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For 1 > 1, let " be the polydisk in C”, and let T" be the -torus. L2(T") denotes the space of Lebesgue Square  Reyised 13 February 2019
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necessary and sufficient condition for an operator on L?(T") to be slant Toeplitz, we also establish several
properties of slant Toeplitz operators.
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1. Introduction
Let D denote the open unit disk and T denote the unit circle in the complex plane C. For
n > 1, let D" be the polydisk in C”, and let T” be the #n-torus which is the distinguished
boundary of D". Also let do be the normalized Haar measure (or Lebesgue measure) on T”.
In the sequel, z will always denote a vector z= (z,...,2,) in C* and for
m=(m,...my) €Z", 2" :=2" ... 2" and |m| :=m +...+m, Also for A € Z we
denote the n-tuple (A,...,A) as hand 2 := 2} ...z~ In particular, z = z; . . . 2.

L*(T") is the space of Lebesgue square integrable functions on T” with respect to
do. Thus,

LT ={f:T"r C_|f(z) = ez Sm"s D e Vm|2 < oo} and for f,g €
LA(T"), (f,g) := [ f(2)g(2)do(z). L*(T") is the subspace of L*(T"), consisting of all

¢ € L?(T") having the following two properties:
1. of € LX(TYY fe LX(T").
2. 3¢ > Osuch that ||¢f|| < c|[f|| YV f e LX(T").
For ¢ € L™(T"), |||, s defined as [|¢||, = inf{c > O] [lef|| < c[|lf ]| ¥ f € L*(T")}.
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The Hardy space H?(ID") consists of all holomorphic functions £ on D" such that
SUPg<y<1 [y | f(72) |2da(z) < oo. For every function f € H%(D"), the radial limit
lim,_1- f (72) exists for almost every z € T" [20]. If we denote this radial limit by f(z), then
the Hardy space H?(ID"") can be isometrically identified with the closure of the polynomials in
L*(T™). Thus we can now define P to be the orthogonal projection of L?(T") onto H?(ID").

M. C. Ho [11] defined slant Toeplitz operators on L?(T) as those operators whose matrix
representation with respect to an orthonormal basis can be obtained by eliminating every
other row of a doubly infinite Toeplitz matrix. These types of operators appear frequently in
wavelet analysis as their spectral properties have a connection with the smoothness of
wavelets. The study of slant Toeplitz operators paved the way to the introduction of more
new classes of operators over various function spaces, like kth order slant Toeplitz operators,
essentially slant Toeplitz operators, weighted slant Toeplitz operators and so on. For
relevant results on slant Toeplitz operators and their generalizations, we refer the reader to
[1,3,5,10-13,17,18,23].

In this paper we define slant Toeplitz operators on L?(T"), for n> 1. Motivated by the
matricial definition of slant Toeplitz operators on L?(T), as given by M. C. Ho[11], we define a
slant Toeplitz matrix of level-n, and subsequently show that an operator on L?(T") is a slant
Toeplitz operator if and only if it can be represented as a slant Toeplitz matrix of level-n. For
this \;ve first define a Laurent matrix of level-z and establish its relation to a Laurent operator
on L(T").

2. Laurent matrix of level n
Definition 2.1. For ¢ € L®(T"), the Laurent operator M, is defined as the multiplication
by ¢. Thatis, M, f = ¢.f V f € L*(T").

Remark 2.2 (i). For ¢ € L(T"), we can easily show that M, = M.
(i) Let i be an integer such that 1 <7 < n.If p(z) = z;then M, f =z f ¥V f € L*(T").In
this case we denote M,, as M.,

Definition 2.3 (Laurent Matrix of Level n). Consider scalars {a},» A matrix of the type

AO0ky.k)  C(~Lhgekn) A2z, n)
AL kyyeon) B0 ksoeer)]  F(=Lso.ooer)
A2hy,k)  ALky,ka) Ok, )

is said to be Laurent matrix of level 1 and is denoted as L,(i)k
A block matrix of the type )

is said to be Laurent matrix of level 2 and is denoted by L](ei,)m.k,,'
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A block matrix of the type Toeplitz and

slant Toeplitz
' ' operators
@) @) @
LO,k4...4,k,l L—l.k44,..,k,, L—2Je4....,k,1
@) @) @
Ll,k4,...7k,1 [LO,fq,...,kn} L—Lk4.,,,,k,1
@) @) @)
LZJq,...,k,, Ll,k4,...,k,, LOJq.,...Jc,, s 75

is said to be Laurent matrix of level 3 and is denoted as L,(e?wk”. Continuing, we get a block
matrix of type

L(()n—l) ngl—l) ngz—l)
L(ln—l) [L(()n—l)} ngl—l)
Lgn—l) LYl—l) L(()n—l)

called Laurent matrix of level # denoted as L.
For example when # = 4 we consider the sequence {a;},c+ given by

1, ifkiseven;
2, ifkyisodd, ks iseven;
a(ky o kes,ky) = < 3, if ey, kyareodd, ks iseven;
4, ifky, ke, kzareodd, kyiseven;
5, ifky, ke, k3, kyareodd.
Then
... j 1
Lg?kg,m =7 [ 7J
.1 51
2, ifkyeven;
where i — 3, ifkyodd, ks even;
7= 4, ifky, kyodd, by even:

57 if kz, kg, k4 odd.
If we denote Lg?ks , 38 A, B, C, D for j taking values 2, 3, 4, 5 respectively, then

2

@ _
LksJa -

oo
.mEm...
oo
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AJMS if ks is even;

271 :
7, o ... A C A
Liw,=1... C |4 C
A C A

76
if /3 is odd but %4 is even; and

) .. A D A
Lkg,}q: ... D [A] D
... A A

if k3 and %, are both odd. Let us denote these three matrices by E, F', G respectively. Then,

) E F E
Ly = F [E] F
E F E
if &y is even; and
6 E G E
Ly, = G [E] G
E G E

if k4 1s odd. If we denote these two matrices by I and J respectively, then

LW —

~NS~ T~
~ SN~

Notation to be followed:

1. 7,7, and N denote the set of integers, set of non negative integers, and set of positive
integers respectively.

2. Fork € 7" letey(z) := 2" Then Q = {e}},,»is an orthonormal basis for L?(T"), and
{€x}rez» 1s an orthonormal basis for /1 (D), as shown in [20].

3. Fork=(k,... k) € 7" wesay that kis even if each %; is even. Otherwise % is said
to be odd.
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4. S:={(h,...,t,) € Z":each t;iseither Oor 1}. If 0(S) denotes the order of the set S, Toeplitz and

then o(S) = 2" slant Toeplitz
Forj e [1,n]nZlet ¢ := (x1,...,%,) where x; = . operators
6. Forje(1,n]nZ and arbitrarily fixed kj, ki1, ..., kn €7, let Q... = {ew... k) :

ki € Z for 1< ¢ < j}. Then @y, .., is an orthonormal basis for LZ(W b,

.....

7. Forl < j<mandk € Z withj < i < n, we often use the notation H] 1(kjs. ) TOT 77
the space L2(T"!) to convey that the basis being considered is Q...

Theorem 2.4. Fori=1,2,...,n, M, = Mz and M e, = ¢;,_ ¥ k € 7.
Proof. Letfe L*(T")and f(z) = > ;e @2 Thenfori=1,...,nand k € 7", we have,

(M, fre0) =z f(2),8) = >, @@ 2) = ar = (f,er)-

Thus, M e, = e, = Zie, which implies that M, f(z) =z f(z), so that M = M;. [
Remark 2.5. ()Mek—ekJre,forl<z<nandkeZ”
(11)Mle =] = MM V1<i<n

Theorem 2.6. A bounded linear operator A on L*(T") can be represented as a Laurent
matrix of levelnif and only if (Aep,q, erre) = (Aep,e)V kit € 7", 1 <j<n

Proof. Let us assume first that (Aey,,er1¢) = (Ae,e) VR, t € 7", 1 <j < n. Also let
{aye}, ez be scalars such that

Ae; = Z apeen ¥V E €7 21

nez"

Step I: Let o = (k1,...,ky) € Z"and t = (4, ...,1,) € Z" be arbitrarily chosen. Keeping
(ka,...,ky)and (f, ..., 1,) fixed, if we vary k; and #, then (Aepq, €11} = (Aep, ¢;) implies
that aiq preq = Qg V kl, h €Z This means that A:Hyp, 1= Hip,..s) can be
represented as a Laurent matrix of level-1, which we denote as M, L ) ()

Step II: Here we keep (k3,...,k,) and (f3,...,1,) fixed and vary kg and #,. Then
<A€k+e27€t+@) <A€kvet> implies that M (oLt ef) (it L) :M(ltz ..... ) (ko AN SO A -

H2v ,,,,, ty) (k3 )"
Step III: Keepmg (kgy...,ky) and (ty,...,t,) fixed, and using the fact that
(Aeisa erve) = (Aew, ), we get M1y oyiiip, ) = My i)ty @0 80 A
Hssjpy,...

..........

..........

same Way, after n steps we finally arrive at the fact that A : L2(1T”) ~ L2(T") can be
represented as a Laurent matrix of level-.

To prove the converse we assume that A can be represented as a Toeplitz matrix of level-z.
Hence for k= (k,...,k,) and ¢ = (h,...,t,) arbitrarily chosen, A :H; 1. i,
= M 1p;....,) can be represented as a Toephtz matrix of level (j—1), denoted as
M
for] =1,...,n—1

Finally to show that (Aey,, er1,) = (Aey, e;) we consider the (n — 1)-torus L?(T"~1). For
eachk, € Z,L*(T")is an isomorphic copy of Hu—1, (1, and hence the #-torus L?(T")canbe

by for each j =2,...,n This in turn implies that (Aep,,er) = (Aer, er)
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AJMS decomposed as L*(T") = @p,ezHy1, [ka]. Therefore, A :L*(T")+ L*(T") can be

27,1 expressed as a matrix where the (tn,kn)th entry is Mt;j_k}x and we also have
MY, o = M) This finally implies that (Aey,, ervq,) = (A, ). O

Theorem 2.7. Let A be a bounded linear operator on L?(T"). Then the following conditions
are equivalent:

78 1. A can be represented as a Laurent matrix of level-n

2. A commutes with M, for 1 < j<n
3 MuyA=AMyNVk eZ"

Proof. (1)=(2)

Since A can be represented as a Laurent matrix of level-#, so by Theorem 2.6 we have,
(A, 1) = (Aep,er-)V b, £ € 7", 1 < j < n Applying Remark 2.5() and Theorem
2.4 to this relation we further get (AM,, e, e;) = (M, Aey,e)V k, t € 7,1 < j < n. Thus,
AM, =M, AV 1<j<n
2)=0)

Suppose M, A =AM, Y1 < i < n Thenfor k= (ki,...,k,) € Z", we have M A =
Mzkl1 ...M;fj A :AMZkI1 MZ’° = AM,.

@)=(1)

AsMy A =AM, VkeZ" sotakingk = ¢ weget M, A = AM, foreachi =1,...,n Now
for k, t€ 7", we have (Ae,q,erq) = (AM;, ep, M, e;) = (M, Aey, M,e;), and using
Remark 2.5(ii) we get (Aeq,err¢) = (Aey, er) for all k, t € 7. Hence applying Theorem
2.6 we conclude that A can be represented as a Laurent matrix of level-n. [

Theorem 2.8. A bounded linear operator on L*(T") is a Laurent operator if and only if it
can be represented as a Laurent matrix of level n.

Proof. For € L*(T"), MM, = M, M,V¥1 < i < n,and so by Theorem 2.7, M,, can be
represented as a Laurent matrix of level 7.
Conversely, let ¢ = Aey, so that ¢ ELZ(T”). We first show that ¢ is bounded.

Wehave ||¢]| = [|Aeo]l < [[A]| [leoll. Again, [|¢?|| = [[Aeo.¢]l < | A||leo]|. Repeating this
argument inductively, we get ||@™|| < ||A||"|leo| for every positive integer m. This norm

2m
51 do(z) < |leo||” = 1, which implies that

inequality can be expressed in the form [},

% < 1almost everywhere. Thus |¢(z)| < ||A|| almost everywhere which shows that ¢ is

bounded. Hence ¢ € L*(T") and ||¢||, < [|A]|-
Next we will show that A = M. As A can be represented as a Laurent matrix of level , so
by Theorem 2.7, A M = My AVk € Z" Therefore,

@(2)2" = 2'¢(2) = Map(z) = M Aey(z) = AM.ey(2) = AZ".

Thus Af = ¢f for every polynomial f in z1, . . ., 2,.

Let f € L*(T"). Then there exist polynomials f,, in z,...,z, such that f,, = f. This
implies that Af,, > Af and ¢f,,—«f, and since Af,, = of,, Vm, SO Af = of. Equivalently,
A=M,.

The following corollary follows immediately from Theorems 2.6-2.8.
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Corollary 2.9. Let A be a bounded linear operator on L>(T"). Then the following conditions
are equivalent:

1. Ais a Laurent operator

(Aepiqerre) = (Aep,e) VRt €71 <j<n
3 MA=AM,V1<i<n

4. MupA=AM, vV keZ"

The proof being obvious is omitted.

S

3. Toeplitz matrix of level n

Definition 3.1. For ¢ € L*(T"), the Toeplitz operator T, is defined as the compression of
M, to H*(D"). Thatis, T, f = P(¢. f) ¥ f € H*(D"), where P is the orthogonal projection
of LZ(T”) onto H 2(]D)”) Thus

(T, f)(2) = P(e(2). f(2)) ¥V f € H*(D"),z € T".

Toeplitz operators on H?(ID") have been earlier discussed by several authors. For the
convenience of the reader we mention here a few significant references [4,6-8,14,16,19,21]. In
the present work we give a matricial definition of Toeplitz operators on H2(ID"). It may be
mentioned that block Toeplitz operators with matrix symbol F & L®(C"") was first
discussed in [9]. Again in [19] we come across block matrix representation of Toephtz and
Hankel operators on L?(T"). In [15] the authors have used lexicographic ordering on Z for
matrix representation of Toeplitz operators on L?(T"). These references motivated us to
propose our definition of a Toeplitz matrix of level-n. However, our approach is significantly
different from what is done in earlier works. We first propose the definition of a Toeplitz
matrix of level nand then show that an operator on H?(ID") is a Toeplitz operator if and only if
it can be represented as a Toeplitz matrix of level 7.

Definition 3.2 (Toeplitz Matrix of Level n). Consider a sequence of scalars {a;},c» A
matrix of the type

QO kg,oon)  A(=Vkg,oorhn) A2y, n)

A kg, fn)  COy,kn) A=y, k)
A fgkn)  Mkgrkn) OOk )

is said to be a Toeplitz matrix of level 1, denoted as T,gj}m,m
A block matrix of the type
(1) (1) (1)
Lok Tk Tozpgt
(1) (1) @)
Tyt Lot Tkt

AAAAA
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Continuing, we get a block matrix of type
To(n—l) Tiﬁ_]) TE:;—])
Tl(n—l) Tén—l) Tﬁ"”
T 7 g

called Toeplitz matrix of level » denoted as 7™,

Theorem 3.3. A bounded linear operator A on H*>(D") can be represented as a Toeplitz
matrix of level nif and only if (Aey ¢, er) = (Aer,er) VRt € Zland1 <j < n

Proof is similar to that of Theorem 2.6 and is therefore omitted.

Theorem 3.4. A necessary and sufficient condition that an operator on H?(D") be a Toeplitz
operator is that it can be represented as a Toeplitz matrix of level n.

Proof. Let A =T, = PM, for ¢ € L*(T"). Then for &, t € Z/, and 1 <j < n, we have
<Aek+e]> et+éj> = <PMtpek+5j7 et+ej> = <M¢ek+éj7 et+éj> (3]-)

As M, is a Laurent operator, so Corollary 2.9 implies that
(Mersq.ervq) = (Moer, e) 32

Combining Egs. (3.1) and (3.2) we get
(Aersq, eriq) = (Myer,e)) = (P Mger, e1) = (Aer, e;).
Thus by Theorem 3.3, A can be represented as a Toeplitz matrix of level 7.

Conversely, suppose A is a bounded linear operator on H?(ID") which can be represented
as a Toeplitz matrix of level # Then by Theorem 3.3, we have

(Aeriq o) = (Ae,e)V kot €Zl, 1<j<n (3.3

For m € 7., let A, : L*(T") ~ L*(T") be defined as A,, = M,

 wAPMn where 2" =
Zl'...z}. Then for k= (ki,...,k,;) and t = (t1,...,%,) in Z%, and m € Z., repeated

application of Eq. (3.3) gives,
<Amekaet> - <Ae(k1+m....,kn+m)ae(l‘1+m....,tn+m)> - <Aek7el‘> (34)
Fork, te 7", wechoose N € Z, sufficiently largesothatk; + N,t; + N € Z, V1 <i < n,

and let k= (ki +N,...,k, +N), t= (1 +N,...,t,+ N). Then by Eq. (34), we have
VmeZy,

(Aney, 1) = (Aey, ) 35)
Also e; = My e;, e = M,ve, and Pej, = ¢;. Using this in Eq. (3.5) we get
<M;\r Am PMZNe]” et> = <A4;N APM;’\'ek7 et> = <Am+N €, et> = <ANek7 et)

ThusVk, t € Z",3 N € Z, such that
(Aminer,e) = (Ay er,e)Ym € 7, 3.6)
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Therefore, if f and g are finite linear combinations of ¢, for k#€Z", then the sequence

{(An f,8)} ez, 1s convergent. Also as [|A,|| < [|A]| Vn € Z., so the sequence {4y}, of
operators on L?(T") is weakly convergent to a bounded operator A, on L?(T").
Claim: A is a Laurent operator.
Asin Eq. (3.6), for k,t € 2" and N € Z,, we have
<A7W+Nek+él7ef+€,'> = <ANek+él7et+€i> Vi1 < i <n (37)

Taking limit as m — oo, in Egs. (3.6) and (3.7) we get
(Awer,e1) = (Aner,e1) = (MyAPMyey, e) = (Ae;, ¢;), and

<Amek+€,‘7et+él> = <ANek+f,"el‘+él> = <Ae}}+el>ef+el> = <Ae}~g7ei>'

Thus (Acer,er) = (Aclpie, bt ) V1 <i<n, k, t € Z", and hence Corollary 2.9
implies that A, is a Laurent operator, and the claim is established.

From Eq. (34) we have (Aer,e) = (Ae,e) VR, t €7, and m € Z,. Thus for
f,g € H*(D"), we have (A, f,g) = (Af,g).

Therefore (P Aw f,8) = (Aes f,8) = liMy o (Anf,8) = (Af,8)V f,g € H*(D"). This
implies that P A o) = A, whereA, is a Laurent operator. Thus, A is a Toeplitz
operator. [

Definition 3.5. For 1 <j <n, we define U, : H*(D") — H*(D") as U, f(2) = 2 f(2)
vVfe H¥D"), ze T

Remark 3.6. U, ¢, =¢pVREZ!, 1<j<n
Theorem 3.7. For1 <j<nandk= (ki,...,k,) € Z;, we have

e ifk#0
Uz]ek _{ 0 ' Otherwise

Proof. Letf € H?(D") where f(2) = 3", con fm?™

meZl;

Thenfor1 <j <nandk = (k,...,k,) € Z}, we have

(U, f.e) = <Z fmz’"“f‘zk> = Z fm<z’"“f‘zk>

meZ mez’;
_ {fk—e] ifki #0 _ {<f,€k—ej> ifki#0
0 ifk; =0 0 ifk; =0
* Chc. if k]‘ ;é 0
Th Ue = !
1S g {0 Otherwise

Remark 3.8. For1<j<nandk = (k,...,k,) €Z", we have

’ . iff;#0
U, U, er = epand U, U, e, = { gk 1Otlﬁjrwise
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Theorem 3.9. Let A be a bounded linear operator on H>(D"). Then A is a Toeplitz operator

ifandonbifU;AUzj:AV1 <j<n

Proof. If Aisa Toeplitz operator on H%(ID"), then, by Theorem 3.4, A can be represented as a
Toeplitz matrix of level-n. This implies, by Theorem 3.3, that (Aey,erie)
(Aep,e)V kit € 71,1 <j <n Applying Remark 3.6 to this relation we further
deduce that (U;;AUZ]. ere) = (Aep,e)V kit € 71,1 < j <m, which in turn implies

thatU;‘AUZJ:AV1 <j<n

Similarly, assuming UZ’;AUZJ =AV 1 <j <nand applying Theorems 3.3, 3.4 and
Remark 3.6 it can be shown that A is a Toeplitz operator on H*(D"). O

4. Slant Toeplitz operator on L*(T")
Let us consider a sequence of scalars {a;} ., . A matrix of the type

A(Lky,ky)  A(=2kg,y) A3, k)
Attyr) OOk )] A1)
AB ko) Uhgen)  ALeg,eon)

is said to be slant Toeplitz matrix of level-1, denoted as Ag)

obtained by eliminating all odd rows of the Laurent matrix of level-1 namely L,(;

Similarly if we eliminate all odd rows of the block Laurent matrix

1 a)

3o A71,k3 AAAAA fn A—Zkg,,..,kn
1) 1) 1)

Al,k3 ,,,,, o [Ao,}g ,,,,, k,J A—Lkg e
1) 1) (1)

Az,kg ..... fn Aueg ..... fn Ay T3

)

we get the slant Toeplitz matrix of level-2, denotd by A,(j

1) 1) (1)
A ) A-zﬁkg,....kn A—S,kg...“k

1) 1) 1)
Al‘kg‘...,kﬂ [AO‘kg.,...Je,,] Ly,

) ) &)
AS,kg,...,kn Az,k3 ..... fn A1.k3,,..,k,7

n
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,- Observe that it is the matrix

b, and given by



Continuing in this way, we eliminate the odd rows of the block Laurent matrix Toeplitz and

: : : slant Toeplitz
A(()n—l) Aﬁ‘” AT{” operators
ATV Al
AP Al e 83

to get the slant Toeplitz matrix of level-n, which is

(n-1) (n=1) (n=1)

ATV AT AY
A(n) — L AYt—l) [A(()n—l)] A(_nl—l)
(n=1) (n-1) (n=1)

Agn Azn Aln

Theorem 4.1. If T is a bounded linear operator on L>(T"), thenT can be represented as a
slant Toeplitz matrix of leveln if and only if (Tepya,erre) = (Tep,er)V kit € 7", and
1<j<n

The proof follows as in Theorem 2.6, and is therefore omitted.

Theorem 4.2. A bounded linear operator T on L?(T") can be represented as a slant Toeplitz
matrix of levelnif and only if M T = T MV 1 <j <n

Proof. Letjbe an integer such that 1 <j < z. Then,
M,T=TMV 1<j<n

if and only if (M, T ey, e;) = (T Mpe, 1), Vh,t€Z"andV 1 <j <n
if and only if (T ey, €1—;) = (T ery2q, €1), Vo, 1 €Z"and V1 <j < n
if and only if (T e, e;) = (Tekﬁfj,emj),Vk, teZ’andV1<j<n
The result now follows from Theorem 4.1. [

Definition 4.3. W : L*(T") » L?(T") is defined to be the linear operator such that for
e, if & is even;
0, if kis odd.
So for f(2) = Y e a7 € L* (T"), we have W f(2) = Y icom a2
Remark 4.4.
(i) For &, t € Z"

eachkeZ" We, =

1 if 2t =k,
(Wey, ey = {0 Otherwise.

andso |[W| =1
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AJMS (i) W"e; = ex V1 € 7", because (W ey, e;) = (ep, e2:) Vk, 1 €7". So for f(z) = > per w?
271 e L*(T"), wehave W f(2) = 3 jern @p2® = f(2°).

Definition4.5. For ¢ € L*(T"), we define the slant Toeplitz operator A, as W M. Hence,
if ¢ is the constant function 1then W = A;.
Theorem 4.6. ||A,] <]l
84 Proof. [[Ay|| = [WM,|| < [|[W| |M,]| = M|l = llello O
Theorem 4.7. If A, is a slant Toeplitz operator on L*(T"), then
(Agring, ereg) = (Aper,e) Vo, t €7, 1< j <.

Proof. Since A, = W M,, the result follows immediately from Corollary 2.9 and
Remark 4.4(z). O

Theorem 4.8. A bounded linear operator A on L*(T")is a slant Toeplitz operator if and only
if A can be represented as a slant Toeplitz matrix of level-n.

If A is a slant Toeplitz operator then by Theorems 4.1 and 4.7 it follows immediately that
A can be represented as a slant Toeplitz matrix of level-n. However, for the converse
implication we defer the proof to Section 6 as we first have to establish a few more results
needed thereof.

5. Properties of W and W~
Definition 5.1. Let P, be the projection of L?(T") onto the closed span of {es },c,» in

P P ~ J e, ifjiseven
L*(T"). Thus for j € Z" we have P, ¢; = { 0. otherwise.

Or equivalently we have P, (Y, e aiz") = 3 pem aziz®.
We make the following observations:

() W W" =1 andso W is a coisometry on L?(T").

(i) W*W = P, and so W is an isometry on P,(L*(T")).

In the following few results we refer to the subset S of Z”, the definition for which was already
given in Section 2.

Lemma 5.2. Let S ={(t1,...,t,) € Z"| each 1; is either 0 or 1}. Then for k € 7",k odd,
there exist unique k € 7" and 0#t € S such that k = 2k + .

Proof. Letk = (ki,...,k,) € Z". For each 1 <1 < #n there exists l%,' € 7 such that

b — 2k; if %;is even,
"7\ 2%+ 1 if ks odd.
Let & = (Z’/b e 71%;1) andt = (4,...,t,) where

f 0 if k;is even,
YT 1 if ks odd.

Then k = 2k + ¢ where k€ 7", t € S. Also kis odd implies #; = 1 for at least one i, so that s
non-zero.
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Uniqueness Suppose 3% = (k1,...,k,) € 7" and ¢ = (t1,...,t,) € S such
that b =2k +1.

Let if p0551b1e { #+t. Without loss of generality we suppose £ 1 ##, so that either £1 = 1
and 4 —0 orl‘1 =0and =1L

Now ¢, = 1implies #; = 2k, + ¢, = 2k; + 1, which is odd,

and #; = 0 implies & = 2k1 +hH = 2k1, which is even. Thus we get a contradiction.

Slmﬂarly, f1=0andf =1 give us a contradiction.
Thus / = ¢t implies 2¢ = 2kor kK =k [

Remark 5.3. Every non zero entry in Sis odd. Also¢; € Sforj=1,2,...,n
Lemma 5.4. Fort,keSwitht#0,k+#0, we have t + kis even if and only if t = k.

Proof. Suppose ¢ = k. Then ¢ + k& = 2¢, which is even.

Conversely, suppose ¢ # k. Then without loss of generality we assume that #; # &1, where
t=(t,...,ty), k= (F1,...,ky). Thus, either { = 0and by = 1;or 4 = land % = 0.Inany
case,

t+k=(th+Fk,. ...ty + k), where y + k1 = 1, and so ¢ + kis odd.

Thus ¢ # & implies that ¢ + % odd, or equivalently, £ + k even implies that f =% [

Theorem 5.5. W MW* =M, ifkeZ" and W My W* = 0ift € Z" is odd.

Proof. For k,peZ" W MuW+e, = W Mzegy = Wepin) = epsr) = Muep. Now if
teZ" is odd, then by Lemma 52, 2p+{ is odd, and so we have WM,W"e, =
W]%t@% = We(ng =0. O

Corollary 5.6. WM, W =0V1<j<n

Proof. This follows from Theorem 5.5. Taking ¢ = ¢; we get 2/ = zj where ¢ is odd. Thus
WM, -W*=0. 0O

Corollary 5.7. WM, W* =0
Proof. Lett =€ + e+ ---+ ¢, Thentisoddand 2/ =2 ---2, =2So WM, W* = 0. O
Theorem 5.8. Let f,g € L*(T") such that f g € L*(T"). Then
O W (fg) =W/ )(Wg),
@) W((W*f)(W*g)) =f&.
Proof. () W*(erer) = W*esry = €arr) = exnear = (W*ep)(W*e;)for k, t € 2". Thus for

fge*(T"), W'(fg) = (W' f)(W"g), provided f g € L*(T").
(i) As WW™ = I so the result follows immediately from ). O

Theorem 5.9. For ¢ € L>(T"), W A_ = M,, where y = We.

Proof Let ¢(z) = Zte"’” a2, so that §(2) = >, @z Then w(2) = Wo(2) = > e
Wz =3 o Gy and My, = 3 con @M.

Again, A, = W M, implies A}, = M_W" = MgW™ = 3", @M W".
Hence by Theorem 5.5,

WA Y A = .
Corollary 5.10. If ¢ € L*(T"), then We € L®(T").

Proof. Let ¢ € L (T"). Then by Theorem 5.9, My, = WA , which is bounded on L?(T").
Therefore W o e L*(T"). [
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AJMS Lemma 5.11. Let f€l*(T") and f(2) = Y per akzk. If for teS, we define f;(z) =
271 Sorern @nids then f(2) = Yoes 21(2). Also fo(&%) = P. £ (2) and fo(2) = W £ (2).
Proof. Let f(z) = Zke”“ ﬂkZ If g(z) == Zke””keven akz and h(z) == Zke””kodd akzk
then f(z) = g(z) + h(z). For t€S define f;(2) = > jem 2" As feLX(T"), so fie
L2(T")Vte S. We have

86 g(z) = Zkez”, kevenaka = Zkez”aZkZZk :fO(ZZ)'

Again, by Lemma 5.2,

hz) =D 0 4es ke age 2 = > 0stes 2 (X e aZkth(Zz)k) = D 0stes 2'f,(z%). Thus we have,
f2) =fZ) + ZO;&teStht(Zz) = Yies2h(@).

Moreover, by Definition 4.3, we have W g(2) = > ,com az 2" = fo(z),and W h(z) = 0, so
that W f(z) = fo(2).

Again, by Definition 5.1, we have P,g(z) = g(z) and P,i(z) =0 so that P, f(z) =
Pg(z) =g(2) =fo(z*). O
Theorem 5.12. Let f,g € L*(T") such that one of f and g is in L®(T"). Then W (fg) =

(WHW ) + puesd (WZf)(WZg).

Proof. By Lemma 5.11, we have, f(z) = fo(2*) + Y gues 2/:(2%) and g(z) = go(2*)+
S osees? &i(), where fo() = P.f(2), and go(z*) = Pug(2). Hence,

f&=f@)g(@) + fol@ (Zth >+go(zz)<zztﬁ(zz)>

0#teS 0#teS

+ (szfxf)) (szgtcz?)

0#teS 0#teS

5.1)

Applying Remark 4.4(ii), Theorem 5.8(ii) and Lemma 5.11 in that order, we get,
W(fo(2*)go(2%)) = W(W fo(2). W go(2)) = fo(2)go(2) = (W f(2))(W g(2)) 6.2

As fo(2%) (X oues 2'81(2%)) and €0 (2%) (X gues 211 (2%)) are expressions that involve only odd
powers of z, so by Definition 4.3,

14 {fo(zz) > ztgt(zz)] =0and W[go(zz) > z’f(zz)] =0. (.3)

teS, t#0 teS, 1#0

Again, (3 oues Ztgt(zz))(z:o#es 2fi(#) = D 0teS 204t€S kg (2%)fi(2%), where ¢+ k is
even iff = k, by Lemma 5.4. Therefore by Definition 4.3,

W(szgxf))(szﬁ(z ) S W W) W)

0#teS 0#teS 0#teS

=Y W(@@)W(i(E)). (64)

0#teS

Asg(2) =Y hes Z*gy(2%), so for any 0 #¢ € S, we have
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2g1(2*) = g(2) - Zke&k#t 2y (%) = gi(2%) =Z'g(z) — Ekes,k;&t 21g,(2%). Therefore, Toeplitz and

) » slant Toeplitz
W(g(z)) = W(Zg() (55 operators
Similarly,
W(fi(2%) = W(Ef(2)). (5.6)
So, Egs. (5.1)—(5.6) together imply, 87

W(re)=WHWa) +Y . ZWZHWZg). O

€S, t;eo

Remark 5.13. The above relation is correct provided the expression on the RHS is in
L2(T")ie. (Wf)(W g)and (WZ f)(WZ g)should be L?(T") functions. This is guaranteed
by Corollary 5.10.

6. Properties of A, and 4,

Lemma 6.1. For a bounded linear operator A on L*(T"), we have M, A = AM:N 1 <j <n
ifand only if My A = AMaNkeZ" ’

Proof. Suppose M A =AM,V k € 7" In this expression if we put £ = ¢; for any integer
Jwith 1 <j <n, we get M;; A = AM_. Conversely, if M, =AM, zV 1 <j < n, then for
k= (k1,... k) € 7" we have M A 7Mz”;l .. MflA 7AMZZ’€1 MZk" =Ma O
Theorem 6.2. A bounded linear operator Aon L*(T")is a slant Toeplitz operator if and only
My A=AMnuN k€ 7" Insucha case we have A = Ay with ¢(2) = 3,57 (Aer)(22).

Proof. If A is a slant Toeplitz operator, then the result follows from Theorems 4.8, 4.2 and
Lemma 6.1.

Conversely, let A be a bounded linear operator on L?(T") and suppose My A =
AM szV ke7"

We prove the result in the following steps:

(i) For ¢t € S, define ¢,(z) = Z'(Ae,)(z%). We will show that ¢, € L*(T").
(i) Define ¢(2) = > ,c5¢:(2). We will show that A = A,,.

Proof of step (i): Let 2 € L*(T") with h(2) = 3 e 2" If &(2) := h(2%), then E€ L2(T"),
E(2) = 3 ez and ||€|| = ||7]|. For £ € S we have

A(ZE(z)) = A (z”‘Zék Fa

kez”
= 6 AMuei(z) = > 5:M, Aey(2)
kez” kez”
= (Z(Skzk> Aei(2) = h(z). Aey(z) = (h. Aey)(2)
ke
Thus, AM!E = h.Ae; and A(Z'h(2%)) = (h.Ae)(2) Vi €S 6.1)

Also, [[My,,. h|| = ||Aer. h|| = [AML.&|| < [|A] M| ||5H A 2]
Therefore My,, is bounded and so Ae, e L*(T")V t€ S.
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AJMS This implies that ¢, € L*(T") V t€S.

271 Proof of step (ii): As ¢, €L®(T") V€S, so o€ L>(T"). Let F€L*(T"). So by
Lemma 5.11, F(2) = Fy(2*) + > _gues 2F1(2%), where W F(z) = Fy(z). Again applying
Theorem 5.12 we get
AF(2) = W MF(2) = W(e(2)F(2)) .
88 = (We@)(WF@)+ Y 2(WZe@)(WzF(z)
0#teS

By Definition 4.3, we have W¢,(z) = Ofor 0#£¢ € S, and so
We(z) = Wy (2) = W(Aey(2%)) = Aey(2).

Also, by applying Lemma 5.4 we get

(WZo@2)(WZF()) = <ZWzk+f (Aey)(z )(ZW-% >

keS keS
= (WZZ’A@( D)W EF(@)) =2 Ae(2)F ().
Therefore, A, F(z) = Aes(2)Fo(z) + > _ [2[* Aei(2)Fi(2)

0#£teS
F() Ae() + Z Ft Aet
0#£teS
=A(Ry(&)+ Y _AEF(Z)), by Eq. (6.1)
0#teS
=AR(&) + > _ZF(&) = AF()
0#£teS

Thus, A,F = AFVF € L*(T") which implies that A, = A. [

We are now in a position to complete the proof of Theorem 4.8, stated in Section 4.
Proof of Theorem 4.8. Suppose A is a bounded linear operator on L?(T") such that A can
berepresented as a slant Toeplitz matrix of levels. Then by Theorem 4.2 we have
M, A = AMZJQ V 1 < j<n. This together with Lemma 6.1 implies that M. A = AMx VY ke Z".

Hence, applying Theorem 6.2, we conclude that A is a slant Toeplitz operator.
Theorem 6.3. A A;, = M, where y = W(|o[").

Proof. A,A, =WMMW" = WM. W =W(WM, 2) = WA‘* ‘Z:Mv,,wherey/: W (|e[*),
by Theorem 59. O Y

Corollary 6.4. ||A,|* = |lwl|., where y = W(|¢|*).
Proof. || A, = [[A.A7]| = 1Myl = vl O
Corollary 6.5. A; is an isometry iff W|go|2 =1

Theorem 6.6. The map ©: L*(T")~ B(L*(T")) defined as t(¢) = A, is linear and
injective. Here B(L?(T") denotes the algebra of all bounded linear operators on L*(T").

Proof. For ¢,y € L®(T")and LeC,
t(he +y) = Aspry = W Mgy = MW M) + (WM,) =2y + Ay = 21(@) + 7(y).
Therefore 7 1s linear.
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Next to show 7is injective: Suppose 7(¢) = 0. This implies A, = WM, = 0.Let (z) = Toeplitz and

> iz @2". Then by Lemma 511, we have ¢(z) = 3.5 2°¢;(22) where @;(2) = > ycon @zie2”.  slant Toeplitz
Sofor t € Swehave ¢(2)z' = 352" ¢¢(2%), and since by Lemma 5.4, & + tis even only for operators

E=1s0 W(zf+t<p5(z2)) = 0if £+ £. Hence we have
W Me,(z) = W(e(2)2") = W (2% ¢,(2%)),

89
= W(Za2k+t22(k+t>> = thdzkﬂzk = Ztﬁot(z)
kez

<

kez"

Therefore, WM, =0 implies that ¢,(z) =0V¢e€S, from which we can conclude
that (z) =0. O

Theorem 6.7. MA, is a slant Toeplitz operator and MyA,, = A g2y ()

Proof. For each ke Z" we have M (M A, ) = M MA, = (MyAy )M, So, by Theorem
6.2, M A, is a slant Toeplitz operator. Again, as A, is slant Toeplitz, so
]WZkAW = A,,,]V[Z%Vk € 7" which implies that Mq,(z)Al,, = AV,M¢(22)V¢J eL® (—ﬂ—n).

Therefore, M¢AW = AW M¢(22) = WMII/Mgo(ZZ) = WMI/I(Z)go(ZZ) :Ay/(z)tp(ZZ)' O

Theorem 6.8. A, M, = M,A, if and only if y(2)¢(2) = y(2)¢(2?) for any z€ T". In
Dparticular, if y is invertible, then A, M, = MyA, if and only if ¢(z) = constant.

Proof. A,M, =W M,M, = WM, = Ay,, and by Theorem 6.7, M A, = A, 22) y(2):
Thus A, M, = MyA ifand only if A, ;o) = Ag(2)jy(o)- In other words, A, M, = M@AW if
and only if y(2)¢(z) = w(2)@(2%) for any z€ T".
If y is invertible, then there exists y~! €L® g”) such that yy ' =1 =y 1y, so that
02w (2) = ¢(Z*)w(2) if and only if ¢(z) = ¢(2°).

Now if @(z) = e @i, then ¢(2%) =3 4cn @2%, and sog(z) = ¢(z%) implies
Zkez", kodd @z + > osker (@2 — ap)2®* =0

This givesa, =0V kodd and ag, = a, VO0£keZ"

Therefore a;, = 0V 0# k€ 7", which yields ¢(z) = ay, a constant.

On the other hand, if ¢(z) is constant then ¢(z) = ¢(2%), and so we have
AyMy =M, A,.

Theorem 6.9. WA, is a slant Toeplitz operator if and only if ¢ = Q.

Proof. Theresultisobviousif ¢ = 0.Conversely suppose W A, is a slant Toeplitz operator
with ¢(z) = > c-»6.2". Then by Theorem 4.7, we get (W Agepiaq, erre) = (W Ager, er)
Ve, teZ" 1<j<n.

Now (W Agepiae, errg) = (Alr, e2r1q) = (W Moep, e21.4) = (Moey, ear42¢), and similarly,
(W Ager,er) = (Myep, eur).

So, WA<§ is slant Toeplitz implies that (Myey,es2e) = (Myer, es), which yields
(p(2)2", 24729) = (p(2)2*,2"). Consequently (X.5.271* 24+29) = (£,8,2° z*) showing
that 54t—k+2€j =6y VhiteZ", 1 <7< n

Thus 82, = HVREZ', 1 <j < .

So, for each k€ 7" and j = 1,2,...,n, we have &, = Oky2¢ = Okrag = Okt = - But
|k + 2\ej| — 0o as A — oo, and as @ € L®(T") 80 Sp4.22, — 0 as A — 0.

Hence &, = 0. As this is true for all k€ Z", so we must have ¢ = 0. [

Theorem 6.10. For ¢,y € L®(T") the following are equivalent:
(1) A Ay is a slant Toeplitz operator.
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@) @(&*)-p(2) = 0.

(i11) AGA, = 0.
Proof. (i) < (ii) Using Theorem 6.7 we get A,A, = WMyA, = WA
by Theorem 6.9, A,A,, is a slant Toeplitz operator if and only if ¢(2%). (2
(i) < (i)
As Ay Ay = WA 240 50 ApAy = 0 implies that WA .2, is a slant Toeplitz
operator Therefore, by heorem 6.9, o(2%).y(2) = 0. Conversely, ¢(2%). y(z) = 0 implies

M‘P(Zz w) = 0 and so A Ay/ =WA (22 (2) (22 (2)

The ollowing theorem gives a necessary and sufﬁcient condition for two slant Toeplitz
operators to commute.

Theorem 6.11. For ¢,y € L®(T"),A, A, = Ay Ay if and only if 9(2%)y (z) = w(2*)¢(2)
for any ze€ 7",

Proof. Suppose A, A, = Ay, Ay Now Ay A, = WM, A, and by Theorem 6.7, M, A, =

A2y Thus, A Al/, =A A¢ implies W Ay 2),() WAW(Z Jo(z)- In view of Theorem 6.6
We can infer that WA @@ -y@)ee) = 0 Wthh n turn implies that W A 2)y(2)—y(22)e(z) 192

slant Toeplitz operator Therefore by Theorem 6.9 we get (z22)y(2) —w(2%)¢(z) = 0 which
implies ¢(2*)y(2) = w(z*)¢(2).

Conversely, suppose ¢(2%)y/(z) = w/(2%)¢(2). Then by Theorem 6.9, we have W A, 2, ) -y (2)0(2)
is slant Toeplitz operator and equals zero. This together with Theorems 6.6 and 6.7 implies
that A, A, = A, A, O

Theorem 6.12. A2 = A, if and only if ¢ = 0. In other words, there are no non-zero
idempotents among sl‘;mt Toeplztz operators.

Proof. Suppose A2 A, Then Ai A, A, is slant Toeplitz, so that by Theorem 6.10 we
have AZ =0. ThusA = 0 =WA, Thrs n turn implies that W A, is slant Toeplitz, and by
Theorem 6.9 we get ¢ = 0.

Conversely, ¢ = 0=M, = 0=A4, = WM, = 0=A2 = A,. O

Theorem 6.13. A* 1s a slant Toeplitz operator if and only if ¢ = Q.

Proof. If o =0thenA4, =0= A and so A is slant Toeplitz.

Conversely, suppose A is slant Toephtz Then by Theorem 4.7,
(A¢ek+2€] i) = (A‘pek,et> Vk te7" 1<j<n Thisimplies that
(Agerie,riog) = (Ager,er) Yot € 7", 1<j<n, which in turn implies (W Mge;,;,
Chi2g) = (W Mgey,er) VR, t€Z", 1<j<n.
Taking ¢(z) = >, a:2" in the above expression, we get
(32, @219, 22 H0) = (37 azt %) Yk t€Z", 1<j<n, which yields a3, = @z VE,
tez1<j<n

Thus, apy3q =a,Vk€Z",1 < j < n and as in Theorem 6.9, this implies that
e=0. 0O

Corollary 6.14. There is no non-zero self adjoint slant Toeplitz operator.
Theorem 6.15. A, is hyponormal if and only if ¢ = Q.

) W& Therefore

Proof. A, is hyponormal if and only if [|A.f] >4 ? VfeL*(T"). Equivalently,
17 (@ Q) 2 @ W' ()| v/ €LX(T")

Let o(z) = > e ar 2°. If @ = 0 then clearly A, = 0 is hyponormal. For the converse we
consider the following two cases.
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Case 1: Let f(z) = 1 = ¢y(z). Then by Remark 4.4(ii), we have W*f(z) = 1

2 2
W(Z dk2k> Zﬁkz‘k
hez hez
2
= ZaZkzk 22|ﬁk|2

=Y laxl2) |af’

kez? kez?

= Z |ak|2§0

keZ" kodd
=aq,=0vVkeZ" kodd

So A, ishyponormal =

Therefore, (z) = >y amz™.
Case 2: Let f(z) = zso that W*f(z) = 2% and

2
A, ishyponormal = H w < Z az;gsz“)

kez!

2

§ Top ZZ—Zk

kez"
= 0> “Jax|*, by Remark 4.4(i)
kez

=ay=0Vk € 7"

Thus, ¢ =0. O

Theorem 6.16. A slant Toeplitz operator cannot be an isometry.

Proof. Let, if possible A, be an isometry. Then A’ +Ae =1 Or equivalently,

1Al = \VIIerLZ(T”)
By Theorem 6.3, A A}, = M, wherex// W|go|

Also by Corollary 6.4, ||1//H = |4, =

Let ¢(2) = >y n@2". Then [|¢]| = (Zkezn‘aﬂ ) = [ZteS(ZkeZ”|a2k+t| ] 7bY Lemma

5.2. Therefore,

teS \kez"

IWlel|l, = IW M2l = |14l = l[ell = llell = [Z(Zlawlzﬂ ©.2)

ForteS, A2 = WMZ = WY con 2™ = WY, 42" S0 by Remark 4.4(), A,z

> e @2r2". Combining this along with the fact that }

1
2 A2 |-
agmz’H = 1, which implies that Zfezﬂwzﬁ,\z =1
Using this in Eq. (6.2) we get ||W|(P|2Hoo = 2% since o(S) =2

So, || W|<,p|2||oo = 1means 2¢ = 1, which is only possible if # = 0.7 being a positive integer

this is not possible, and so we conclude that A, cannot be an isometry. [

Theorem 6.17. A, is compact if and only if ¢ = Q.
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Proof. We know that the set of compact operators on a Hilbert space H is an ideal of the
space of bounded linear operators on H. Thus,

A, is compact =AM, is compact = (A,M,)" is compact V¢ € S.

For teS, (AQJyzt)* = (WM M) = (W My,)" = AL,

So, W(A M) = WA, = M,, where y = W(*z ©) by Theorem 5.9

But AyM,: is compact implies that W(A,M,) = M, is compact, and consequently
y=0.

Hence (W(z¢),2") = (y,2”") =0V¥meZ", and so (g,z22"")=0VmeZ", teS.
Thus, if ¢(z) = Zkeznakzk, then we must have as,.; =0VmeZ", t€S, and now, by
Lemma 5.2, we geta, =0 VkeZ" sothat o =0. [

7. Remarks

In Section 3 we have shown that an operator on H?(ID") is a Toeplitz operator if and only if it
can be represented as a Toeplitz matrix of level z# Using this relation, we can define the
operator B, on H(D")as B, = WT,, calling it the compression of the slant Toeplitz operator
to the Hardy space of the polydisk. A study of the properties of B,, vis-a-vis that of A, should
yield interesting results. For H?(ID), similar studies have been conducted in [2], Section 3[18],
and [22].
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