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Abstract

Purpose — The purpose of this paper is to find a doubly nonlinear parabolic equation of fast diffusion in a
bounded domain.

Design/methodology/approach — For positive and bounded initial data, the authors study the initial
zero-boundary value problem.

Findings — The findings of this study showed the complete extinction of a continuous weak solution at a
finite time.

Originality/value — The extinction time is studied earlier but for the Laplacian case. The authors presented
the finite extinction time for the case of p-Laplacian.

Keywords Doubly nonlinear equation, Degenerate and singular equation, Sobolev critical case,

Finite time extinction

1. Introduction
Let Q c R"(n > 3) be abounded domain with smooth boundary dQ. For any positive T < oo,
let Q7 := QX (0, T) be the space-time cylinder, and let 9,Q7 be the parabolic boundary
defined by (0Q X [0, T))u (Q X {¢ = 0}). Throughout this paper, we fix p € [2, n) and
q + 1 = p*, where p* := % is the Sobolev critical exponent. We consider the following
doubly nonlinear parabolic equation

9 (u’) —Au=0 n Q

u=20 on 9Q X (0, o) 11

u(+,0)=uy(-) m Q

Here the unknown function # = u(x, ¢) is a nonnegative real-valued function defined for
(%, 1) €Qw := QX (0, ), and the initial data #, is assumed to be in the Sobolev space
Wol’p (Q), positive and bounded in Q and, A« := div(|Va|’ ~2Vu) is the p-Laplacian.

First of all, we will recall some fundamental results for the Eqn (1.1).
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In the case p = 2, the Eqn (1.1) becomes the so-called porous medium equation or the Equation of
plasma equation with the Sobolev critical exponent ¢ + 1 = -2 The global existence and  fast diffusion
continuity of a weak solution of (1.1) in the case p = 2 is proved in [1-3]. In particular, the
extinction at a finite time of a continuous weak solution is shown in [4, 5]. The positivity of the
unique weak solution is demonstrated in [6] and the decay estimation has presented in [6, 7].

The asymptotic behavior at the extinction time is also studied (see [8, 9)). The regularity

results for the porous medium equations and the p-Laplace equations are also established and 45
are the fundamental theory for the degenerate and singular parabolic equations (see[10, 11]).
Here we will consider a doubly nonlinear equation (1.1) with the p-Laplacian, the porous
medium operator and the Sobolev critical exponent and study the positivity, boundedness
and finite time extinction of a weak solution of Eqn (1.1). The Hoélder regularity of a weak
solution to Eqn (1.1) in homogeneous case ¢ + 1 = paccomplished in [12]. On the other hand,
in the nonhomogeneous case that ¢ + 1 is not equal to p, the regularity of a weak solution is
remained to be settled.

A doubly nonlinear parabolic equation, like the one considered above, has been studied
before, and the global existence of a weak solution is proved in [13, 14] and, for a positive,
bounded initial data in the Sobolev space Wol’p (Q), the boundedness, the expansion of
positivity and regularity of a weak solution to Eqn (1.1) are accomplished in [15] in the
Sobolev critical case thatg + 1 = %. The finite time extinction is also shown in [13]. These
results are the starting point of our study in the paper and thus, we will recall these
results later.

Now we will explain in details what we mean by complete extinction for solutions of
problem in Eqn (1.1). Our aim here is to show that there exists a positive time 7 such that « is
positiveinQ X [0, T)and« = 0inQ X [T, o0). This 7'is called the complete extinction time
for Eqn (1.1). From the preceding results, the expansion of positivity and a finite time
extinction, obtained in [13, 15], we find that a nonnegative weak solution of Eqn (1.1) is
positive in Q X [0, Tp) for some Ty > 0 and # vanishes in Q X [T, o) for some 7* > Ty.
Here we notice the possibility that a gap 7y < 7 may appear and thus, the solution may
have positive portion together with zero one in Q X [Ty, 7). The proof of the finite time
complete extinction is nothing but to show the equality 7y = T, that is the main issue in this
paper. Our main assertion is the following:

Theorem 1.1. (Finite time complete extinction). Let n =3, p€[2,3) and ¢+ 1 = 3%.
Suppose that Qs a convex bounded domain. Let #, be positive, bounded and in Wol‘p (Q). Let
u be a nonnegative, continuous weak solution of (1.1). Then there exists a positive 7' < oo
such that 7 is the complete extinction time for (1.1), that is, « is positive in Q X [0, T) and
u vanishes in Q X [T, o).

Under the interior positivity and finite time extinction, explained above, our main task is to
devise an appropriate comparison function, rely on the comparison theorem and verify that
To = T* above. We follow the construction of comparison function in [6], where the Laplace
operator being p = 2 is studied in any dimensional space domain. Here we shall treat the
doubly nonlinear operator, the p-Laplacian coupled with the porous medium operator with
the Sobolev critical exponent g + 1 = 33% in three dimensional space domain. We shall
compute the p-Laplacain under polar coordinates in the three space dimension, since the
higher dimension case seems to be technically difficult. So far, there is no generalized method
to evaluate the p-Laplacian in higher dimensional case since this operator is nonlinear and we
cannot apply the cylindrical coordinates and the mathematical induction to generalize the
case for higher dimension. The convexity of domain is used for the comparison argument to be
worked well for our demand (see the proof of Theorem 4.1). Here we also need to assume the
continuity of a weak solution to Eqn (1.1), because the regularity for (1.1) is now unknown to
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AJMS be valid in the nonhomogeneous case that ¢ + 1 is not equal to p, stated as before. In the
281 forthcoming work, we shall study how to remove the assumption of regularity.
’ The structure of this paper is as follows. In Section 2, we prepare some notations, algebraic
inequalities and the definition of weak solution for future use. In Section 3, we gather the
fundamental properties of a weak solution of Eqn (1.1) such as the global existence of a weak
solution, nonnegativity and boundedness, the so-called expansion of positivity and a finite
46 time extinction of a weak solution. The final Section 4 is devoted to the main theorem and its

proof. The proof relies on an appropriate choice of comparison function. Here the computation
of the p-Laplace operator is done under the polar-coordinates in three dimensional space
domain.

Remark 1.2. We prove our main theorem for the case of critical Sobolev exponent as we
have used the Talenti’s function which is a unique solution of the stationary equation on all of
space R” corresponding to Eqn (1.1) (see [16, 17]) to make bound the extinction time. This
special function is legitimate for the case of critical Sobolev exponent. Using the usual energy
estimates finite extinction time for the subcritical and critical case can be achieved (see [18]).
For the supercritical case finite extinction time cannot work well.

2. Preliminaries
We exhibit in this section some notation, analytic tools, definition and statement of some
basic theorems including the comparison theorem used later.

2.1 Notation

Following the standard text books [19, 20], we set the following notation. Let Q be a bounded
domain in R”(n > 3) with smooth boundary dQ and for a positive 7 < oo let
Qp := QX (0, T) be the cylindrical domain. Let us define the parabolic boundary of Q by

8,Qr :=3Q X [0, T)uQ X {t = 0}.
Now, we will present some function spaces, defined on space-time region. For

1<p,q< o0, LI(h, ts; LP(Q)) is a function space of measurable real-valued functions
on a space-time region Q X (#1, #2) with a finite norm

ty :
([ wolaa) a<o<

esssup||o(£)[[ q) (¢ =o0),
H<t<fy

12110 (1,1 2000

where
(/w(x, B dx)ﬁ (1<p < )
o) = Q
esssup|v(x, 1) (p = ).
xXEQ

when p = ¢, we write L2 (Q X (t1, ;)) = L*(h, to; [?(Q)) for brevity. For 1 < p < oo the
Sobolev space W'#(Q) consists of measurable real-valued functions that are weakly
differentiable and their weak derivatives are p-th integrable on €, with the norm
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Illyrgy = ([ + 190l ) fast diffusion

where Vo = (v,,, ..., v,,)denotes the gradient of v in a distribution sense, and let W, (Q)
be the closure of C3(€) with respect to the norm || - | 1,- Also let L9(t, #,; W,?(€2)) denote
a function space of measurable real-valued functions on space-time region with a finite

norm 47

ty q i
||U||L'1(tl,t2;Wé"’(Q)) = (/t llv(@)]] 1 dt) .
) wir(@)

Let B =B, (%) := {x€R" : |x—x9| < p} denote an open ball with radius p > 0 centered at
some xy € R".
The algebraic inequality is often used later on.

Lemma 2.1. (Algebraic inequalities, [10]). For every pe(1, oo) there exist positive
constants G (p, 7) and Gy (p, #) such that for any &, neR”

|lE72E — Inf"*n| < Ci(l€] + [nl)"~1& — n] @1
and

(1€ = In"n)-(€ = ) = Cole =l 22)
where dot . denotes the inner product in R”.

2.2 Weak solution
Here we are going to define a weak solution which is the most basic prerequisite element to
conduct the ongoing research of our Eqn (1.1).

Definition 2.2. Let 0 < T < o0. A measurable function » defined on Q7 is called a weak
supersolution (subsolution) to (1.1) if the following (D1)—(D3) are satisfied:

D1) ueL>(0, T; Wy (), d:(u?) € L*(Qr);
(D2) For every nonnegative ¢ € C°(Qr),

- / W dedt+ | [VulVu-Vedrdt > ()0,
Qr

Qr

D3)  |Ju(t)—uol|yyrs — 0ast — 0.

A measurable function # defined on Q7 is called a weak solution to Eqn (1.1) if it is
simultaneously a weak sub and supersolution, that is,

—/ quotdxdt—k/ Va2 Vu-Vedrdt 0
Qr Qr

for every ¢ € C*(Q7).
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AJMS 3. Fundamental facts and results
281 In this section, let >3, p€[2, n)and g+ 1 = n”—fp, the Sobolev exponent.

3.1 Existence of a weak solution
We first state the global existence of a weak solution of Eqn (1.1). For the proof see
48 [14, Theorem 1.1].

Theorem 3.1. (Existence of a weak solution).
For any uy € Wol’p (Q)NL*(Q), there exists a global weak solution of Eqn (1.1).

3.2 Nonmegativity and boundedness
We notice that a weak solution to Eqn (1.1) is nonnegative and bounded provided that the
initial value #q does so. See [15, Propositions 3.4 and 3.5] for the proof.

Proposition 3.2. (Nonnegativity and boundedness). Suppose that uoeWOl’p (Q),
nonnegative and bounded in Q. Then

0<u < |up| o) Q7

3.3 Comparison theorem

We here state the comparison theorem being available for Eqn (1.1), that is used in the proof of
our main theorem later. The proof is given in Appendix. We say that # > v on 9,Q7 in the
trace sense, if

(—u(t) +o(t), € Wy (Q), forevery t € (0, T),

. 3.1
and (- u’(t) +0*(¢)), - 0in L' (Q) as £ \0.

Theorem 3.3. (Comparison theorem, [15]). Let # and » be a weak supersolution and
subsolution to (1.1) in Q7 := Q X (0, T), respectively. If # > von d,Qin the sense (3.1), then
it holds true that

u>vinQr.

3.4 Expansion of positivity
In this section, we state some positivity results of a nonnegative weak solution to the doubly
nonlinear Eqn (1.1), that we will use later to prove our main theorem. We recall that the so-
called expansion of positivity holds true for a nonnegative weak solution of Eqn (1.1). This
positivity result is proved in [15]. Here we recall them without the proof. The regularity of the
solution can be realized upto the positivity region and after that region we do not know about
the regularity of the solution of Eqn (1.1).

The following is the expansion of positivity in a compact subdomain. For the proof see
[15, Theorem 4.7].

Theorem 3.4. Letqg+ 1= %, the Sobolev critical exponent. Let # be a nonnegative weak
supersolution of (1.1). Let Q' be a subdomain contained compactly in Q. Let 0 < p < w
and f € (0, T]. Assume that

Qn{ut) 2 L} = alQ| (32)
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holds for some L > 0 and a € (0, 1]. Then there exist positive integer N = N(Q'), positive Equation of
numbers § < 1, § < 1and positive integers / and / depending on p, 7, aand independent of  fast diffusion
L, and a time ¢y > f, such that

u>nL
almost everywhere in
, 1\ 8(L)"* s(nL)" 49
Q X (tN+ (k+§) Tpp, tv + (k+1)Tpﬁ
for some k€ {0, 1, ..., 2+ -1}, where fy is written as
3\ 8(nL)"?

Iy =ty + (€+Z)T

for some £€{0, 1, ..., ZH1},

If a nonnegative weak supersolution # is positive in  at some time #, > 0, its positivity may
expand in a future time interval starting from £, that is without any waiting time. See the
proof in [15, Corollary 4.8].

Corollary 3.5. Letg+1= %, the Sobolev critical exponent. Let # be a nonnegative weak
supersolution of (1.1). Let Q be a subdomain contained compactly in Q. Suppose that

u(ty) > Oalmost everywhere in Q for some £, € [0, T'). Then there exist positive numbers 7,
and 7( such that

u>n, ae in Q Xk, b+ 7).

Once the interior positivity holds true, the positivity around the boundary can follow from the
usual comparison function. See the proof in [15, Proposition 4.9].

Proposition 3.6. (Positivity of the solution near the boundary). If #y > 0 in Q then every
nonnegative weak supersolution # to Eqn (1.1) is positive near the boundary.

3.5 Extinction of solutions
In this section, we will state the definition of finite extinction time and a proposition which
ensures the existence of finite extinction time of a solution to Eqn (1.1). Firstly, the extinction
time is defined as follows:

Definition 3.7. (Extinction time). Let # be a nonnegative weak solution to Eqn (1.1) in Q..
We call a positive number T* an extinction time of u if

(1) u(x, t)isnonnegative and not identically zeroon Q X (0, 7).
@ u(x, t) =0for anyx € Q andforallf>T*

The following proposition presents the finite time extinction of the solution of (1.1).

Proposition 3.8. Letg+ 1= n”f’ 5 the Sobolev critical exponent. Suppose the initial data

o > 01in Q. Then there exists 7% > Osuch that u = 0in Q X [T", oo)

For the proof see Appendix. Here we use the special function peculiar to the Sobolev critical

caseq+1:%.
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AJMS Proposition 3.9. Letg+1= % the Sobolev critical exponent. Let # be a nonnegative
281 weak solution to (1.1) in Q. Then there exists an extinction time 7 > 0 for # which is
b

bounded as
maxuy ¢+1-p
<2 (20 :
qg+1—p rrgnY

where Y is Talenti’s function defined by

v =2 (o(1=2) ) (1 (552

with a positive parameter A.

50

Talenti’s function is an unique solution of the stationary equation on all of space R”
corresponding to (1.1) (see [16, 17]).

4. Main theorem
Our main result in this paper is the following theorem.

Theorem 4.1. Suppose that n =3. Let pe[2,3)and g+ 1= 3%, the Sobolev critical
exponent. Let Q be a convex bounded domain with smooth boundary. Suppose
that the initial data #y belong to WOIL”(Q), positive and bounded in Q. Let » be a
continuous weak solution of Eqn (1.1) in Q, := Q X (0, o) with the initial and boundary
data uo. Then there exists a positive number 7" < oo such that # >0inQ X [0, T)
andu = 0inQ X [T, ).

Proof. By Theorem 3.4 and Proposition 3.8, we have the existence of finite positive
Toand T* such that # > 0inQ X [0, Tp) and # = 0inQ X [T*, o0). We notice that the
solution # may have a positive portion and a zero one in Q X [Ty, T*). Therefore, our aim is
to show that 7y = T*. The uniqueness of a weak solution to (1.1) holds true by the
comparison principle, Theorem 3.3. Thus, we may assume the following: for any
to€ [Ty, T*), there exists a space point xp €Q such that u(xy; fo) > 0. Indeed, if
u(to) = 0in Qforsomety € [Ty, T*), then the function # being extended to zero in
Q X [y, o0)isalso a weak solution of Eqn (1.1). That contradicts the choice of £y € [Ty, T7)
(see Figures 1 and 2).

For any # €[To, T*), let xp € Q such that u(xo, ) > 0. Since « is continuous, there
exists a ball B, () C Q with center xy and radius p, > 0 and a positive number & such
that # > 0 in B, (x0) X (%, fo + 6o). To proceed our argument, we will work under the
polar coordinates around any boundary point of Q. Let x; be any point on dQ. By a
translation, let x; be transformed to the origin. We use the polar coordinates around the
origin, where Eqn (1.1) is invariant under a parallel transformation and a rotation and
thus, if necessary, by the rotation around the origin, we may assume that the first
component axis is the line passing through two points, the origin and x,, and the other
component axes are orthogonal to the above first axis and each other. Then, we make
some conic space region with vertex at the origin and small angles around the first axis
such that the final arc like part of the cone is in B, (xo). This conic space region is denoted
by C and, let R := C X (t, ty + &) It is verified by the convexity of the domain that
C c Q, if the angles around the first axis are small, and thus, R c Q X [T}, T*) for a small
positive &.
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Figure 1.
Domain with boundary
and conic region

20

= .';:IIII,//////////// ///‘
II”I,I//////////////////:‘/(% Z0

Figure 2.
One cone with the
coordinate axis x and y

Let the comparison function in the three dimension be defined as

w(r, 0, ¢, t) :==m(t — ty)r*cos (%’) sin (% (db — g) + g) 4.1)

in the time-space region R := C X (ty, fy + &) given by the variables (7, 6, ¢, t) in the
range

0 <7 <R :=diam(Q),
r r
Q*ﬂ<¢<§+ﬁ7
—a<0<a,

to <t < ty—+ do,
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AJMS where the positive parameters a, 5, 8,, m and u are determined according to the demand,
281 later. As before, we choose @, § and §, so small that R cQ X [T}, T*). Again, that is
’ possible by the hypothesis that the domain Q is convex (see Figures 3-5).
For brevity, we use the abbreviation hereafter

=% = (6-3)+5

2a’ - 28 2 2
52
Yy
1
0
y = cos (32)
Figure 3. )
Graph of y = cos (g—z) —« O e}
Y
y=rt (p>1)
> T

Figure 4. 0
Graph of y = 7#

Y
1 |-
Figure 5.
Graph of
y =sin
(5(¢-1) +9) 0

Downl oaded from http://ftp. nowublishers.conlajnms/article-pdf/28/1/44/ 117996/ aj ms- 08- 2020- 0042. pdf by guest on 12 June 2026



There holds Equa tion of
\Val* = m?(t — ty)* 12 |:/42COSZ(] )sin’(IT) + (E)Z cos®(I)cos® (1) fast diffusion

2p

1 \2 4.2

.2 .9 .

m (%> sin”(/) sin” (I )],

Aw — 1 1 2 cotg 53
W= Wy + ;TZW¢¢ + mﬂ)&g + ;wr + 71/0(1)
_ 2|} 2 m\?2 1 /72 .
= m(t — t)r* Hu - (@) s (%) }cos([)sm([]) 43)
+ (%) %cos([)cos([l)}.
We know that

Apw = [V [|[Vw[ Aw + (p — 2)S],

where

n
S= E Wy Wy Wi,

i=1

The drift term is computed as
S = m®(t — tp)*r¥ {(u“ — i) cos®(I)sin® (I7)
ﬂ
2p
- (%)4coss(l)sin(ll)cosz([[)

+2u ( )Zcos3 (I)sin(IT)cos*(Il )

2

2
+= fz ¢ﬂ2 (55) sin’(Dcos()sin’ (11)

ﬁ () ’ (%) "sin? (I)cos(I)sin(ITcos(IT)
1 (i) 4sin2 (I)cos(I)

 sin'g \2a

— psin® (I7) (%
- siizd)” (52) sin*(Dcos(Dysind 11

)’ cos? (Iysin(IT)cos” (1T

_ ;Or;z (%)2 (%) sin?(I)cos(I)sin? (I )cos ()
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AJMS and thus,
28,1 S = m®(t — t)*r¥*cos(I)sin(Il ) {(,u“ — i) cos?(I)sin* (1)

4
) cos?(I)cos?(IT) — (—) cos?(I)cos?(IT)

% 2
54 2 (%)Zsinz(l)sinz(ll) +-2 (%)2(2—7;)2Sin2(1)c052(11)

sin’¢ sin’¢p

+2,u(

- Sm14¢ (%)21& (D)sin () — p (%)Zcosz (Icos(Il)

1
sin’¢

u(5) “sin?(1)sin?(11)
cos ¢

" (%)2 (Zﬁ) sin®(I)sin(II )cos (I )}

> m®(t — t)*r¥*cos(I)sin(Il ) {(,u“ — i) cos*(I)sin*(I)

n (ﬂ)z 5P — (%)2 - ,u) cos?(I)cos*(Il)
2

- sifng (%)2 %)ZSiHZ (1)
- ;C;qub (%) ’ <27;) sin ([ )sin(Z7)cos (11 )]

= m®(t — t,)°r***cos(I)sin(I) [(u“ — %) cos* (I )sin® (IT)
+ (%)Z (2/42 - (%)2 - u) cos?(I)cos?(IT)
1 2 %)2 772-21~2H
+sin2q’) w— S0 — U <%) sin”(I)sin”({T)

+ 51;2 ; (%)2(2 ﬂ) sin (1){2(2’;) C(:Sgsm(ll)cos(]l)} >0
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2
if we choose as ”2 > (2 ﬂ> which is verified by a large positive u depending on a small g, and Equation of
the lower positive bound of sin ¢ such that % sinp<lfor¢pe ( -p, 5+ /f). fast diffusion

[Vaol’™ = mP=4(t — t)P "= DD {ﬂ cos*(I)sin? (1)

-4

+ (%) 2C052 (])cos2 ) + Siizqs (%) Zsinz (])Sinz([])] = >0 55

and thus, letting Lw = d;u? — Ayw, we have
—Lw > — duw’ + |V Aw

= — qm?(t — 1) ' cos? (D)sin (IT) + m ™' (t — by )P~y D02

X {uzcosz (Isin(IT) + (%) 20052 (Icos*(II)

(1) sin (1)sm2(11)r

sin”¢ \2
X 2 K bu- ﬁ (%)2) cos(D)sin(l)
+ (%) % cos(I)cos(Il )]

> —qmi(t — ty)" rcos? (I)sin’ (1)
+ w7t — to) T 0D 2ot =2 (sin 2 (1)

X K”Z _ (%)2 +u— @ (%)2>cos(l)sin(]])}
> mP7L(t — by D cos? Y (1sin = (IT)

X [‘q mt= 07t — 1)y os 0P (1)sin P (17)

o )

> mP7(t — to) 0D P eost Y (1sin ™ (IT)

X [—q mI~07V (¢ — ty)?P pra-+l+p

+p (ﬂz - (%)2 +u —@ (%)9>] 2 0.

Here the reasoning is as follows: since 0<7 <R = diam(Q)and ) <t <t + &, the
parameter m can be so small that the quantity in the bracket is positive. Thus,
Lw = 0uw? — Ayw <0 = Luin R. The boundary condition of w is verified as follows: On the
lateral boundary, w = 0 because at § = a, —a,
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281 2a 2 2

andat g =5—p, £+ 5,

% (¢ - g) +g: 0, z; sin(ll) = 0.
56

On the arc like boundary of R, w < u if the parameter  is so small that 0 < w < m &
(diam(Q))" < min 4, where A = B, (x0) X (fo, to + 6). On the initial boundary C X
{t =1}, w(x, t) =0 < u(x, fy). Therefore, w is the subsolution of L in R and thus,
u > win R by Theorem 3.3. Hence, the solution # is positive in R. This is true for any R with
vertex on the boundary dQ and thus, # is positive in Q X (), f + &), because of the
convexity of the domain. Hence the proof is complete. O
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Appendix
Proofs of Theorem 3.3 and of Proposition 3.9
Here we are going to provide a detailed proof of Theorem 3.3, and Propositions 3.8 and 3.9, since their
results are actually used in the proof of the main theorem.
At first we will depict the proof of Theorem 3.3.

Proof of Theorem 3.3. Following [15], we prove our assertion. For a small § > 0, let us define the
Lipschitz function ¢, by

o5(x): :min{l, %*}

Note that ¢5(v —u) € L®(Qr) and L*(0, T; Wol‘p(Q)). Let0 < t; < t< T and oy, be the Lipschitz cut
off function on time such that

0<64,,<1, 04, =1in(t; + 6, t — §) andsupp (o4, C (11, ¢).

Yy
Ot
1

. * S
ty+6 t—4o

Choose an admissible test function oy, ; ¢5(v — %) to have
/ 3:(u?)or, 4 Ps(v — u) dx dt + / \Vul" V-V (ps(v — u))oy, ,dxdt > 0 (A1)
Q

Q

1t 1t
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28,1 /
Q

Note that

81(9)01, s b0 — u) drdf + / Vol Vo V(v — u))ordvdt < 0. (A2)

Q

1.t 1.t

58 (Vo—Vu) O<v—u<$é

V(@5 —u)) =

S »l =

otherwise
and thus,

V(@50 —u)) =
Subtracting (A.1) from (A.2) to have

/ 3 (0" — ul)oy,  bs(v — ) dxdt + / (IVoP~vo
Qp

Qp

(VU - Vu))({0<v—u<6}'

SN

_ 1
— |VulVu) 5% (Vo = Vi)Y (0<pye5, 01 ¢ dx dt <O (A3)
by (2.1) in Lemma 2.1, the second term on the left hand side of (A.3) is bounded below as

c
s o= it > 0 (A4
Q,

1t

for a positive constant C. Thus (A.3) and (A.4) lead to

/ 810" — u)By(v — sy, drdt <0, (A5)

1t

Since d;(v9) and d;(u?) belong to L?(Q7), by the Lebesgue dominated convergence theorem, we can take
the limit as 6§\ 0 in (A.5) and then obtain, as # \0,

/(zﬂ(t) —u(t)), dx <0

and thus, 7 <#? in Q for nonnegative <7, which is equivalent to that v(¢) <u({) in

Q, for nonnegative < 7. Hence the proof is complete. O
Proposition 3.8 is given by Proposition 3.9. Therefore, we are now going to exhibit the proof of the
Proposition 3.9.

Proof of Proposition 3.9. The proof is similar to [13]. We consider the solution of the corresponding
elliptic equation of (1.1) for the sake of construction of a suitable comparison function and this function
is called Talenti function [17] which is defined as

_n=p

Vas () i= (a+ble—yp7) 7,z yeR", (A6

where a and b are positive numbers. G. Talenti showed in [17] that this function is the best constant in
Sobolev inequality. Furthermore, a straightforward mathematical calculation reveals that Y, is a

solution of the equation
p-1
n —
—Aj) Ya,b,z =n ( p) a bp_l Y

in R".
p _ 1 abz
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In [16], Sciunzi showed that solution of this equation is necessarily of the form Equation of
a fast diffusion

Y(x) = Vo (x) = % <n<z :i’)pl); <1 4 ("‘%)ﬂ A7)

with a parameter A > 0. Now what remains to show that a solution of Eqn (1.1) should be extinct at a 59
finite time.

To proceed further, we assume by a translation that the origin 0€ Q. Let u = u(x, t) be a
nonnegative weak solution to Eqn (1.1). Next, let W (x, ¢) = X(x)7'(¢) be a nonnegative separable
solution of

Wi —AW =0 inR"X(0, ).
Then X (x) T'(¢) satisfies

(T(t)") =pT(tY™ in(0, o)
{ ApX = uX? inR", (A8

where u is a separation constant. Applying integration by parts to the first separable function, we see
. R .
that the separation constant y < 0. Let us set X := (—u)~ 77Y to obtain

~AY =Y? inR" (A9)

A finite-energy solution to (A.9) is given by (A.7). By direct computation, we find that
1

1— _ q+1-p

T(t) = T(0) (1 T +q 2 oy <‘”1)t>

+

solves the first equation in (A.8), where 7°(0) is the initial data. Thus the vanishing time 7" of T'(¢) is
given by

w0 -l q g+1-p
T = () T,

Let U(x, £) be (—)~ 77Y () T(£). Then
O=u(x,t)<U(x,t) ondQ X0, T7.

We choose the initial data for the ODE in (A.8) as

maxius
Q

7(0) : (—u)7= (A.10)

" minY
Q

and therefore, we find that

up(x)<U(x,0) in Q.

According to Theorem 3.3, we have
u(x, t)y<U(x, t) in Qp
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281 q maxugy ¢-+1-p
’ T°<T)= —( ¢ ) :
g+1-p

minY
Q

where (A.10) is used. The proof is complete. O
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