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Abstract

Purpose – The purpose of this study is to develop stable, convergent and accurate numerical method for
solving singularly perturbed differential equations having both small and large delay.
Design/methodology/approach – This study introduces a fitted nonpolynomial spline method for
singularly perturbed differential equations having both small and large delay. The numerical scheme is
developed on uniform mesh using fitted operator in the given differential equation.
Findings – The stability of the developed numerical method is established and its uniform convergence is
proved. To validate the applicability of the method, one model problem is considered for numerical
experimentation for different values of the perturbation parameter and mesh points.
Originality/value – In this paper, the authors consider a new governing problem having both small delay on
convection term and large delay. As far as the researchers’ knowledge is considered numerical solution of
singularly perturbed boundary value problem containing both small delay and large delay is first being
considered.
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1. Introduction
A differential equation is said to be singularly perturbed delay differential equation, if it
includes at least one delay term, involving unknown functions occurring with different
arguments, and also, the highest derivative term is multiplied by a small parameter. Such
type of delay, differential equations play a very important role in the mathematical models of
science and engineering, such as the human pupil light reflex with mixed delay type [1],
variational problems in control theorywith small state problem [2], models of HIV infection [3]
and signal transition [4].

Any system involving a feedback control almost involves time delay. The delay occurs
because a finite time is required to sense the information and then react to it. Finding the
solution of singularly perturbed delay differential equations, whose application mentioned
above, is a challenging problem. In response to these, in recent years, there has been a growing
interest in numerical methods on singularly perturbed delay differential equations. The
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authors of [5–7] have developed various numerical schemes on uniformmeshes for singularly
perturbed second-order differential equations having small delay on convection term.
The authors of [8–12] have presented second-order differential equations having large delay.

In this paper, we consider a new governing problem having both small delay on
convection term and large delay. Additionally, in recent years the correlative physical
phenomena in-depth of the problem under consideration have been done by the authors
[13–17]. As far as the researchers’ knowledge is considered numerical solution of singularly
perturbed boundary value problem containing both small delay and large delay is first being
considered. Thus, the purpose of this study is to develop stable, convergent and accurate
numerical method for solving singularly perturbed differential-difference equations having
both small and large delay.

Throughout our analysis C is generic positive constant that are independent of the
parameter ε and number of mesh points 2N. We assume that Ω ¼ ½0; 2�, Ω ¼ ð0; 2Þ,
Ω1 ¼ ð0; 1Þ,Ω2 ¼ ð1; 2ÞandΩ� ¼ Ω1∪Ω2.L1 andL2 are the linear operator associated to the
domain Ω1 and Ω2, respectively.

2. Statement of the problem
Consider the following singularly perturbed problem

LyðxÞ ¼ −εy00ðxÞ þ aðxÞy0ðxÞ þ bðxÞyðxÞ þ cðxÞyðx� 1Þ þ dðxÞy0ðx� δÞ ¼ f ðxÞ; (1)

yðxÞ ¼ fðxÞ; x∈ ½−1; 0�; yð2Þ ¼ l; (2)

where δ is small, that is δ ¼ OðεÞ, 0 < ε � 1, fðxÞ is sufficiently smooth on ½−1; 0�. For all
x∈Ω, it is assumed that the sufficient smooth functions aðxÞ; bðxÞ, cðxÞ and dðxÞ satisfy at
aðxÞ≥a1 > a> 0; bðxÞ> b≥0; cðxÞ≤ γ < 0; dðxÞ≥ζ≥0, and 2ðaþ ζÞ þ 5bþ 5γ > η> 0;
aða1−aÞ þ 2γ > 0. The above assumptions ensure that y∈X ¼C0ðΩÞ∩C1ðΩÞ∩C2 ðΩ1∪Ω2Þ.

The boundary value problem 1–2 exhibits strong boundary layer at x ¼ 2 and interior
layer at x ¼ 1. Expand y0ðx− δÞ about x using the Taylor’s expansion and discard higher
order terms. Then, the above problem can be approximated by

cε;δðxÞy00ðxÞ þ pðxÞy0ðxÞ þ bðxÞyðxÞ þ cðxÞyðx� 1Þ ¼ f ðxÞ; (3)

where cε;δðxÞ ¼ −ε− δdðxÞ and pðxÞ ¼ aðxÞ þ dðxÞ;
yðxÞ ¼ fðxÞ; x∈ ½−1; 0�; yð2Þ ¼ l: (4)

As we observed from Eqns (3) and (4), the values of yðx− 1Þ is known for the domainΩ1 and
unknown for the domain Ω2 due to the large delay at x ¼ 1. So, it is impossible to treat the
problem throughout the domain ðΩÞ. Thus, we have to treat the problem at Ω1 and Ω2

separately. Eqns (3)–(4) are equivalent to

LyðxÞ ¼ RðxÞ; (5)

where

LyðxÞ ¼
8<
:

L1yðxÞ ¼ cε;δðxÞy00ðxÞ þ pðxÞy0ðxÞ þ bðxÞyðxÞ; x∈Ω1;
L2yðxÞ ¼ cε;δðxÞy00ðxÞ þ pðxÞy0ðxÞ þ bðxÞyðxÞ þ cðxÞyðx� 1Þ;
x∈Ω2:

(6)

RðxÞ ¼
�
f ðxÞ � cðxÞfðx� 1Þ; x∈Ω1;
f ðxÞ; x∈Ω2:

(7)
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with boundary conditions 8<
:

yðxÞ ¼ fðxÞ; x∈ ½�1; 0�;
yð1−Þ ¼ yð1þÞ; y0ð1−Þ ¼ y0ð1þÞ;
yð2Þ ¼ l:

(8)

3. Properties of continuous solution

Lemma 3.1. (Maximum principle) Let ψðxÞ be any function in X such that ψð0Þ≥ 0;
ψð2Þ≥ 0; L1ψðxÞ≥ 0; ∀x∈Ω1; L2ψðxÞ≥ 0; ∀x∈Ω2 and ½ψ 0�ð1Þ≤ 0thenψðxÞ≥ 0; ∀x∈Ω.

Proof. For the proof refer [8] ▪

Lemma 3.2. (Stability result) The solution y(x) of problem (3)–(4), satisfies the bound

jyðxÞj≤C maxfjyð0Þj; jyð2Þj; sup
x∈Ω�

jLyðxÞjg; x∈Ω:

Proof. For the proof refer [8] ▪

Lemma 3.3. Let yðxÞ be the solution of (3)–(4). Then we have the following bounds

����yðkÞðxÞ����Ω� ≤Cε−k; k ¼ 1; 2; 3:

Proof. For the proof refer [8] ▪

4. Numerical scheme formulation
We divide the interval ½0; 2� into 2N equal parts with constant mesh length h. Let
0 ¼ x0; x1; . . . ; xN ¼ 1; xNþ1; xNþ2; . . . ; x2N ¼ 2 be the mesh points. Then we have
xi ¼ ih; i ¼ 0; 1; 2; . . . ; 2N.

Consider a uniformmesh with interval ½0; 1� in which 0 ¼ x0 < x1 < . . . < xN ¼ 1where
h ¼ 1

N
and xi ¼ ih; i ¼ 0; 1; 2; . . . ; N.

We can rewrite (3) as

cε;δðxÞy00ðxÞ þ pðxÞy0ðxÞ þ bðxÞyðxÞ ¼ QðxÞ; x∈Ω1; (9)

where QðxÞ ¼ f ðxÞ− cðxÞyðx− 1Þ.
For each segment ½xi; xiþ1�; i ¼ 1; 2; . . . ; N − 1 the non-polynomial cubic spline SΔðxÞ

has the following form

SΔðxÞ ¼ ai þ biðx� xiÞ þ ciðewðx−xiÞ þ e−wðx−xiÞÞ þ diðewðx−xiÞ � e−wðx−xiÞÞ; (10)

where ai; bi; ci and di are unknown coefficients, and w≠ 0 arbitrary parameter which will be
used to increase the accuracy of the method.

To determine the unknown coefficients in (10) in terms of yi; yiþ1; Mi and Miþ1 first we
define (

SΔðxiÞ ¼ yi; SΔðxiþ1Þ ¼ yiþ1;

S00
ΔðxiÞ ¼ Mi; S00

Δðxiþ1Þ ¼ Miþ1:
(11)
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The coefficients in (10) are determined as8>>>>>>>>>>>><
>>>>>>>>>>>>:

ai ¼ yi �Mi

w2
;

bi ¼ yiþ1 � yi

h
þMi �Miþ1

wθ
;

ci ¼ Miþ1

w2ðeθ � e−θÞ �
Miðeθ þ e−θÞ
2w2ðeθ � e−θÞ ;

di ¼ Mi

2w2
;

(12)

where θ ¼ wh.
Using the continuity condition of the first derivative at xi, S

0
Δ−1ðxiÞ ¼ S0

ΔðxiÞ, we have
bi−1 þ wci−1ðeθ þ e−θÞ þ wdi−1ðeθ � e−θÞ ¼ bi þ 2wci: (13)

Reducing indices of Eqn (12) by one and substituting into Eqn (13), we obtain

yi − yi−1
h

þ Mi −Miþ1

wθ þ w

�
2Mi − ðeθþ e−θÞMi−1

2w2ðeθþ e−θÞ

�
¼ yiþ1 − yi

h
þ Mi −Miþ1

wθ þ 2w

�
Miþ1

w2ðeθ − e−θÞ−
Miðeθþ e−θÞ
2w2ðeθ − e−θÞ

�
;

0
yi−1 � 2yi þ yiþ1

h2
¼ αMi−1 þ 2βMi þ αMiþ1; (14)

where

α ¼ 1

θ2

�
1� 2θ

ðeθ � e−θÞ
�
; β ¼ 1

θ2

�
θðeθ þ e−θÞ
ðeθ � e−θÞ � 1

�
:

If h→ 0, then θ ¼ hk→ 0. Thus, using L’Hopitals rule we have lim
h→0

α ¼ 1
6 and lim

h→0
β ¼ 1

3.
Using S00

ΔðxiÞ ¼ y00i ¼ Mi in to (9), we get8>><
>>:

cε;δðxÞMi ¼ Qi � piy
0
i � biyi;

cε;δðxÞMi−1 ¼ Qi−1 � pi−1y
0
i−1 � bi−1yi−1;

cε;δðxÞMiþ1 ¼ Qiþ1 � piþ1y
0
iþ1 � biþ1yiþ1:

(15)

Using Taylorâ™s series expansions of yi−1; yiþ1; y
0
i−1 and y0iþ1 simplifying, we have8>>>>>>><

>>>>>>>:

y0i ¼
yiþ1 � yi−1

2h
þ T1;

y0i−1 ¼
�yiþ1 þ 4yi � 3yi−1

2h
þ T2;

y0iþ1 ¼
3yiþ1 � 4yi þ yi−1

2h
þ T2;

(16)

where

T1 ¼ −h2

6 y000ðξÞ and T2 ¼ h2

12 y
000ðξÞ, for ξ∈ ðxi−1; xiÞ.
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Substituting Eqn (16) in to Eqn (15), we obtain

8>>>>>>>><
>>>>>>>>:

Mi ¼ 1

cε;δðxÞ
n
Qi � pi

�yiþ1 � yi−1

2h
þ T1

�
� biyi

o
;

Mi−1 ¼ 1

cε;δðxÞ
�
Qi−1 � pi−1

��yiþ1 þ 4yi � 3yi−1
2h

þ T2

�
� bi−1yi−1

�
;

Miþ1 ¼ 1

cε;δðxÞ
�
Qiþ1 � piþ1

�
3yiþ1 � 4yi þ yi−1

2h
þ T2

�
� biþ1yiþ1

�
:

(17)

Substituting Eqn (17) into Eqn (14) and rearranging, we get

cε;δðxÞ
h2

ðyi−1 � 2yi þ yiþ1Þ þ αpi−1
2h

ð � yiþ1 � 4yi � 3yi−1Þ þ 2βpi
2h

ðyiþ1 � yi−1Þ

þ αpiþ1

2h
ð3yiþ1 � 3yi þ yi−1Þ ¼ αðQi−1 � bi−1yi−1 þ Qiþ1 � biþ1yiþ1Þ

þ 2βðQi � biyiÞ þ T;

(18)

where, T ¼ ð4βpi −αpi−1 − αpiþ1Þ h2

12
y000ðξÞ is the local truncation error.

From the theory of singular perturbations described in [18] and the Taylorâ™s series
expansion of yðxÞ about the point ‘0’ in the asymptotic solution of the problem in Eq. (9),
we have

yðxiÞ≈ y0ðxiÞ þ ðf0 � y0ð0ÞÞe−pð0Þ
ih

cε;δðxÞ;

and letting ρ ¼ h
cε;δðxÞ, we get

lim
h→0

yðihÞ≈ y0ðihÞ þ ðf0 � y0ð0ÞÞe−pð0Þiρ;

since xi ¼ x0 þ ih.
Introducing a fitting factor σðρÞ in to Eq. (18), we get

σðρÞcε;δðxÞ
h2

ðyi−1 � 2yi þ yiþ1Þ þ αpi−1
2h

ð−yiþ1 � 4yi � 3yi−1Þ þ 2βpi
2h

ðyiþ1 � yi−1Þ

þ αpiþ1

2h
ð3yiþ1 � 3yi þ yi−1Þ ¼ αðQi−1 � bi−1yi−1 þ Qiþ1 � biþ1yiþ1Þ

þ 2βðQi � biyiÞ þ T:

(19)

Multiplying Eqn (19) by h and taking a limit as h→ 0 we get

σ
ρ
lim
h→0

ðyi−1 � 2yi þ yiþ1Þ þ αpð0Þ
h

lim
h→0

ð−yiþ1 � 4yi � 3yi−1Þ

þ βpð0Þlim
h→0

ðyiþ1 � yi−1Þ þ αpð0Þ
2

lim
h→0

ð3yiþ1 � 3yi þ yi−1Þ ¼ 0:

(20)

Thus, we consider two cases of the boundary layers.
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Case 1: For pðxÞ > 0 (Left-end boundary layer), we have8>><
>>:

lim
h→0

ðyi−1 � 2yi þ yiþ1Þ ¼ ðf0 � y0ð0ÞÞe−pð0Þiρ
	
epð0Þρ þ e−pð0Þρ � 2



;

lim
h→0

ð� yiþ1 � 4yi � 3yi−1Þ ¼ ðf0 � y0ð0ÞÞe−pð0Þiρ
	� 3epð0Þρ � e−pð0Þρ þ 4



;

lim
h→0

ðyiþ1 � yi−1Þ ¼ ðf0 � y0ð0ÞÞe−pð0Þiρ
	
epð0Þρ þ 3e−pð0Þρ � 4



;

lim
h→0

ð3yiþ1 � 3yi þ yi−1Þ ¼ ðf0 � y0ð0ÞÞe−pð0Þiρ
	
e−pð0Þρ � epð0Þρ



:

(21)

Substituting Eqn (21) into Eqn (20) and simplifying, we get

σ0 ¼ ρpð0Þðαþ βÞcoth
�
pð0Þρ
2

�
:

Case 2: For pðxÞ < 0 (Right-end boundary layer), we have8>><
>>:

lim
h→0

ðyi−1 � 2yi þ yiþ1Þ ¼ ðw � y0ð1ÞÞe−pð1Þiρ
	
epð1Þρ þ e−pð1Þρ � 2



;

lim
h→0

ð� yiþ1 � 4yi � 3yi−1Þ ¼ ðw � y0ð1ÞÞe−pð1Þiρ
	� 3epð1Þρ � e−pð1Þρ þ 4



;

lim
h→0

ðyiþ1 � yi−1Þ ¼ ðw � y0ð1ÞÞe−pð1Þiρ
	
epð1Þρ þ 3e−pð1Þρ � 4



;

lim
h→0

ð3yiþ1 � 3yi þ yi−1Þ ¼ ðw � y0ð1ÞÞe−pð1Þiρ
	
e−pð1Þρ � epð1Þρ



:

(22)

Substituting Eq. (22) into Eq. (20) and simplifying, we obtain

σ1 ¼ ρpð1Þðαþ βÞcoth
�
pð1Þρ
2

�
: (23)

In general, we take a variable fitting parameter as

σi ¼ ρipðxiÞðαþ βÞcoth
�
pðxiÞρi

2

�
; (24)

where, ρi ¼ h
cε;δðxÞ.

Thus, Eqn (19) can be written as�
cε;δðxÞσi

h2
� 3αpi−1

2h
þ αbi−1 � βpi

h
þ αpiþ1

2h

�
yi−1 �

�
2cε;δðxÞσi

h2
� 2αpi−1

h
� 2βbi þ 2αpiþ1

h

�
yi

þ
�
cε;δðxÞσi

h2
� αpi−1

2h
þ αbiþ1 þ βpi

h
þ 3αpiþ1

2h

�
yiþ1

¼ αðQi−1 þ Qiþ1Þ þ 2βQi:

(25)

Simplifying Eqn (25), for the domain Ω1 ¼ ð0; 1Þ, we get the tri-diagonal system of the
equation of the form

LN
≡Eiyi−1 � Fiyi þ Giyiþ1 ¼ Hi; i ¼ 1; 2; . . . ; N � 1; (26)
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where 8>>>>>>>>>>><
>>>>>>>>>>>:

Ei ¼ cε;δðxÞσi

h2
� 3αpi−1

2h
þ αbi−1 � βpi

h
þ αpiþ1

2h
;

Fi ¼ 2cε;δðxÞσi
h2

� 2αpi−1
h

� 2βbi þ 2αpiþ1

h
;

Gi ¼ cε;δðxÞσi
h2

� αpi−1
2h

þ αbiþ1 þ βpi
h

þ 3αpiþ1

2h
;

Hi ¼ αðQi−1 þ Qiþ1Þ þ 2βQi:

Similarly, if we consider the domain Ω2 ¼ ð1; 2Þ, from Eqs. (3), we have�
cε;δðxÞy00ðxÞ þ pðxÞy0ðxÞ þ bðxÞyðxÞ þ cðxÞyðx� 1Þ ¼ f ðxÞ; x∈Ω2

yð1Þ ¼ θ; yð2Þ ¼ l:
(27)

Using S00
ΔðxiÞ ¼ y00i ¼ Mi for Eqn (27), we get8>><

>>:
cε;δðxiÞMi ¼ fi � piy

0
i � biyi � ciyðxi � 1Þ;

cε;δðxiÞMi−1 ¼ fi−1 � pi−1y
0
i−1 � bi−1yi−1 � ci−1yðxi−1 � 1Þ;

cε;δðxiÞMiþ1 ¼ fiþ1 � piþ1y
0
iþ1 � biþ1yiþ1 � ciþ1yðxiþ1 � 1Þ:

(28)

Substituting Eq. (16) in to Eq. (28), we obtain8>>>>>>>><
>>>>>>>>:

Mi ¼ 1

cε;δðxiÞ
n
fi � pi

�yiþ1 � yi−1

2h
þ T1

�
� biyi � ciyðxi � 1Þ

o
;

Mi−1 ¼ 1

cε;δðxiÞ
�
fi−1 � pi−1

��yiþ1 þ 4yi � 3yi−1
2h

þ T2

�
� bi−1yi−1 � ci−1yðxi−1 � 1Þ

�
;

Miþ1 ¼ 1

cε;δðxiÞ
�
fiþ1 � piþ1

�
3yiþ1 � 4yi þ yi−1

2h
þ T2

�
� biþ1yiþ1 � ciþ1yðxiþ1 � 1Þ

�
:

(29)

Substituting Eqn (29) in to Eqn (14), introducing fitting factor and rearranging, we get

LN
≡Eiyi−1 � Fiyi þ Giyiþ1 þ Ti ¼ Hi; i ¼ N þ 1; N þ 2; . . . ; 2N � 1; (30)

where 8>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

Ei ¼ cε;δðxiÞσi
h2

� 3αpi−1
2h

þ αbi−1 � βpi
h

þ αpiþ1

2h
;

Fi ¼ 2cε;δðxiÞσi

h2
� 2αpi−1

h
� 2βbi þ 2αpiþ1

h
;

Gi ¼ cε;δðxiÞσi

h2
� αpi−1

2h
þ αbiþ1 þ βpi

h
þ 3αpiþ1

2h

Hi ¼ αðfi−1 þ fiþ1Þ þ 2βfi;

Ti ¼ αfci−1yðxi−1 � 1Þ þ ciþ1yðxiþ1 � 1Þ þ 2βciyðxi � 1Þg:
Therefore, on the whole domain Ω ¼ ½0; 2�, the basic schemes to solve Eqs (1)–(2) are the
schemes given in Eqn (26) and Eqn (30).
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5. Stability and convergence analysis
5.1 Truncation error
Let expand the terms yi±1 and Mi±1 from Eqn (14), using Taylor’s series as8>>>>>>>>>>>>>><

>>>>>>>>>>>>>>:

yiþ1 ¼ yi þ hy0i þ
h2

2!
y00i þ

h3

3!
y000i þ h4

4!
y
ð4Þ
i þ h5

5!
y
ð5Þ
i þ h6

6!
y
ð6Þ
i þ O

	
h7


;

yi−1 ¼ yi � hy0i þ
h2

2!
y00i �

h3

3!
y000i þ h4

4!
y
ð4Þ
i � h5

5!
y
ð5Þ
i þ h6

6!
y
ð6Þ
i þ O

	
h7


;

Miþ1 ¼ y00iþ1 ¼ y00i þ hy000i þ h2

2!
y
ð4Þ
i þ h3

3!
y
ð5Þ
i þ h4

4!
y
ð6Þ
i þ O

	
h7


;

Mi−1 ¼ y00i−1 ¼ y00i � hy000i þ h2

2!
y
ð4Þ
i � h3

3!
y
ð5Þ
i þ h4

4!
y
ð6Þ
i þ O

	
h7


:

(31)

The local truncation error TiðhÞ obtained from Eqn (14) as

TiðhÞ ¼ yi−1 � 2yi þ yiþ1

h2
� αðMi−1 þMiþ1Þ � 2βMi: (32)

Substituting the series of yi±1 and Mi±1 from Eqn (31)–(32) and collecting like terms
gives

TiðhÞ ¼ ð1� 2ðαþ βÞÞy00i þ h2
�
1

12
� α
�
y
ð4Þ
i þ O

	
h4


: (33)

But from the values of α ¼ 1
6 and β ¼ 1

3, Eqn (33) becomes

TiðhÞ ¼ h2
�
−
1

12

�
y
ð4Þ
i þ O

	
h4


;

which implies

kTiðhÞk≤Ch2; (34)

where C ¼ 1
12

��yð4Þi

��.
This establishes that the developed method is second order accurate or its order of

convergence is Oðh2Þ.

5.2 Convergence analysis
Local truncation errors refer to the differences between the original differential equation and
its finite difference approximation at a mesh points. Finite difference scheme is called
consistent if the limit of truncation error ðTiðhÞÞ is equal to zero as the mesh size h goes to
zero. Hence, the proposed method in Eqn (26) with local truncation error in Eqn (34) satisfies
the definition of consistency as

lim
h→0

TiðhÞ ¼ lim
h→0

Ch2 ¼ 0: (35)

Thus, the proposed scheme is consistent.
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5.3 Stability analysis
Consider the developed scheme in Eqn (26),

Eiyi−1 � Fiyi þ Giyiþ1 ¼ Hi; (36)

where the coefficients Ei, Fi and Gi are as in Eqn (26). If we multiply both sides of Eqn (26) by
h2 and consider the values of Ei, Fi and Gi for sufficiently small h, we get

Ei ¼ Gi ¼ εσ; Fi ¼ 2εσ; (37)

Considering Eqn (37) into Eqn (26) the onewhich ismultiplied by h2 the developed scheme can
be written in a matrix form

AY ¼ B (38)

where the matrices A ¼

0
BBBB@

− 2εσ εσ 0 . . . 0
εσ − 2εσ εσ . . . 0
0 − − 0
..
.

εσ
0 − − εσ − 2εσ

1
CCCCA; Y ¼

0
BBBB@

y1
y2

..

.

yN−2

yN−1

1
CCCCA and

B ¼

0
BBBB@

h2H1 −E1y0
h2H2

..

.

h2HN−2

h2HN−1 −GN−1yN

1
CCCCA.

Here, the coefficientmatrixA is a tri-diagonalmatrix with size ðN − 1Þ3ðN − 1Þ. MatrixA
is irreducible if its codiagonals contain nonzero elements only. The codiagonals contain Ei

and Gi. It is clearly seen that, for sufficiently small h both Ei ≠ 0 and Gi ≠ 0 for
i ¼ 1; 2; . . . ; N − 1. Hence, A is irreducible.

Again we can see that all jEij, jFji, jGij > 0 for i ¼ 1; 2; . . . ; N − 1 and in each
row of A, the modulus of diagonal element is greater than or equal to the sum of the
modulus of the two codiagonal elements (i.e. jFij≥ jEij þ jGij). This implies that A is
diagonally dominant. Under this condition, the Thomas algorithm is stable for sufficiently
small h.

As discussed in [19] the eigenvalues of a tri-diagonal matrix A are given by

λs ¼ −2εσ þ 2
n ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðεσÞðεσÞ
p o

cos
sπ
N
; s ¼ 1ð1ÞN � 1:

Hence, the eigenvalues of matrix A in Eqn (38) are

λs ¼ −2εσ þ 2
n ffiffiffiffiffiffiffiffiffiffiffi

ðεσÞ2
q o

cos
sπ
N

¼ −2εσ
�
1� cos

sπ
N

�
; s ¼ 1ð1ÞN � 1:

But from trigonometric identity, we have 1− cos sπ
N
¼ 2sin2 sπ2N. Thus, the eigenvalues of A

λs ¼ −2εσ
�
2sin2

sπ
2N

�
¼ −4εσsin2

sπ
2N

≤ � 4εσ: (39)
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A finite difference method for the boundary value problems is stable if A is nonsingular

and
���A−1

���≤C, for 0 < h < h0 .where, C and h0 are two constants that are independent

of h.
Since A is real and symmetric it follows that A−1 is also real and symmetric so that, its

eigenvalues are real and given by 1
λs
. Hence, as [19] the stability condition of the method

will be satisfied when;
���A−1

��� ¼
��� 1λs
��� ¼ ���−14εσ

��� ¼ 1
4εσ≤C , where, C is independent of h . Thus

the developed scheme in Eqn (26) is stable. A consistent and stable finite difference method
is convergent by [20]. Hence as we have shown above, the proposed method is satisfying
both the criteria of consistency and stability which are equivalent to convergence of the
method.

6. Numerical examples and results
In this section, one example is given to illustrate the numerical method discussed above. The
exact solutions of the test problem is not known. Therefore, we use the double mesh principle
to estimate the error and compute the experiment rate of convergence to the computed
solution. For this we put

EN
ε ¼ max

0≤i≤2N

��YN
i � Y 2N

2i

��; (40)

where YN
i and Y 2N

2i are the ith components of the numerical solutions on meshes ofN and 2N,
respectively. We compute the uniform error and the rate of convergence as

EN ¼ max
ε

EN
ε ; andR

N ¼ log2

 
EN

E2N

!
: (41)

The numerical results are presented for the values of the perturbation parameter
ε∈ f10−4; 10−8; . . . ; 10−20g.

Example 6.1. Consider the model singularly perturbed boundary value problem:

−εy00ðxÞ þ 10y0ðxÞ � yðx� 1Þ þ y0ðx� εÞ ¼ x x∈ ð0; 1Þ∪ ð1; 2Þ;

Subject to the boundary conditions

yðxÞ ¼ 1; x∈ ½−1; 0�; yð2Þ ¼ 2:

7. Discussion and conclusion
This study introduces a fitted nonpolynomial spline method for singularly perturbed
differential equations having both small and large delay. The numerical scheme is developed
on uniform mesh using fitted operator in the given differential equation. The stability of the
developed numerical method is established and its uniform convergence is proved. To
validate the applicability of the method, one model problem is considered for numerical
experimentation for different values of the perturbation parameter and mesh points. The
numerical results are tabulated in terms of maximum absolute errors, numerical rate of
convergence and uniform errors (see Table 1). Further, behavior of the numerical solution
(Figure 1), point-wise absolute error (Figure 2) and the ε -uniform convergence of the method
is shown by the log-log plot (Figure 3). The method is shown to be ε -uniformly convergent
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with order of convergenceOðh2Þ. The proposed method gives accurate, stable and ε -uniform
numerical result.
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Numerical Solution at N
Numerical Solution at 2N

ε N 5 32 N 5 64 N 5 128 N 5 256 N 5 512

10−4 1.9799e-04 1.0004e-04 5.0281e-05 2.5206e-05 1.2619e-05
10−8 1.9799e-04 1.0004e-04 5.0281e-05 2.5206e-05 1.2619e-05
10−12 1.9799e-04 1.0004e-04 5.0281e-05 2.5206e-05 1.2619e-05
10−16 1.9799e-04 1.0004e-04 5.0281e-05 2.5206e-05 1.2619e-05
10−20 1.9799e-04 1.0004e-04 5.0281e-05 2.5206e-05 1.2619e-05

EN 1.9799e-04 1.0004e-04 5.0281e-05 2.5206e-05 1.2619e-05
RN 0.9849 0.9925 0.9962 0.9982

Figure 1.
The behavior of the

numerical solution for
Example 6.1 at

ε ¼ 10−12 and N ¼ 32

Table 1.
Maximum absolute
errors and rate of
convergence for
Example 6.1 at

different perturbation
parameter and number

of mesh points
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