k4 even;
5; if k2; k3; k4 odd:

If we denote L
ð1Þ
k2;k3;k4

as A;B;C;D for j taking values 2; 3; 4; 5 respectively, then

L
ð2Þ
k3 ;k4

¼

1 ..
. ..

. ..
. ..

.

. . . A B A . . .

. . . B ½A� B . . .

. . . A B A . . .
..
. ..

. ..
. ..

.
1

0
BBBBBB@

1
CCCCCCA
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if k3 is even;

L
ð2Þ
k3 ;k4

¼

0
BBBB@

1 ..
. ..

. ..
. ..

.

. . . A C A . . .

. . . C ½A� C . . .

. . . A C A . . .
..
. ..

. ..
. ..

.
1

1
CCCCA

if k3 is odd but k4 is even; and

L
ð2Þ
k3 ;k4

¼

0
BBBB@

1 ..
. ..

. ..
. ..

.

. . . A D A . . .

. . . D ½A� D . . .

. . . A D A . . .
..
. ..

. ..
. ..

.
1

1
CCCCA

if k3 and k4 are both odd. Let us denote these three matrices by E;F ;G respectively. Then,

L
ð3Þ
k4

¼

0
BBBB@

1 ..
. ..

. ..
. ..

.

. . . E F E . . .

. . . F ½E� F . . .

. . . E F E . . .
..
. ..

. ..
. ..

.
1

1
CCCCA

if k4 is even; and

L
ð3Þ
k4

¼

0
BBBB@

1 ..
. ..

. ..
. ..

.

. . . E G E . . .

. . . G ½E� G . . .

. . . E G E . . .
..
. ..

. ..
. ..

.
1

1
CCCCA

if k4 is odd. If we denote these two matrices by I and J respectively, then

Lð4Þ ¼

0
BBBB@

1 ..
. ..

. ..
. ..

.

. . . I J I . . .

. . . J ½I � J . . .

. . . I J I . . .

..

. ..
. ..

. ..
.

1

1
CCCCA

Notation to be followed:

1. ℤ;ℤþ andℕdenote the set of integers, set of non negative integers, and set of positive
integers respectively.

2. For k ∈ ℤn, let ekðzÞ :¼ zk. ThenQ ¼ fekgk∈ℤn is an orthonormal basis for L2ðTnÞ, and
fekgk∈ℤn

þ
is an orthonormal basis for H 2ðDnÞ, as shown in [20].

3. For k ¼ ðk1; . . . ; knÞ ∈ ℤn, we say that k is even if each ki is even. Otherwise k is said
to be odd.
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4. S :¼ fðt1; . . . ; tnÞ ∈ ℤn : each ti is either 0 or 1g. If oðSÞ denotes the order of the set S,
then oðSÞ ¼ 2n.

5. For j ∈ ½1; n�∩ℤ, let ej :¼ ðx1; . . . ; xnÞwhere xi ¼ δij.

6. For j∈ ð1; n�∩ℤ, and arbitrarily fixed kj; kjþ1; . . . ; kn ∈ℤ, let Q½kj;...;kn� ¼ feðk1;...;knÞ :
ki ∈ ℤ for 1≤ i < jg. Then Q½kj;...;kn� is an orthonormal basis for L2ðTj−1Þ.

7. For 1 < j≤ n, and ki ∈ ℤ with j ≤ i ≤ n, we often use the notation Hj−1;ðkj;...;knÞ for
the space L2ðTj−1Þ to convey that the basis being considered is Q½kj;...;kn �.

Theorem 2.4. For i ¼ 1; 2; . . . ; n; M *
zi
¼ Mzi and M*

zi
ek ¼ ek−ei∀ k ∈ ℤn.

Proof. Let f ∈ L2ðTnÞ and f ðzÞ ¼Pt∈ℤn atz
t. Then for i ¼ 1; . . . ; n and k ∈ ℤn, we have,�

Mzi f ; ek
� ¼ �zi f ðzÞ; zk� ¼X

t∈ℤn
at
�
ztþei ; zk

� ¼ ak−ei ¼
�
f ; ek−ei

�
:

Thus, M*
zi
ek ¼ ek−ei ¼ ziek which implies that M*

zi
f ðzÞ ¼ zi f ðzÞ, so that M*

zi
¼ Mzi. ,

Remark 2.5. (i)Mziek ¼ ekþei , for 1 ≤ i≤ n and k ∈ ℤn.
(ii) MziM

*
zi
¼ I ¼ M*

zi
Mzi ∀ 1 ≤ i ≤ n.

Theorem 2.6. A bounded linear operator A on L2ðTnÞ can be represented as a Laurent
matrix of level-n if and only if hAekþej; etþeji ¼ hAek; eti∀ k, t ∈ ℤn; 1 ≤ j ≤ n.

Proof. Let us assume first that hAekþej; etþeji ¼ hAek; eti ∀ k; t ∈ ℤn; 1 ≤ j ≤ n. Also let
faη;ξgη;ξ∈ℤn be scalars such that

Aeξ ¼
X
η∈ℤn

aη;ξ eη ∀ ξ ∈ ℤn (2.1)

Step I: Let k ¼ ðk1; . . . ; knÞ ∈ ℤn and t ¼ ðt1; . . . ; tnÞ ∈ ℤn be arbitrarily chosen. Keeping
ðk2; . . . ; knÞ and ðt2; . . . ; tnÞ fixed, if we vary k1 and t1, then hAekþe1; etþe1i ¼ hAek; eti implies
that atþe1;kþe1 ¼ at;k ∀ k1; t1 ∈ℤ. This means that A : H1;½k2;...;kn �↦H1;½t2;...;tn � can be

represented as a Laurent matrix of level-1, which we denote as M 1
ðt2;...;tnÞðk2;...;knÞ.

Step II: Here we keep ðk3; . . . ; knÞ and ðt3; . . . ; tnÞ fixed and vary k2 and t2. Then
hAekþe2; etþe2i ¼ hAek; eti implies that M 1

ðt2þ1;t3;...;tnÞðk2þ1;k3;...;knÞ ¼ M 1
ðt2;...;tnÞðk2;...;knÞ, and so A :

H2;½k3;...;kn�↦H2;½t3;...;tn� can be represented as a Laurent matrix of level 2, sayM 2
ðt3;...;tnÞðk3;...;knÞ.

Step III: Keeping ðk4; . . . ; knÞ and ðt4; . . . ; tnÞ fixed, and using the fact that
hAekþe3; etþe3i ¼ hAek; eti, we get M 2

ðt3þ1;t4;...;tnÞðk3þ1;k4;...;knÞ ¼ M 2
ðt3;...;tnÞðk3;...;knÞ, and so A :

H3;½k4;...;kn�↦H3;½t4;...;tn� can be represented as a Laurent matrix of level 3. Continuing in the

same way, after n steps we finally arrive at the fact that A : L2ðTnÞ↦L2ðTnÞ can be
represented as a Laurent matrix of level-n.

To prove the converse we assume thatAcan be represented as a Toeplitz matrix of level-n.
Hence for k ¼ ðk1; . . . ; knÞ and t ¼ ðt1; . . . ; tnÞ arbitrarily chosen, A : Hj−1;½kj;...;kn�
↦Hj−1½tj;...;tn� can be represented as a Toeplitz matrix of level ðj− 1Þ, denoted as

Mj−1
ðtj...;tnÞðkj...;knÞ, for each j ¼ 2; . . . ; n. This in turn implies that hAekþej; etþeji ¼ hAek; eti

for j ¼ 1; . . . ; n− 1.

Finally to show that hAekþen; etþeni ¼ hAek; etiwe consider the ðn− 1Þ-torus L2ðTn−1Þ. For
each kn ∈ ℤ;L2ðTn−1Þ is an isomorphic copy ofHn−1;ðknÞ, and hence the n-torus L

2ðTnÞ can be
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decomposed as L2ðTnÞ ¼ ⊕ kn∈ℤHn−1; ½kn�. Therefore, A : L2ðTnÞ ↦ L2ðTnÞ can be

expressed as a matrix where the ðtn; knÞth entry is Mn−1
tn;kn

, and we also have

Mn−1
tnþ1;knþ1 ¼ Mn−1

tn;kn
. This finally implies that hAekþen; etþeni ¼ hAek; eti. ,

Theorem 2.7. Let A be a bounded linear operator on L2ðTnÞ. Then the following conditions
are equivalent:

1. A can be represented as a Laurent matrix of level-n

2. A commutes with Mzj for 1≤ j≤ n

3. Mzk A ¼ AMzk ∀ k ∈ ℤn

Proof. ð1Þ0ð2Þ
Since A can be represented as a Laurent matrix of level-n, so by Theorem 2.6 we have,

hAekþej; eti ¼ hAek; et−eji ∀ k; t ∈ ℤn; 1 ≤ j ≤ n. Applying Remark 2.5ðiÞ and Theorem
2.4 to this relation we further get hAMzj ek; eti ¼ hMzj Aek; eti ∀ k; t ∈ ℤn; 1 ≤ j ≤ n. Thus,
AMzj ¼ Mzj A ∀ 1 ≤ j ≤ n.

ð2Þ0ð3Þ
Suppose Mzi A ¼ AMzi ∀ 1 ≤ i ≤ n. Then for k ¼ ðk1; . . . ; knÞ ∈ ℤn, we have Mzk A ¼
Mk1

z1
. . .Mkn

zn
A ¼ AMk1

z1
. . .Mkn

zn
¼ AMzk.

ð3Þ0ð1Þ
AsMzk A ¼ AMzk ∀ k∈ℤn, so taking k ¼ ei we getMzi A ¼ AMzi for each i ¼ 1; . . . ; n. Now
for k; t ∈ ℤn, we have hAekþej; etþeji ¼ hAMzj ek;Mzl eti ¼ hMzj Aek;Mzjeti, and using
Remark 2.5ðiiÞ we get hAekþej; etþeji ¼ hAek; eti for all k; t ∈ ℤn. Hence applying Theorem
2.6 we conclude that A can be represented as a Laurent matrix of level-n. ,

Theorem 2.8. A bounded linear operator on L2ðTnÞ is a Laurent operator if and only if it
can be represented as a Laurent matrix of level n.

Proof. For w∈L∞ðTnÞ; MwMzi ¼ Mzi Mw ∀ 1 ≤ i ≤ n, and so by Theorem 2.7,Mw can be
represented as a Laurent matrix of level n.

Conversely, let w ¼ Ae0, so that w∈L2ðTnÞ. We first show that w is bounded.

We have kwk ¼ kAe0k≤ kAk ke0k. Again,
��w2
�� ¼ kAe0:wk ≤ kAk2ke0k. Repeating this

argument inductively, we get kwmk ≤ kAkmke0k for every positive integer m. This norm

inequality can be expressed in the form
R
Tn

���wðzÞkAk
���2mdσðzÞ ≤ ke0k2 ¼ 1, which implies that���wðzÞkAk

��� ≤ 1 almost everywhere. Thus jwðzÞj ≤ kAk almost everywhere which shows that w is

bounded. Hence w∈L∞ðTnÞ and kwk∞ ≤ kAk.
Next we will show thatA ¼ Mw. AsA can be represented as a Laurent matrix of level n, so

by Theorem 2.7, A Mzk ¼ Mzk A ∀ k ∈ ℤn. Therefore,

wðzÞzk ¼ zkwðzÞ ¼ MzkwðzÞ ¼ Mzk Ae0ðzÞ ¼ AMzke0ðzÞ ¼ Azk:

Thus Af ¼ wf for every polynomial f in z1; . . . ; zn.
Let f ∈L2ðTnÞ. Then there exist polynomials fm in z1; . . . ; zn such that fm → f . This

implies that Afm →Af and wfm →wf , and since Afm ¼ wfm ∀m, so Af ¼ wf . Equivalently,
A ¼ Mw. ,

The following corollary follows immediately from Theorems 2.6–2.8.
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Corollary 2.9. Let A be a bounded linear operator on L2ðTnÞ. Then the following conditions
are equivalent:

1. A is a Laurent operator

2. hAekþej; etþeji ¼ hAek; eti ∀ k; t ∈ ℤn; 1 ≤ j ≤ n

3. Mzi A ¼ AMzi ∀ 1 ≤ i ≤ n.

4. Mzk A ¼ AMzk ∀ k ∈ ℤn.

The proof being obvious is omitted.

3. Toeplitz matrix of level n

Definition 3.1. For w∈L∞ðTnÞ, the Toeplitz operator Tw is defined as the compression of
Mw to H

2ðDnÞ. That is, Tw f ¼ Pðw: f Þ ∀ f ∈H 2ðDnÞ, where P is the orthogonal projection
of L2ðTnÞ onto H 2ðDnÞ. Thus,

ðTw f ÞðzÞ ¼ PðwðzÞ: f ðzÞÞ ∀ f ∈ H 2ðDnÞ; z ∈ Tn:

Toeplitz operators on H 2ðDnÞ have been earlier discussed by several authors. For the
convenience of the reader we mention here a few significant references [4,6–8,14,16,19,21]. In
the present work we give a matricial definition of Toeplitz operators on H 2ðDnÞ. It may be
mentioned that block Toeplitz operators with matrix symbol F ∈ L∞ðℂn3nÞ was first
discussed in [9]. Again in [19] we come across block matrix representation of Toeplitz and
Hankel operators on L2ðTnÞ. In [15] the authors have used lexicographic ordering on ℤ2

þ for
matrix representation of Toeplitz operators on L2ðTnÞ. These references motivated us to
propose our definition of a Toeplitz matrix of level-n. However, our approach is significantly
different from what is done in earlier works. We first propose the definition of a Toeplitz
matrix of level nand then show that an operator onH 2ðDnÞ is a Toeplitz operator if and only if
it can be represented as a Toeplitz matrix of level n.

Definition 3.2 (Toeplitz Matrix of Level n). Consider a sequence of scalars fakgk∈ℤn. A
matrix of the type 0

BB@
að0;k2 ;...;knÞ að−1;k2 ;...;knÞ að−2;k2;...;knÞ . . .
að1;k2 ;...;knÞ að0;k2 ;...;knÞ að−1;k2;...;knÞ . . .
að2;k2 ;...;knÞ að1;k2 ;...;knÞ að0;k2 ;...;knÞ . . .

..

. ..
. ..

.
1

1
CCA

is said to be a Toeplitz matrix of level 1, denoted as T
ð1Þ
k2 ;...;kn

.

A block matrix of the type0
BBBBBB@

T
ð1Þ
0;k3 ;...;kn

T
ð1Þ
−1;k3;...;kn

T
ð1Þ
−2;k3 ;...;kn

. . .

T
ð1Þ
1;k3 ;...;kn

T
ð1Þ
0;k3 ;...;kn

T
ð1Þ
−1;k3 ;...;kn

. . .

T
ð1Þ
2;k3 ;...;kn

T
ð1Þ
1;k3 ;...;kn

T
ð1Þ
0;k3 ;...;kn

. . .

..

. ..
. ..

.
1

1
CCCCCCA

is said to be Toeplitz matrix of level 2, denoted as T
ð2Þ
k3 ;...;kn

.
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Continuing, we get a block matrix of type0
BBBBBB@

T
ðn−1Þ
0 T

ðn−1Þ
−1 T

ðn−1Þ
−2 . . .

T
ðn−1Þ
1 T

ðn−1Þ
0 T

ðn−1Þ
−1 . . .

T
ðn−1Þ
2 T

ðn−1Þ
1 T

ðn−1Þ
0 . . .

..

. ..
. ..

.
1

1
CCCCCCA

called Toeplitz matrix of level n denoted as TðnÞ.

Theorem 3.3. A bounded linear operator A on H 2ðDnÞ can be represented as a Toeplitz
matrix of level n if and only if hAekþej; etþeji ¼ hAek; eti ∀ k; t ∈ Zn

þ and 1 ≤ j ≤ n.

Proof is similar to that of Theorem 2.6 and is therefore omitted.

Theorem3.4. Anecessary and sufficient condition that an operator onH 2ðDnÞbe aToeplitz
operator is that it can be represented as a Toeplitz matrix of level n.

Proof. Let A ¼ Tw ¼ PMw for w ∈ L∞ðTnÞ. Then for k; t ∈ ℤn
þ and 1 ≤ j ≤ n, we have�

Aekþej; etþej

� ¼ �PMwekþej; etþej

� ¼ �Mwekþej; etþej

�
(3.1)

As Mw is a Laurent operator, so Corollary 2.9 implies that�
Mwekþej; etþej

� ¼ hMwek; eti (3.2)

Combining Eqs. (3.1) and (3.2) we get�
Aekþej; etþej

� ¼ hMwek; eti ¼ hP Mwek; eti ¼ hAek; eti:
Thus by Theorem 3.3, A can be represented as a Toeplitz matrix of level n.

Conversely, suppose A is a bounded linear operator on H 2ðDnÞwhich can be represented
as a Toeplitz matrix of level n. Then by Theorem 3.3, we have�

Aekþej; etþej

� ¼ hAek; eti ∀ k; t ∈ ℤn
þ; 1 ≤ j ≤ n (3.3)

For m ∈ ℤþ, let Am : L2ðTnÞ ↦ L2ðTnÞ be defined as Am ¼ M *
zmAPMzm where zm ¼

zm1 . . . zmn . Then for k ¼ ðk1; . . . ; knÞ and t ¼ ðt1; . . . ; tnÞ in ℤn
þ, and m ∈ ℤþ, repeated

application of Eq. (3.3) gives,

hAmek; eti ¼
�
Aeðk1þm;...;knþmÞ; eðt1þm;...;tnþmÞ

� ¼ hAek; eti (3.4)

For k; t ∈ ℤn, we chooseN ∈ℤþ, sufficiently large so that ki þ N ; ti þ N ∈ ℤþ ∀ 1 ≤ i ≤ n,
and let ~k ¼ ðk1 þ N ; . . . ; kn þ NÞ, ~t ¼ ðt1 þ N ; . . . ; tn þ NÞ. Then by Eq. (3.4), we have
∀ m ∈ ℤþ,

hAme~k; e~ti ¼ hAe~k; e~ti (3.5)

Also e~t ¼ MzN et; e~k ¼ MzN ek and Pe~k ¼ e~k. Using this in Eq. (3.5) we get�
M *

zN Am PMzN ek; et
� ¼ �M *

zN A PM *
zN ek; et

�
0hAmþN ek; eti ¼ hANek; eti

Thus ∀ k; t ∈ ℤn, ∃ N ∈ ℤþ such that

hAmþNek; eti ¼ hAN ek; eti ∀m ∈ ℤþ (3.6)
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Therefore, if f and g are finite linear combinations of ek for k∈ℤn, then the sequence

fhAn f ; gign∈ℤþ is convergent. Also as kAnk ≤ kAk ∀ n ∈ ℤþ, so the sequence fAngn∈ℤþ of

operators on L2ðTnÞ is weakly convergent to a bounded operator A∞ on L2ðTnÞ.
Claim: A∞ is a Laurent operator.

As in Eq. (3.6), for k; t ∈ℤn and N ∈ℤþ, we have�
AmþNekþei; etþei

� ¼ �ANekþei; etþei

�
∀ 1 ≤ i ≤ n (3.7)

Taking limit as m→∞ , in Eqs. (3.6) and (3.7) we get

hA∞ek; eti ¼ hANek; eti ¼
�
M *

zN APMzN ek; et
� ¼ hAe~k; e~ti; and

�
A∞ekþei; etþei

� ¼ �ANekþei; etþei

� ¼ �Ae~kþei
; e~tþei

� ¼ hAe~k; e~ti:
Thus hA∞ek; eti ¼ hA∞ekþei; etþei i ∀ 1 ≤ i ≤ n; k; t ∈ ℤn, and hence Corollary 2.9

implies that A∞ is a Laurent operator, and the claim is established.
From Eq. (3.4) we have hAmek; eti ¼ hAek; eti ∀ k; t ∈ ℤn

þ; and m ∈ ℤþ. Thus for
f ; g ∈H 2ðDnÞ, we have hAm f ; gi ¼ hA f ; gi.

Therefore hP A∞ f ; gi ¼ hA∞ f ; gi ¼ limm→∞hAm f ; gi ¼ hA f ; gi ∀ f ; g ∈ H 2ðDnÞ. This
implies that P A∞jH 2ðDnÞ ¼ A; whereA∞ is a Laurent operator. Thus, A is a Toeplitz
operator. ,

Definition 3.5. For 1 ≤ j ≤ n, we define Uzj : H
2ðDnÞ ↦ H 2ðDnÞ as Uzj f ðzÞ ¼ zj f ðzÞ

∀ f ∈ H 2ðDnÞ; z ∈ Tn.

Remark 3.6. Uzj ek ¼ ekþej ∀ k ∈ ℤn
þ; 1 ≤ j ≤ n.

Theorem 3.7. For 1 ≤ j ≤ n and k ¼ ðk1; . . . ; knÞ ∈ ℤn
þ, we have

U *
zj
ek ¼

�
ek−ej if kj ≠ 0
0 Otherwise

Proof. Let f ∈ H 2ðDnÞwhere f ðzÞ ¼Pm∈ℤn
þ
fmz

m.

Then for 1 ≤ j ≤ n and k ¼ ðk1; . . . ; knÞ ∈ ℤn
þ, we have�

Uzj f ; ek
� ¼

*X
m∈ℤnþ

fmz
mþej ; z

k

+
¼
X
m∈ℤn

þ

fm

D
zmþej ; z

k
E

¼
�
fk−ej if kj ≠ 0

0 if kj ¼ 0
¼
��

f ; ek−ej
�

if kj ≠ 0

0 if kj ¼ 0

Thus; U *
zj
ek ¼

�
ek−ej if kj ≠ 0

0 Otherwise
,

Remark 3.8. For 1≤ j≤ n and k ¼ ðk1; . . . ; knÞ∈ℤn
þ, we have

U *
zj
Uzj ek ¼ ek and UzjU

*
zj
ek ¼

�
ek if kj ≠ 0
0 Otherwise
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Theorem 3.9. Let A be a bounded linear operator on H 2ðDnÞ. Then A is a Toeplitz operator
if and only if U*

zj
AUzj ¼ A ∀ 1 ≤ j ≤ n.

Proof. IfA is a Toeplitz operator onH 2ðDnÞ, then, byTheorem 3.4,Acan be represented as a
Toeplitz matrix of level-n. This implies, by Theorem 3.3, that hAekþej; etþeji ¼
hAek; eti ∀ k; t ∈ ℤn

þ; 1 ≤ j ≤ n. Applying Remark 3.6 to this relation we further

deduce that hU*
zj
AUzj ek; eti ¼ hAek; eti ∀ k; t ∈ ℤn

þ; 1 ≤ j ≤ n, which in turn implies

that U*
zj
AUzj ¼ A ∀ 1 ≤ j ≤ n.

Similarly, assuming U*
zj
AUzj ¼ A ∀ 1 ≤ j ≤ n and applying Theorems 3.3, 3.4 and

Remark 3.6 it can be shown that A is a Toeplitz operator on H 2ðDnÞ. ,

4. Slant Toeplitz operator on L2ðTnÞ
Let us consider a sequence of scalars fakgk∈ℤn . A matrix of the type0

BBBB@
1 ..

. ..
. ..

. ..
.

. . . að−1;k2;...;knÞ að−2;k2 ;...;knÞ að−3;k2 ;...;knÞ . . .

. . . að1;k2 ;...;knÞ ½að0;k2 ;...;knÞ� að−1;k2 ;...;knÞ . . .

. . . að3;k2 ;...;knÞ að2;k2 ;...;knÞ að1;k2 ;...;knÞ . . .

..

. ..
. ..

. ..
.

1

1
CCCCA

is said to be slant Toeplitz matrix of level-1, denoted as A
ð1Þ
k2 ;...;kn

. Observe that it is the matrix

obtained by eliminating all odd rows of the Laurent matrix of level-1 namely L
ð1Þ
k2 ;...;kn

.

Similarly if we eliminate all odd rows of the block Laurent matrix0
BBBBBBBBB@

1 ..
. ..

. ..
. ..

.

. . . A
ð1Þ
0;k3 ;...;kn

A
ð1Þ
−1;k3 ;...;kn

A
ð1Þ
−2;k3 ;...;kn

. . .

. . . A
ð1Þ
1;k3 ;...;kn

½Að1Þ
0;k3 ;...;kn

� A
ð1Þ
−1;k3 ;...;kn

. . .

. . . A
ð1Þ
2;k3 ;...;kn

A
ð1Þ
1;k3 ;...;kn

A
ð1Þ
0;k3 ;...;kn

. . .

..

. ..
. ..

. ..
.

1

1
CCCCCCCCCA

we get the slant Toeplitz matrix of level-2, denotd by A
ð2Þ
k3;...;kn

and given by0
BBBBBBBBB@

1 ..
. ..

. ..
. ..

.

. . . A
ð1Þ
−1;k3 ;...;kn

A
ð1Þ
−2;k3 ;...;kn

A
ð1Þ
−3;k3;...;kn

. . .

. . . A
ð1Þ
1;k3 ;...;kn

½Að1Þ
0;k3 ;...;kn

� A
ð1Þ
−1;k3;...;kn

. . .

. . . A
ð1Þ
3;k3 ;...;kn

A
ð1Þ
2;k3 ;...;kn

A
ð1Þ
1;k3 ;...;kn

. . .

..

. ..
. ..

. ..
.

1

1
CCCCCCCCCA
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Continuing in this way, we eliminate the odd rows of the block Laurent matrix0
BBBBBBBBB@

1 ..
. ..

. ..
. ..

.

. . . A
ðn−1Þ
0 A

ðn−1Þ
−1 A

ðn−1Þ
−2 . . .

. . . A
ðn−1Þ
1 ½Aðn−1Þ

0 � A
ðn−1Þ
−1 . . .

. . . A
ðn−1Þ
2 A

ðn−1Þ
1 A

ðn−1Þ
0 . . .

..

. ..
. ..

. ..
.

1

1
CCCCCCCCCA

to get the slant Toeplitz matrix of level-n, which is

AðnÞ ¼

0
BBBBBBBBB@

1 ..
. ..

. ..
. ..

.

. . . A
ðn−1Þ
−1 A

ðn−1Þ
−2 A

ðn−1Þ
−3 . . .

. . . A
ðn−1Þ
1 ½Aðn−1Þ

0 � A
ðn−1Þ
−1 . . .

. . . A
ðn−1Þ
3 A

ðn−1Þ
2 A

ðn−1Þ
1 . . .

..

. ..
. ..

. ..
.

1

1
CCCCCCCCCA

Theorem 4.1. If T is a bounded linear operator on L2ðTnÞ, thenT can be represented as a
slant Toeplitz matrix of level-n if and only if hTekþ2ej; etþeji ¼ hTek; eti ∀ k; t ∈ ℤn, and
1 ≤ j ≤ n.

The proof follows as in Theorem 2.6, and is therefore omitted.

Theorem4.2. A bounded linear operator T on L2ðTnÞ can be represented as a slant Toeplitz
matrix of level-n if and only if MzjT ¼ T Mz2

j
∀ 1 ≤ j ≤ n.

Proof. Let j be an integer such that 1 ≤ j ≤ n. Then,

MzjT ¼ T Mz2
j
∀ 1 ≤ j ≤ n

if and only if hMzjT ek; eti ¼ hT Mz2
j
ek; eti; ∀ k; t ∈ℤn and ∀ 1 ≤ j ≤ n

if and only if hT ek; et−eji ¼ hT ekþ2ej; eti; ∀k; t ∈ℤn and ∀ 1 ≤ j ≤ n

if and only if hT ek; eti ¼ hT ekþ2ej; etþeji; ∀k; t ∈ℤn and ∀ 1 ≤ j ≤ n

The result now follows from Theorem 4.1. ,

Definition 4.3. W : L2ðTnÞ ↦ L2ðTnÞ is defined to be the linear operator such that for

each k∈ℤn, Wek ¼

8><
>:

ek
2
; if k is even;

0; if k is odd:

So for f ðzÞ ¼Pj∈ℤn ajz
j ∈ L2 ðTnÞ, we have W f ðzÞ ¼Pj∈ℤn a2jz

j.

Remark 4.4.

(i) For k; t ∈ ℤn

hWek; eti ¼
�
1 if 2t ¼ k;
0 Otherwise:

and so kWk ¼ 1
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(ii) W *et ¼ e2t ∀ t ∈ℤn, because hW ek; eti ¼ hek; e2ti ∀ k; t ∈ℤn. So for f ðzÞ ¼Pp∈ℤn apz
p

∈L2ðTnÞ, we haveW * f ðzÞ ¼Pp∈ℤn apz
2p ¼ f ðz2Þ.

Definition4.5. Forw ∈ L∞ðTnÞ, we define the slant Toeplitz operatorAw asW Mw. Hence,
if w is the constant function 1 then W ¼ A1.

Theorem 4.6. kAwk≤ kwk∞.
Proof. kAwk ¼ kW Mwk ≤ kWk kMwk ¼ kMwk ¼ kwk∞. ,

Theorem 4.7. If Aw is a slant Toeplitz operator on L2ðTnÞ, then�
Awekþ2ej; etþej

� ¼ hAwek; eti ∀ k; t ∈ ℤn; 1 ≤ j ≤ n:

Proof. Since Aw ¼ W Mw, the result follows immediately from Corollary 2.9 and
Remark 4.4ðiiÞ. ,

Theorem4.8. A bounded linear operator Aon L2ðTnÞ is a slant Toeplitz operator if and only
if A can be represented as a slant Toeplitz matrix of level-n.

If A is a slant Toeplitz operator then by Theorems 4.1 and 4.7 it follows immediately that
A can be represented as a slant Toeplitz matrix of level-n. However, for the converse
implication we defer the proof to Section 6 as we first have to establish a few more results
needed thereof.

5. Properties of W and W *

Definition 5.1. Let Pe be the projection of L2ðTnÞ onto the closed span of fe2kgk∈ℤn in

L2ðTnÞ. Thus for j∈ℤn we have Pe ej ¼
�
ej; if j is even;
0; otherwise:

Or equivalently we have Peð
P

k∈ℤn akz
kÞ ¼Pk∈ℤn a2kz

2k.

We make the following observations:

(i) W W * ¼ I, and so W is a co-isometry on L2ðTnÞ.
(ii) W*W ¼ Pe, and so W is an isometry on PeðL2ðTnÞÞ.

In the following few results we refer to the subset S ofℤn, the definition for which was already
given in Section 2.

Lemma 5.2. Let S ¼ fðt1; . . . ; tnÞ ∈ ℤnj each ti is either 0 or 1g. Then for k ∈ ℤn; k odd,
there exist unique ~k ∈ ℤn and 0≠ t ∈ S such that k ¼ 2~kþ t.

Proof. Let k ¼ ðk1; . . . ; knÞ ∈ ℤn. For each 1 ≤ i ≤ n there exists ~ki ∈ ℤ such that

ki ¼
�
2~ki if ki is even;
2~ki þ 1 if ki is odd:

Let ~k ¼ ð~k1; . . . ;~knÞ and t ¼ ðt1; . . . ; tnÞwhere

ti ¼
�
0 if ki is even;
1 if ki is odd:

Then k ¼ 2~kþ t where ~k∈ℤn, t ∈ S. Also k is odd implies ti ¼ 1 for at least one i, so that t is
non-zero.
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Uniqueness Suppose ∃ k
0 ¼ ðk0

1; . . . ; k
0
nÞ ∈ ℤn and t

0 ¼ ðt0 1; . . . ; t0 nÞ ∈ S such
that k ¼ 2k

0 þ t
0
.

Let if possible t
0
≠ t. Without loss of generality we suppose t

0
1 ≠ t1, so that either t

0
1 ¼ 1

and t1 ¼ 0, or t
0
1 ¼ 0 and t1 ¼ 1.

Now t
0
1 ¼ 1 implies k1 ¼ 2k

0
1 þ t

0
1 ¼ 2k

0
1 þ 1, which is odd,

and t1 ¼ 0 implies k1 ¼ 2~k1 þ t1 ¼ 2~k1, which is even. Thus we get a contradiction.

Similarly, t
0
1 ¼ 0 and t1 ¼ 1 give us a contradiction.

Thus t
0 ¼ t implies 2k

0 ¼ 2~k or k
0 ¼ ~k. ,

Remark 5.3. Every non zero entry in S is odd. Also ej ∈ S for j ¼ 1; 2; . . . ; n.

Lemma 5.4. For t; k∈ S with t ≠ 0; k≠ 0, we have t þ k is even if and only if t ¼ k.

Proof. Suppose t ¼ k. Then t þ k ¼ 2t, which is even.
Conversely, suppose t ≠ k. Then without loss of generality we assume that t1 ≠ k1, where

t ¼ ðt1; . . . ; tnÞ, k ¼ ðk1; . . . ; knÞ. Thus, either t1 ¼ 0 and k1 ¼ 1; or t1 ¼ 1 and k1 ¼ 0. In any
case,

t þ k ¼ ðt1 þ k1; . . . ; tn þ knÞ, where t1 þ k1 ¼ 1, and so t þ k is odd.
Thus t ≠ k implies that t þ k odd, or equivalently, t þ k even implies that t ¼ k. ,

Theorem 5.5. W Mz2kW* ¼ Mzk if k∈ℤn, and W MztW* ¼ 0 if t ∈ℤn is odd.

Proof. For k; p∈ℤn, W Mz2kW*ep ¼ W Mz2k e2p ¼ W e2ðpþkÞ ¼ eðpþkÞ ¼ Mzkep. Now if
t ∈ℤn is odd, then by Lemma 5.2, 2pþ t is odd, and so we have W MztW

*ep ¼
W Mzt e2p ¼ W eð2pþtÞ ¼ 0. ,

Corollary 5.6. W MzjW
* ¼ 0 ∀ 1 ≤ j ≤ n.

Proof. This follows from Theorem 5.5. Taking t ¼ ej we get z
t ¼ zj where t is odd. Thus

W Mzj −W* ¼ 0. ,

Corollary 5.7. W MzW
* ¼ 0

Proof. Let t ¼ e1 þ e2 þ � � � þ en. Then t is odd and zt ¼ z1 � � � zn ¼ z. SoW MzW
* ¼ 0. ,

Theorem 5.8. Let f ; g∈L2ðTnÞ such that f g ∈L2ðTnÞ. Then
(i) W *ðf gÞ ¼ ðW *f ÞðW *gÞ,
(ii) W ððW* f ÞðW* gÞÞ ¼ f g.

Proof. (i)W*ðeketÞ ¼ W* eðkþtÞ ¼ e2ðkþtÞ ¼ e2ke2t ¼ ðW* ekÞðW* etÞ for k; t ∈ℤn. Thus for
f; g ∈L2ðTnÞ; W *ðf gÞ ¼ ðW * f ÞðW * gÞ, provided f g ∈L2ðTnÞ.
(ii) As WW * ¼ I so the result follows immediately from (i). ,

Theorem 5.9. For w ∈ L∞ðTnÞ, W A*
w ¼ Mψ where ψ ¼ Ww.

Proof. Let wðzÞ ¼Pt∈ℤn atz
t, so that wðzÞ ¼Pt∈ℤn atz

−t. Then ψðzÞ ¼ WwðzÞ ¼Pt∈ℤn

atWz−t ¼Pt∈ℤn a2tz
−t and Mψ ¼Pt∈ℤn a2tMz−t .

Again, Aw ¼ W Mw implies A*
w ¼ M*

wW
* ¼ MwW

* ¼Pt∈ℤnatMz−tW
*.

Hence by Theorem 5.5,

W A*
w ¼

X
t∈ℤn

atW Mz−tW
* ¼

X
t∈ℤn

a2tMz−t ¼ Mψ : ,

Corollary 5.10. If w ∈ L∞ðTnÞ, then Ww ∈ L∞ðTnÞ.
Proof. Let w∈L∞ðTnÞ. Then by Theorem 5.9,MWw ¼ W A*

w, which is bounded on L
2ðTnÞ.

Therefore W w∈L∞ðTnÞ. ,
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Lemma 5.11. Let f ∈L2ðTnÞ and f ðzÞ ¼Pk∈ℤn akz
k. If for t ∈ S, we define ftðzÞ ¼P

k∈ℤn a2kþtz
k, then f ðzÞ ¼Pt∈S ztftðz2Þ. Also f0ðz2Þ ¼ Pe f ðzÞ and f0ðzÞ ¼ W f ðzÞ.

Proof. Let f ðzÞ ¼Pk∈ℤn akz
k. If gðzÞ :¼Pk∈ℤn;k even akz

k and hðzÞ :¼Pk∈ℤn;k odd akz
k,

then f ðzÞ ¼ gðzÞ þ hðzÞ. For t ∈ S define ftðzÞ ¼
P

k∈ℤn a2kþtz
k. As f ∈L2ðTnÞ, so ft ∈

L2ðTnÞ ∀ t ∈ S. We have

gðzÞ ¼
X

k∈ℤn; k even
akz

k ¼
X

k∈ℤn
a2kz

2k ¼ f0ðz2Þ:

Again, by Lemma 5.2,

hðzÞ ¼P0≠t∈S

P
k∈ℤn a2kþtz

2kþt ¼P0≠t∈S ztðPk∈ℤn a2kþtðz2ÞkÞ ¼
P

0≠t∈S ztftðz2Þ. Thus we have,
f ðzÞ ¼ f0ðz2Þ þ

P
0≠t∈S z

tftðz2Þ ¼
P

t∈S z
tftðz2Þ.

Moreover, by Definition 4.3, we haveW gðzÞ ¼Pk∈ℤn a2k z
k ¼ f0ðzÞ, andW hðzÞ ¼ 0, so

that W f ðzÞ ¼ f0ðzÞ.
Again, by Definition 5.1, we have PegðzÞ ¼ gðzÞ and PehðzÞ ¼ 0 so that Pe f ðzÞ ¼

PegðzÞ ¼ gðzÞ ¼ f0ðz2Þ. ,

Theorem 5.12. Let f ; g ∈L2ðTnÞ such that one of f and g is in L∞ðTnÞ. Then W ðfgÞ ¼
ðW f ÞðW gÞ þP0≠t∈S z

tðW ztf ÞðW ztgÞ.
Proof. By Lemma 5.11, we have, f ðzÞ ¼ f0ðz2Þ þ

P
0≠t∈S ztftðz2Þ and gðzÞ ¼ g0ðz2ÞþP

0≠t∈S z
t gtðz2Þ, where f0ðz2Þ ¼ Pe f ðzÞ, and g0ðz2Þ ¼ PegðzÞ. Hence,

f g ¼ f0ðz2Þg0ðz2Þ þ f0ðz2Þ
 X

0≠t∈S

ztgtðz2Þ
!

þ g0ðz2Þ
 X

0≠t∈S

ztftðz2Þ
!

þ
 X

0≠t∈S

ztftðz2Þ
! X

0≠t∈S

ztgtðz2Þ
! (5.1)

Applying Remark 4.4(ii), Theorem 5.8(ii) and Lemma 5.11 in that order, we get,

W ðf0ðz2Þg0ðz2ÞÞ ¼ W ðW *f0ðzÞ:W *g0ðzÞÞ ¼ f0ðzÞg0ðzÞ ¼ ðW f ðzÞÞðW gðzÞÞ (5.2)

As f0ðz2Þð
P

0≠t∈S z
tgtðz2ÞÞ and g0ðz2Þð

P
0≠t∈S z

tftðz2ÞÞ are expressions that involve only odd
powers of z, so by Definition 4.3,

W

"
f0ðz2Þ

X
t∈S; t≠0

ztgtðz2Þ
#
¼ 0 and W

"
g0ðz2Þ

X
t∈S; t≠0

ztftðz2Þ
#
¼ 0: (5.3)

Again, ðP0≠t∈S z
tgtðz2ÞÞð

P
0≠t∈S z

tftðz2ÞÞ ¼
P

0≠t∈S

P
0≠t∈S z

tþkgtðz2Þfkðz2Þ, where t þ k is

even iff t ¼ k, by Lemma 5.4. Therefore by Definition 4.3,

W

 X
0≠t∈S

ztgtðz2Þ
! X

0≠t∈S

ztftðz2Þ
!

¼
X
0≠t∈S

W ðz2tÞW ðgtðz2ÞÞW ðftðz2ÞÞ

¼
X
0≠t∈S

ztW ðgtðz2ÞÞW ðftðz2ÞÞ: (5.4)

As gðzÞ ¼Pk∈S z
kgkðz2Þ, so for any 0≠ t ∈ S, we have
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ztgtðz2Þ ¼ gðzÞ−Pk∈S;k≠t z
kgkðz2Þ0gtðz2Þ ¼ ztgðzÞ−Pk∈S;k≠t z

k−tgkðz2Þ. Therefore,

W ðgtðz2ÞÞ ¼ W ðztgðzÞÞ (5.5)

Similarly,

W ðftðz2ÞÞ ¼ W ðztf ðzÞÞ: (5.6)

So, Eqs. (5.1)–(5.6) together imply,

W ðf gÞ ¼ ðW f ÞðW gÞ þ
X

r∈S;t≠0
ztðW zt f ÞðW zt gÞ: ,

Remark 5.13. The above relation is correct provided the expression on the RHS is in
L2ðTnÞ i.e. ðW f ÞðW gÞ and ðW zt f ÞðW zt gÞ should be L2ðTnÞ functions. This is guaranteed
by Corollary 5.10.

6. Properties of Aw and A�
w

Lemma 6.1. For a bounded linear operator A on L2ðTnÞ, we haveMzj A ¼ AMz2
j
∀ 1 ≤ j ≤ n

if and only if Mzk A ¼ AMz2k ∀ k∈ℤn.

Proof. SupposeMzk A ¼ AMz2k ∀ k ∈ ℤn. In this expression if we put k ¼ ej for any integer
j with 1 ≤ j ≤ n, we get Mzj A ¼ AMz2

j
. Conversely, if Mzj ¼ AMz2

j
∀ 1 ≤ j ≤ n, then for

k ¼ ðk1; . . . ; knÞ ∈ ℤn we have Mzk A ¼ Mk1
z1
. . .Mkn

z1
A ¼ AM 2k1

z1
. . .M 2kn

zn
¼ Mz2k. ,

Theorem6.2. A bounded linear operator Aon L2ðTnÞ is a slant Toeplitz operator if and only
if Mzk A ¼ AMz2k ∀ k ∈ ℤn. In such a case we have A ¼ Aw with wðzÞ ¼Pt∈S z

tðAetÞðz2Þ.
Proof. If A is a slant Toeplitz operator, then the result follows from Theorems 4.8, 4.2 and
Lemma 6.1.

Conversely, let A be a bounded linear operator on L2ðTnÞ and suppose Mzk A ¼
AMz2k∀ k∈ℤn.

We prove the result in the following steps:

(i) For t ∈ S, define wtðzÞ ¼ ztðAetÞðz2Þ. We will show that wt ∈L∞ðTnÞ.
(ii) Define wðzÞ ¼Pt∈SwtðzÞ. We will show that A ¼ Aw.

Proof of step (i): Let h∈L2ðTnÞwith hðzÞ ¼Pk∈ℤnδkzk. If ξðzÞ :¼ hðz2Þ, then ξ∈L2ðTnÞ,
ξðzÞ ¼Pk∈ℤnδkz2k and kξk ¼ khk. For t ∈S we have

AðztξðzÞÞ ¼ A

 
zt
X
k∈ℤn

δk z
2k

!

¼
X
k∈ℤn

δk AMz2k etðzÞ ¼
X
k∈ℤn

δkMzk AetðzÞ

¼
 X

k∈ℤn
δkz

k

!
AetðzÞ ¼ hðzÞ:AetðzÞ ¼ ðh:AetÞðzÞ

Thus; AMt
zξ ¼ h:Aet and Aðzthðz2ÞÞ ¼ ðh:AetÞðzÞ ∀ t ∈ S (6.1)

Also, kMAet: hk ¼ kAet: hk ¼ ��AMt
z : ξ
��≤ kAk kMzktkξk ¼ kAk khk

Therefore MAet is bounded and so Aet ∈L∞ðTnÞ ∀ t ∈ S.
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This implies that wt ∈L∞ðTnÞ ∀ t ∈S.
Proof of step (ii): As wt ∈L∞ðTnÞ ∀ t ∈ S, so w∈L∞ðTnÞ. Let F ∈L2ðTnÞ. So by
Lemma 5.11, FðzÞ ¼ F0ðz2Þ þ

P
0≠t∈S ztFtðz2Þ, where W FðzÞ ¼ F0ðzÞ. Again applying

Theorem 5.12 we get

AwFðzÞ ¼ W MwFðzÞ ¼ W ðwðzÞFðzÞÞ
¼ ðWwðzÞÞðW FðzÞÞ þ

X
0≠t∈S

ztðW zt wðzÞÞðW ztFðzÞÞ

By Definition 4.3, we have WwtðzÞ ¼ 0 for 0≠ t ∈ S, and so

WwðzÞ ¼ Ww0ðzÞ ¼ W ðAe0ðz2ÞÞ ¼ Ae0ðzÞ:

Also, by applying Lemma 5.4 we get

ðW ztwðzÞÞðW ztFðzÞÞ ¼
 X

k∈S

W zkþtðAekÞðz2Þ
! X

k∈S

Wzk−tFkðz2Þ
!

¼ ðW z2tAetðz2ÞÞðW Ftðz2ÞÞ ¼ ztAetðzÞFtðzÞ:
Therefore; Aw FðzÞ ¼ Ae0ðzÞF0ðzÞ þ

X
0≠t∈S

jzj2tAetðzÞFtðzÞ

¼ ðF0: Ae0ÞðzÞ þ
X
0≠t∈S

ðFt: AetÞðzÞ

¼ AðF0ðz2ÞÞ þ
X
0≠t∈S

AðztFtðz2ÞÞ; by Eq: ð6:1Þ

¼ A½F0ðz2Þ þ
X
0≠t∈S

ztFtðz2Þ� ¼ AFðzÞ

Thus, AwF ¼ AF ∀F ∈L2ðTnÞwhich implies that Aw ¼ A. ,
We are now in a position to complete the proof of Theorem 4.8, stated in Section 4.

Proof of Theorem 4.8. Suppose A is a bounded linear operator on L2ðTnÞ such that A can
berepresented as a slant Toeplitz matrix of level-n. Then by Theorem 4.2 we have
Mzj A ¼ AMz2

j
∀ 1 ≤ j≤ n. This together with Lemma 6.1 implies thatMzk A ¼ AMz2k ∀ k∈ℤn.

Hence, applying Theorem 6.2, we conclude that A is a slant Toeplitz operator.

Theorem 6.3. AwA
*
w ¼ Mψ where ψ ¼ W ðjwj2Þ.

Proof. AwA
*
w ¼ W MwM

*
wW

* ¼ W Mjwj2W
* ¼ W ðW Mjwj2Þ* ¼ W A*

jwj2 ¼ Mψ, where ψ ¼ W ðjwj2Þ,
by Theorem 5.9. ,

Corollary 6.4. kAwk2 ¼ kψk∞, where ψ ¼ W ðjwj2Þ.
Proof. kAwk2 ¼

��AwA
*
w

�� ¼ kMψk ¼ kψk∞. ,

Corollary 6.5. A*
w is an isometry iff W jwj2 ¼ 1.

Theorem 6.6. The map τ : L∞ðTnÞ↦BðL2ðTnÞÞ defined as τðwÞ ¼ Aw is linear and
injective. Here BðL2ðTnÞ denotes the algebra of all bounded linear operators on L2ðTnÞ.
Proof. For w;ψ ∈L∞ðTnÞ and λ∈ℂ,

τðλw þ ψÞ ¼ Aλwþψ ¼ W Mλwþψ ¼ λðW MwÞ þ ðW Mψ Þ ¼ λAw þ Aψ ¼ λτðwÞ þ τðψÞ.
Therefore τ is linear.
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Next to show τ is injective: Suppose τðwÞ ¼ 0. This implies Aw ¼ W Mw ¼ 0. Let wðzÞ ¼P
k∈ℤn akz

k. Then by Lemma 5.11, we have wðzÞ ¼Pξ∈S z
ξwξðz2ÞwherewξðzÞ ¼

P
k∈ℤn a2kþξz

k.

So for t ∈ Swe have wðzÞzt ¼Pξ∈S z
ξþtwξðz2Þ, and since by Lemma 5.4, ξþ t is even only for

ξ ¼ t, so W ðzξþtwξðz2ÞÞ ¼ 0 if ξ≠ t. Hence we have

W MwetðzÞ ¼ W ðwðzÞztÞ ¼W ðz2twtðz2ÞÞ;

¼ W

 X
k∈ℤn

a2kþtz
2ðkþtÞ

!
¼ zt

X
k∈ℤn

a2kþtz
k ¼ ztwtðzÞ

Therefore, W Mw ¼ 0 implies that wtðzÞ ¼ 0 ∀ t ∈ S, from which we can conclude
that wðzÞ ¼ 0. ,

Theorem 6.7. MwAψ is a slant Toeplitz operator and MwAψ ¼ Awðz2Þ:ψðzÞ.

Proof. For each k∈ℤn we haveMzkðMwAψÞ ¼ MwMzkAψ ¼ ðMwAψ ÞMz2k. So, by Theorem
6.2, MwAψ is a slant Toeplitz operator. Again, as Aψ is slant Toeplitz, so
MzkAψ ¼ AψMz2k∀ k∈ℤn which implies that MwðzÞAψ ¼ AψMwðz2Þ∀w∈L∞ðTnÞ.

Therefore, MwAψ ¼ Aψ Mwðz2Þ ¼ W MψMwðz2Þ ¼ W MψðzÞwðz2Þ ¼ AψðzÞwðz2Þ. ,

Theorem 6.8. AψMw ¼ MwAψ if and only if ψðzÞwðzÞ ¼ ψðzÞwðz2Þ for any z∈Tn. In
particular, if ψ is invertible, then AψMw ¼ MwAψ if and only if wðzÞ ¼ constant.

Proof. AψMw ¼ W MψMw ¼ WMψw ¼ Aψw, and by Theorem 6.7, MwAψ ¼ Awðz2Þ:ψðzÞ.
ThusAψMw ¼ MwAψ if and only ifAψðzÞwðzÞ ¼ Awðz2ÞjψðzÞ. In other words, AψMw ¼ MwAψ if
and only if ψðzÞwðzÞ ¼ ψðzÞwðz2Þ for any z∈Tn.

If ψ is invertible, then there exists ψ−1 ∈L∞ðTnÞ such that ψψ−1 ¼ I ¼ ψ−1ψ, so that
wðzÞψðzÞ ¼ wðz2ÞψðzÞ if and only if wðzÞ ¼ wðz2Þ.

Now if wðzÞ ¼Pk∈ℤn akz
k, then wðz2Þ ¼Pk∈ℤn akz

2k, and sowðzÞ ¼ wðz2Þ impliesP
k∈ℤn; k odd akz

k þP0≠k∈ℤnða2k − akÞz2k ¼ 0

This gives ak ¼ 0 ∀ k odd and a2k ¼ ak ∀ 0≠ k∈ℤn

Therefore ak ¼ 0 ∀ 0≠ k∈ℤn, which yields wðzÞ ¼ a0, a constant.
On the other hand, if wðzÞ is constant then wðzÞ ¼ wðz2Þ, and so we have

AψMw ¼ Mw Aψ . ,

Theorem 6.9. WAw is a slant Toeplitz operator if and only if w ¼ 0.

Proof. The result is obvious ifw ¼ 0. Conversely supposeW Aw is a slant Toeplitz operator
with wðzÞ ¼Pτ∈ℤnδτzτ. Then by Theorem 4.7, we get hW Awekþ2ej; etþeji ¼ hW Awek; eti
∀k; t ∈ℤn, 1≤ j≤ n.

Now hW Awekþ2ej; etþeji ¼ hAwek; e2tþeji ¼ hW Mwek; e2tþeji ¼ hMwek; e4tþ2eji, and similarly,
hW Awek; eti ¼ hMwek; e4ti.

So, WAw is slant Toeplitz implies that hMwek; e4tþ2eji ¼ hMwek; e4ti, which yields
hwðzÞzk; z4tþ2eji ¼ hwðzÞzk; z4ti. Consequently hΣτδτzτþk; z4tþ2eji ¼ hΣτδτzτþk; z4ti showing
that δ4t−kþ2ej ¼ δ4t−k ∀ k; t ∈ℤn; 1 ≤ j ≤ n.

Thus δkþ2ej ¼ δk ∀ k∈ℤn; 1 ≤ j ≤ n.
So, for each k∈ℤn, and j ¼ 1; 2; . . . ; n, we have δk ¼ δkþ2ej ¼ δkþ4ej ¼ δkþ6ej ¼ � � � But��kþ 2λej

��
→∞ as λ→∞, and as w∈L∞ðTnÞ so δkþ2 λej → 0 as λ→∞.

Hence δk ¼ 0. As this is true for all k∈ℤn, so we must have w ¼ 0. ,

Theorem 6.10. For w;ψ ∈L∞ðTnÞ the following are equivalent:
(i) AwAψ is a slant Toeplitz operator.
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(ii) wðz2Þ:ψðzÞ ¼ 0.

(iii) AwAψ ¼ 0.

Proof. (i) 5 (ii) Using Theorem 6.7 we get AwAψ ¼ W MwAψ ¼ W Awðz2Þ:ψðzÞ. Therefore
by Theorem 6.9, AwAψ is a slant Toeplitz operator if and only if wðz2Þ:ψðzÞ ¼ 0.
(ii) 5 (iii)
As Aw Aψ ¼ W Awðz2Þ:ψðzÞ, so Aw Aψ ¼ 0 implies that W Awðz2Þ:ψðzÞ is a slant Toeplitz
operator. Therefore, by Theorem 6.9, wðz2Þ:ψðzÞ ¼ 0. Conversely, wðz2Þ:ψðzÞ ¼ 0 implies
Mwðz2Þ:ψðzÞ ¼ 0, and so Aw Aψ ¼ W Awðz2Þ:ψðzÞ ¼ W 2 Mwðz2Þ:ψðzÞ ¼ 0. ,
The following theorem gives a necessary and sufficient condition for two slant Toeplitz
operators to commute.

Theorem 6.11. For w;ψ ∈L∞ðTnÞ;Aw Aψ ¼ Aψ Aw if and only if wðz2ÞψðzÞ ¼ ψðz2ÞwðzÞ
for any z∈ℤn.

Proof. Suppose Aw Aψ ¼ Aψ Aw. Now Aw Aψ ¼ WMw Aψ and by Theorem 6.7, Mw Aψ ¼
Awðz2ÞψðzÞ. Thus, Aw Aψ ¼ Aψ Aw impliesW Awðz2ÞψðzÞ ¼ W Aψðz2ÞwðzÞ. In view of Theorem 6.6
we can infer thatW Awðz2ÞψðzÞ−ψðz2ÞwðzÞ ¼ 0, which in turn implies thatW Awðz2ÞψðzÞ−ψðz2ÞwðzÞ is a
slant Toeplitz operator. Therefore by Theorem 6.9 we get wðz2ÞψðzÞ−ψðz2ÞwðzÞ ¼ 0 which

implies wðz2ÞψðzÞ ¼ ψðz2ÞwðzÞ.
Conversely, suppose wðz2ÞψðzÞ ¼ ψðz2ÞwðzÞ. Then by Theorem 6.9, we haveW Awðz2ÞψðzÞ−ψðz2ÞwðzÞ
is slant Toeplitz operator and equals zero. This together with Theorems 6.6 and 6.7 implies

that Aw Aψ ¼ AψAw. ,

Theorem 6.12. A2
w ¼ Aw if and only if w ¼ 0. In other words, there are no non-zero

idempotents among slant Toeplitz operators.

Proof. Suppose A2
w ¼ Aw. Then A

2
w ¼ Aw:Aw is slant Toeplitz, so that by Theorem 6.10 we

haveA2
w ¼ 0. ThusAw ¼ 0 ¼ W Aw. This in turn implies thatW Aw is slant Toeplitz, and by

Theorem 6.9 we get w ¼ 0.
Conversely, w ¼ 00Mw ¼ 00Aw ¼ W Mw ¼ 00A2

w ¼ Aw. ,

Theorem 6.13. A*
w is a slant Toeplitz operator if and only if w ¼ 0.

Proof. If w ¼ 0 then Aw ¼ 0 ¼ A*
w and so A*

w is slant Toeplitz.
Conversely, suppose A*

w is slant Toeplitz. Then, by Theorem 4.7,

hA*
wekþ2ej; etþeji ¼ hA*

wek; eti ∀ k; t ∈ℤn; 1≤ j≤ n. This implies that

hAwetþej; ekþ2eji ¼ hAwet ; eki ∀ k; t ∈ ℤn; 1≤ j≤ n, which in turn implies hW Mwetþej;
ekþ2eji ¼ hW Mwet ; eki ∀ k; t ∈ℤn; 1≤ j≤ n.
Taking wðzÞ ¼Pτ∈ℤn aτz

τ in the above expression, we get
hPτ aτz

τþtþej ; z2kþ4eji ¼ hPτ aτz
τþt ; z2ki ∀ k; t ∈ℤn; 1≤ j≤ n, which yields a2k−tþ3ej ¼ a2k−t ∀ k;

t ∈ℤn; 1≤ j≤ n
Thus, akþ3ej ¼ ak ∀ k∈ℤn; 1 ≤ j ≤ n, and as in Theorem 6.9, this implies that

w ¼ 0. ,

Corollary 6.14. There is no non-zero self adjoint slant Toeplitz operator.

Theorem 6.15. Aw is hyponormal if and only if w ¼ 0.

Proof. Aw is hyponormal if and only if kAwfk2 ≥
��A*

wf
��2 ∀ f ∈L2ðTnÞ. Equivalently,

kW ðwðzÞf ðzÞÞk2 ≥ kwðzÞW *f ðzÞk2 ∀ f ∈L2ðTnÞ
Let wðzÞ ¼Pk∈ℤn ak z

k. If w ¼ 0 then clearly Aw ¼ 0 is hyponormal. For the converse we
consider the following two cases.
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Case 1: Let f ðzÞ ¼ 1 ¼ e0ðzÞ. Then by Remark 4.4(ii), we have W *f ðzÞ ¼ 1

SoAw is hyponormal0

�����W
 X

k∈ℤn
akz

k

!�����
2

≥

�����
X
k∈ℤn

akz
−k

�����
2

0

�����
X
k∈ℤn

a2kz
k

�����
2

≥
X
k∈ℤn

jakj2

0
X
k∈ℤn

ja2kj2 ≥
X
k∈ℤn

jakj2

0
X

k∈ℤn; k odd

jakj2 ≤ 0

0 ak ¼ 0 ∀ k∈ℤn; k odd

Therefore, wðzÞ ¼Pk∈ℤn a2kz
2k.

Case 2: Let f ðzÞ ¼ z so that W *f ðzÞ ¼ z2, and

Aw is hyponormal 0

�����W
 X

k∈ℤn
a2kz

2kþ1

!�����
2

≥

�����
X
k∈ℤn

a2kz
2�2k

�����
2

0 0≥
X
k∈ℤn

ja2kj2; byRemark 4:4ðiÞ

0 a2k ¼ 0 ∀ k ∈ ℤn:

Thus, w ¼ 0. ,

Theorem 6.16. A slant Toeplitz operator cannot be an isometry.

Proof. Let, if possible Aw be an isometry. Then A*
wAw ¼ I. Or equivalently,

kAwfk ¼ kfk∀ f ∈L2ðTnÞ
By Theorem 6.3, AwA

*
w ¼ Mψ where ψ ¼ W jwj2

Also by Corollary 6.4, kψk∞ ¼ kAwk2 ¼
��A*

wAw

�� ¼ 1. Thus,
��W jwj2��

∞
¼ 1

Let wðzÞ ¼Pk∈ℤnakz
k. Then kwk ¼ ðPk∈ℤn jakj2Þ

1
2 ¼ ½Pt ∈ Sð

P
k∈ℤn ja2kþt j2Þ�

1
2, by Lemma

5.2. Therefore,

��W jwj2��
∞
¼ kW Mwwk ¼ kAwwk ¼ kwk ¼ kwk ¼

"X
t ∈S

 X
k∈ℤn

ja2kþtj2
!#1

2

(6.2)

For t ∈ S;Awz
t ¼ W Mwz

t ¼ W
P

k∈ℤn akz
k−t ¼ W

P
τ∈ℤnaτþtz

τ. So by Remark 4.4(i), Awz
t ¼P

τ∈ℤn a2τþtz
τ. Combining this along with the fact that

��Awz
t
��2¼ ��zt��2¼ 1, we get

��P
τ∈ℤn

a2τþtz
τ
��2¼ 1, which implies that

P
τ∈ℤn ja2τþtj2 ¼ 1.

Using this in Eq. (6.2) we get kW jwj2k
∞
¼ 2

h
2, since oðSÞ ¼ 2n.

So, kW jwj2k
∞
¼ 1means 2

n
2 ¼ 1, which is only possible if n ¼ 0. nbeing a positive integer

this is not possible, and so we conclude that Aw cannot be an isometry. ,

Theorem 6.17. Aw is compact if and only if w ¼ 0.
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Proof. We know that the set of compact operators on a Hilbert space H is an ideal of the
space of bounded linear operators on H. Thus,

Aw is compact 0AwMzt is compact 0ðAwMzt Þ* is compact ∀ t ∈ S.

For t ∈ S; ðAwMzt Þ* ¼ ðWMwMzt Þ* ¼ ðW MztwÞ* ¼ A*
ztw.

So, W ðAwMzt Þ* ¼ W A*
ztw ¼ Mψ , where ψ ¼ W ðztwÞ by Theorem 5.9

But AwMzt is compact implies that W ðAwMzt Þ* ¼ Mψ is compact, and consequently
ψ ¼ 0.

Hence hW ðztwÞ; zmi ¼ hψ ; zmi ¼ 0 ∀m∈ℤn, and so hw; z2mþti ¼ 0 ∀m∈ℤn; t ∈S.
Thus, if wðzÞ ¼Pk∈ℤnakz

k, then we must have a2mþt ¼ 0 ∀m∈ℤn; t ∈ S, and now, by
Lemma 5.2, we get ak ¼ 0 ∀ k∈ℤn, so that w ¼ 0. ,

7. Remarks
In Section 3 we have shown that an operator onH 2ðDnÞ is a Toeplitz operator if and only if it
can be represented as a Toeplitz matrix of level n. Using this relation, we can define the
operatorBw onH

2ðDnÞasBw ¼ WTw, calling it the compression of the slant Toeplitz operator
to the Hardy space of the polydisk. A study of the properties of Bw vis-a-vis that ofAw should
yield interesting results. ForH 2ðDÞ, similar studies have been conducted in [2], Section 3 [18],
and [22].
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