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Abstract

Purpose —In this paper, we give some properties of the a-connections on statistical manifolds and we study the
a-conformal equivalence where we develop an expression of curvature R for V in relation to those for V and V.
Design/methodology/approach — In the first section of this paper, we prove some results about the
a-connections of a statistical manifold where we give some properties of the difference tensor K and we
determine a relation between the curvature tensors; this relation is a generalization of the results obtained in[1].
In the second section, we introduce the notion of a-conformal equivalence of statistical manifolds treated in [1,
3], and we construct some examples.

Findings — We give some properties of the difference tensor K and we determine a relation between the
curvature tensors; this relation is a generalization of the results obtained in [1]. In the second section, we
introduce the notion of a-conformal equivalence of statistical manifolds, we give the relations between
curvature tensors and we construct some examples.

Originality/value — We give some properties of the difference tensor K and we determine a relation between
the curvature tensors; this relation is a generalization of the results obtained in [1]. In the second section, we
introduce the notion of a-conformal equivalence of statistical manifolds, we give the relations between
curvature tensors and we construct some examples.
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1. Introduction

Let (M"™, g) be a Riemannian manifold and V a torsion free linear connection on M. The triple
(M™,V,g)is called a statistical manifold if Vg is symmetric and the pair (V,g) is called a
statistical structure. For a statistical manifold (M™, V, g), let V* be an affine connection on M
such that,

X(¢(Y.2)) = g(VaY.2) +g<Y, v*Xz) |

%k %
forall X, Yand Zin I'(TM). The affine connection V is torsion free, and V g symmetric. Then
%k sk
V is called the dual connection of V, the triple <M m V,g) is called the dual statistical
%k

manifold of (M"™,V, g)and <V .V, g) is the dualistic structure. Denoted by V the Levi-Civita
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connection associated with g, the difference tensor K is the (1, 2)-tensor defined by (see [1]). The

k 1
a-connections

K(X,Y)=VyY —VyY. 1oty
(X,Y) X X on statistical

The differgnce tensor K satisfies for any vector fields X, Y, Zand any smooth function fon M manifolds
the following properties:
. 1 * ~ 1
VXY:VXY—QK(X,Y), VXY:VXY+§K(X,Y), 3

K(X,Y)=K(Y,X),
K(X,Y+2)=K(X,Y)+K(X,Z)

and

K(fX,Y) = K(X.fY) = fK(X,Y).

Moreover, we have,

A statistical structure is called trace-free if Vo, = 0 where v, is the volume form determined
by g. This condition is equivalent to the condition 77K = 0. A statistical structure (V, g) is
said to be of constant curvature k € R if the curvature tensor field R of V satisfies,

RX,Y)Z =k{g(Y,2)X —g(X,2)Y}.

If 2 =0, (V,g)is called a Hessian structure. The concept of a-conformally equivalence was
treated in[1] where the author develops an expression of the curvature R®. In[2], the authors
studied a 1-conformally flat statistical submanifold of a flat statistical manifold; they proved
that a 1-conformally flat statistical manifold with a Riemannian metric can be locally realized
as a submanifold of a flat statistical manifold. The author in [3] gives a procedure to realize a
statistical manifold, which is a-conformally equivalent to a manifold with an a-transitively
flat connection, as a statistical submanifold and in [4], he describe a method to obtain
a-conformally equivalent connections from the relation between tensors and the symmetric
cubic form. In [5], the authors studied the statistical hypersurfaces of some types of the
statistical manifolds, which enable to construct a structure of a constant curvature. The
divergence of 1-conformally flat statistical manifolds is studied in [6] where the authors prove
that the generalized Pythagorean theorem holds if the statistical manifold has a constant
curvature. In the first section of this paper, we prove some results about the a-connections of a
statistical manifolds where we give some properties of the difference tensor K and we
determine a relation between the curvature tensors R@® and R®: this relation is a
generalization of the results obtained in [1]. In the second section, we introduce the notion of
a-conformal equivalence of statistical manifolds treated in [1, 3], and we give the relations
between R, R and R and we construct some examples.

2. Some results on the a-connections of a statistical manifolds

k
Let (M™,V,g) a statistical manifold with a dualistic structure <V, v, g). For a e R, we
define a family of torsion-free connections V(@ by,

1 l-—aX
_itag iy

V@
2 2

V(@ is called an a-connection of (M™,V,g). The triple (M™, V¥, g) is also a statistical
manifold, and V™ is the dual connection of V®. In particular,

Downl oaded from http://ftp. nowublishers.conlajnms/article-pdf/30/1/2/ 9552997/ aj ms- 12- 2020- 0126. pdf by guest on 12 June 2026



AJMS s

0) _ ¢ 1 — (-1) —
30,1 v =v, vi=v, v=v.
Moreover, we have the following equality,

VOV = VyY — gK()Q Y).

4 In general, for any a, f € R, it is easy to see that,

a —

. Prix,v) i)

vy = vy —

Proposition 1. Let (M"™,V,g) a statistical manifold with a dualistic structure (V, v, g).
For all vector fields X, Y, Z on M, we have,

(VoK) (v.2) = (VPE)(Y.2) —aZiK(X,K(YZ))

@
+aT_ﬂK(K(X, Y).Z) + a—;ﬂK(Y,K(X,Z)).
Proof of Proposition 1. Let X, Y,Z € T(TM), by definition, we have,

(V@K) (Y,Z) = VOK(Y,Z) —K(v§?>y,z) —K(Y, v;”Z).

The properties of the difference tensor K gives us,

VOK(Y.2) = VPE(Y.2) - PR K. 2))
K(V§§‘> Y,Z) - K(vﬁ? Y, Z) Pk x,v),7)
2
and
K(Y, v§§'>z) - K(Y, v§§’>z) Py k(x,2)),
then 2

a—p
2

K(K(X,Y),Z) - K(Y, v§§’>z) +K(Y,K(X,Z))

(vgg”K) (V.2) = VPK(Y,Z) -
a—p
2

K(X,K(Y,7)) - K(v§f>y,z)

+

Finally, using the fact that,
(v%’)K) (Y,2) = VPK(Y,Z) - K(vﬁ{” Y, Z) - K(Y, vﬁ{”z),
we deduce that,

(V;’)K) (Y.,2) = (v)@K)(KZ) -
a—p

il Prix.K(v,2))+ aziK(K(X Y),2)

+

K(Y,K(X.,Z)).

\]

Downl oaded from http://ftp. nowublishers.conlajnms/article-pdf/30/1/2/ 9552997/ aj ms- 12- 2020- 0126. pdf by guest on 12 June 2026



Remark 1. As particular cases of Eqn (2), we have The

(@ _ (s a a a-connections
(VX K)(Y’Z) - (VXK)(Y’Z) B §K(X’K(Y’Z)) * EK(K(X’ .2) on statistical
i g K(Y,K(X,Z)) manifolds
= (VeK)(V,2) - KX K (Y, 2)) + C S K (R (X, ), 2) 5

+ ¢ > Lkv,k(x,2))

_ (viK) (Y, 7) - (HZ—lK(X,K(Y,Z)) + OHZ_lK(K(X, Y),2)

a+1
+

K(Y,K(X,Z2))

k k
For a statistical structure | V, V, g |, we denote R, R*, R the curvature tensors for V, V, V,

respectively, and R the curvature tensor for V(@. In the first results, we give the relation
between R and R for any a, g € R.

Theorem 1. Let (M™,V,g) a statistical manifold. The relation between R® and R%) is
given by,

ROX,Y)Z —ROX,Y)Z+7 4 (VEE) (V. 2) - b 2 (VE)(x.2)

&)
2 2
Y g gy z) - P k(v K(x 2)),
forall X,Y,Z eT(TM).
Proof of Theorem 1. Let X, Y,Z €T (TM), By definition we have,
ROX,Y)Z=V{NYZ -VOVPZ -V, 7. @

For the first term ng') V(;)Z, we have,

vz vz

e
then
vVOvWz = VOV, Z - gv§;‘>K(Y,Z).

It is simple to see that,

VOvlz =vOvPz +ﬁ—; “K(x,vP7)

and

p—a
2

VOK(Y,Z) =VVPK(Y,Z) + K(X,K(Y,Z)),
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AJMS which gives us

30,1 _
veOvez —vPviz +ﬂ—2 “K(x.vP7)

©)
+f 5 NOK(Y,Z)+ (ﬂ’Ta)zK(X,K(Y,Z)).
5 A similar calculation gives,
vaOvez —vOvez 4 ﬂ_%K(Y, v{z)
2 ©)
Wb 5 YNOK(X,Z) + @K(Y,K(X, 7).
Finally, we have,
[XY]Z V(f(YZ'i'ﬂZ K(X,Y],Z) @)
If we replace (5), (6) and (7) in (4), we deduce that,
ROX,YV)Z =RO(X,¥)Z+P SOVPK(Y,2) s SOVPK(X,2)
Pk (x.vpz) P20k (v v z) L5k (%, 71,2)
+¢ ;a)zK(X,K(Y,Z)) ¢ ;a)zK(Y,K(X,Z))

Using the fact that,
VK(Y,Z) = ( K) (Y,Z) + (

v@K(X,Z):( K)(XZ K(vPx

and
K(X,Y),2) :K(ng)Y,Z) —K(V(Y”)X,Z),
we get
ROX,Y)Z —RO(X,V)Z+P > a4 (v§f>K) v,2) - > a (V@K) (X,Z)
2 2
+(ﬂ;“) K(X,K(Y,Z)) - (ﬂ;“) K(Y,K(X,Z)).

As particular cases of Theorem 1, we get the following Corollary:

Corollary 1. Let (M™ V,g)a statlstlcal manifold with a dualistic structure (V, V,g).
The relatlons between R(®) R R and R* are given by
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RI(X,Y)Z =R(X,V)Z-2 (%XK) (Y, 2)+2 (?YK) (X,7) The
2 2 @ o-connections

o o? on statistical
+ZK(X>K(Y72)) 7ZK(Y7K(XaZ))7 manlfOIdS
RIYX,Y)Z =R(X.Y)Z+ 1_70’ (ViK)(Y,Z) — 2= (V4 K) (X, 2) .
2 P ©
e _4“) K(X,K(V,2)) - & _4“) K(Y.K(X,Z))
and . .
RY(X,Y)Z =R'(X, Y)Z—”T“ (VXK) (Y.,2) +1+T“ (VYK> (X,2)
(10)
2 2
Y ko k.2 - gy k(x 2),

forall X,Y,Zel'(TM).
Remark 2. From Theorem 1, we can give other relations:
(1) The relation between R@ and R(-% is given by (see [1)).
RY(X,Y)Z =R"(X,Y)Z +a(R(X,Y)Z — R*(X,Y)Z).

(2) The relation between R, R and R* is given by (see [1]).
vz PTGR* (X,V)Z

R9(X,Y)Z

2 2
L RxR(Y )+

Corollary 2. Let {¢;}72, be a local orthonormal frame field on (M™,g), for a statistical

K(Y,K(X,2))

5k
structure (V, v, g), if we denote

Ricci®(X) = Tr,R™ (X, -)- = R(X,¢)e;
and

Ricci?(X) = Tr,R" (X, -)- = RP(X,¢)e;,
for any X € ['(TM), then the relation between Ricci” (X) and Ricci® (X) is given by the
following formula :

2
Ricei®(X) = Ricei (X) + L ’4“) K(X.E)+P T (VOE) ()

2
_ﬂ;aTrg(V(./”K)(K - (ﬁ;a) TrK(K(X, ), ),
where

Tr,(VOK) (-, ) = (VK ) (@ @),
Tr,(VYK) (X, ) = (v@f’%) (X,e),
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AJMS TrK(K(X, ), ) = K(K(X,e),e),
30,1 and
E=Tr,K=K(e,e¢).

In particular for € {-1,0, 1}, we obtain,
a

2

8 Ricci (X) = Ricci(X) + “ZZK (X.E) — Trg(%K) (")

a, (e o
+§T7g(V,K) (X, ) =7 TreK (K(X, ), ),

Ricei (X) = Ricci(X) + ;a)zK(X,E) 41 3 ETr(VE)(-, )
l1-a 1-a)
— 2 T (VE)(X, ) - = K (K (X, ), )
and  pe@ (XY = Riccit(X) + U za)2K(X,E) 1 21y, (V*X K) ()

gt (é 'K) o) - UL gk,

Example 1. Let (RZ , g) be a statistical manifold with Riemannian metric g = dx® + dy* and
V an affine connection defined by

Velel = €2, VegeZ = Oa VeleZ = v;zgel =é€
where {81 = %, = %} is an orthonormal frame field. A simple calculation gives,

5

* * *®
Vel€1 = —¢€3, ngez = 07 Velez = V62€1 = —€;.

We deduce that,

K(el,el) = —2ey, K(ez,ez) =0, K(ehez) :K(€27€1) = —2ey,
then,

E=Tr,K=K(ei,e1) + K(ez,e2) = —2es.
In this case, we have,

Vi =ae,, VWe, =0, Ve =V%e =ae,

R (e1,e0)ey = —dPer, R (es,e1)e1 = —des.

and
Ricci®(X) = —a’X,  Ric(X,Y) = -a’g(X.Y), S =-2d"

Then (IRZ, v, g) is a statistical manifold of constant curvature — o and it is a Hessian
structure if and only if @ = 0.
Example 2. Let (H? = {(x,y) €R?y>0},g) be a statistical manifold with Riemannian

metric g = J% (dx® + dy*) and V an affine connection defined by
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Voor = Ve =25, Vees =0, V,e =e, ,The
a-connections

where {e1 =yLe= y%} is an orthonormal frame field. A simple calculation gives on statistical
63161 =0, eezez = —2e,, %glez = —2e, eezel = —e. manifolds
Then, 9
V%% = (1+a)ez, Ve =2ae;,, V9 =-1-a)e, Ve =ae.
We deduce that,
R (e1,e)es = (@ —1)er,  R9(er,e1)er = (o — 1)es,
it follows that,

Ricei®(X) = (o* —1)X, Ric)(X,Y) = (® -1)g(X,Y), S =2(c®-1).

In this case, (H?, V@, g) is a statistical manifold of constant curvature @” — 1 and it is a
Hessian structure if and only if & = +1.

3. The a-conformal equivalence

For a real number q, statistical manifolds (M™,V,g) and (M m v, g) are said to be
a-conformally equivalent if there exists a function y on M such that the Riemannian metrics g
and g and h are related by the following relation,

Z(X.Y)=c"g(X,Y) (11)
and the connection V is given by,
ViV =VxY + 1 -a)Y()X + (1 -a)X(y)Y — (1 +a)g(X, Y)grady, (12)
for all X, Y, Z € T(TM). Using the fact that VxY = Vx¥ —1K (X, Y), we obtain,

ViV =VxV +1—a)Y()X + (1 - )XY — 1+ a)g(X, Y)gmd;/—1 K(X)Y).

2
13
Theorem 2.
R(X,Y)Z =R(X,Y)Z~(1+a)g(Y,Z)Vxgrady+(1+a)g(X,Z) Vygrady

+(1+0a)’g(Y.2)X (r)grady — (1+a)’g(X,2)Y (y)grady+(1—-a)*Y (1) Z(r)X
*(17az)g(Y,Z)\gradylzX*ﬂK(Y*Z)( X-(1-ak (Vyg’ad% )
~ (=P X(Z(0)Y + (1 -lg (Vugrady Z) Y + (=X DlgradeY g
KX L)Y —%(ﬁxK)<YvZ>+%(VyK) w2
+1+Tag(Y 2)K (X grady) *Tg (X 2)K (Y grady)

-%K(X,K(Y,Z)) —iK(YJ{(X,Z)).
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AJMS Proof of Theorem 2. By definition, we have,
30,1 RX,Y)Z = VaVyZ — VyVaZ — Vi Z. 15)
We will study the right side of this equation term by term. By (13), we obtain,

10 VoZ =VyZ+ (1 - a)Z0)Y + (1 - )Y ()Z — (1 + a)g(Y, Z)grady — %K(Y,Z),

which gives us,
VyZ =ViVWZ+ (1 —-a)lVxZ@)Y + (1 —a)VxY ()2
(1 + @) Vxg(Y, Z)grady — 9xK (V7).

Using Eqn (13), we deduce that,
ViVyZ =VxVyZ+(1—a) (ﬁyz) X + (1 - a)X () VyZ

1+ a)g(X, ﬁyz)gmdy - %K(X, ﬁyz),

VxZ()Y =Z()VxY + 1= )Y (NZ()X + (1 - a)X(1)Z(r)Y
-1+ a)g(X,Y)Z(y)grady — %Z(y)K(X, Y) +g(§xgmdy, Z) Y
+g(gmdy, %Xz) Y,

ViY(1)Z =Y VxZ + (1 - a)Y(NZ()X + (1 - a)X ()Y (1)Z
— 1+ a)g(X,2)Y (y)grady — % Y(K(X.Z) + g(@xgmdy, Y)Z

+g(gmdyﬁXY)Z,

Vxg(Y,Z)grady =g(Y.Z)Vxgrady+(1—a)g(Y,Z)|grady|X —20g(Y ,Z)X (y)grady

1 _ _
~58(V Z)K (X grady) +g(vXY,Z) grady +g(Y, VXZ)gmdy

and
VxK(Y,Z) = ?XK(Y,Z) +1-a)K(Y,2) )X+ (1 —-a)X(y)K(Y,Z)
—(1+a)g(X,K(Y,Z))grady —%K(X,K(KZ)).

It follows that,
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VxVyZ=VxVyZ - (1+a)g(Y,Z) %gmdy+1%Ig(X,K(Y,Z))gmdy
— (1-@)g(X,V)Z(y)grady — (1—a)g(X,2)Y (y)grady
+2a(1+a)g(V.Z)X (r)grady - (1+ a)g (X, V2 )erady
(14 a)g(ﬁxy,z) grady — (1 +a)g(Y, %XZ) grady
~ (1-@)e(Y,2)|gradrPX +201- 'Y (NZ(NX + (1 - @) (V5Z) ()X
F(1-a)’X()ZG)Y +(1— a)g(ﬁxgmdy,z) Y+(1-a)g (gmdy, ﬁxz) Y
T (1-a’X()Y () Z+(1— a)g(%gmdy, Y)z+ (1-a)g (gmdy, Vx Y)Z

(- a)X(yﬁny%K (X.942) + (- 0Z() 93V + (1~ @)Y (1) 922

AV OR(X.2) - LR Y) (v 2K (X grady)
—%@XK(Y,Z) fl;Z“K(Y,Z) (X J*T“X(y)K(Y,Z) +}LK(X,K(Y7Z)).

(16)

A similar calculation gives us,
VyVxZ=VyVxZ—(1 +a)g(X,Z)@ngdHHT“g(Y,K(X,Z))gmdy

— (1-@)g(X. Y)Z(y)grady — (1—)g(Y 2)X (y)grady
+2a(1+a)g(X,2)Y (y)grady — (1 +a)g(Y, %XZ) grady
1 +a)g(§yx,z)gmdy— (1+a)g (X, ﬁyz) grady
~ (1-@)g(X,2)|grady Y +201- X(NZ(NY +(1 - a) (VxZ) (1) Y
F(1-a)’Y()Z)X+(1— oz)g(%gmdy,z))@r (1-a)g (gmdy, §YZ)X
F(1-a)’ XY () Z+(1— a)g(ﬁxgmdy, Y)Z+ (1-a)g (grady, %X)Z

+a —a)Y(yﬁXZ—%K(YﬁXZ> +1-a)Z()VyX +(1—a)X(y)VyZ

— o~

X(K(Y,2) -5 2K (X, ¥) 45 g (X, 2)K(Y grady)

2
vK(X,2) —PTGK(X,Z) () Y—PT“Y(y)K(X,Z) +%LK(Y,K(X,Z)).

17)

—Qa

< o

Do —

The
a-connections
on statistical
manifolds

11
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AJMS Finally, it is easy to see that,

30,1 _ . . -
VierZ =ViunZ — (1+ a)g(VX Y, Z)gmdy F(1+ a)g(VyX,Z)gmdy
+(1-a) (%Y) (NZ - (1—a) (%X) NZ+(1-a)Z()VxY (18
12 — (1 - a)Z(y)VyX — %K(?XKZ) +%K(§YX,Z).

By replacing (16), (17) and (18) in (15), we conclude that,

R(X,Y)Z= Y)Z—(1+a)g(Y,Z)Vxgrady+(1+a)g(X,Z)Vygrady

R(X,
+ (1+a)’g(Y,2)X (r)grady — 1+a)’g(X . 2)Y (y)grady+(1—a)’Y (1) Z(1)X
= (

1-a?)g YZ)|gma’y|2X—TK(Y Z)(y )X—(l—a)g(ﬁygmdy,z)x

~(1-a)’X(NZ(n)Y+(1 —a)g(ﬁxgmdy,z) Y+ (1-®)g(X,2)|grady['Y

J%“K(X,z)(y)y—%(ﬁxlf)(Y,Z)%(%K) (X.,2)

FE (Y 2K (X grady) ~ 5 g(X Z)K(Y grady)+ 1K (X.K(V.2)

- }lK(Y,K(X,Z)).

The same method of calculation used in Theorem 2 and the following equations,

VyY = VXY+1K(X, Y),
R(X,Y)Z =R(X,Y)Z+= (VXK)(Y Z) — (VYK)(X 7)

%K(X,K(Y,Z)) - }LK(Y,K(X,Z))

gives us the following theorem
Theorem 3.

R(X,Y)Z =RX,Y)Z—-(1+a)g(Y,Z)Vxgrady + (1 + a)g(X,Z)Vygrady
-1+ a)zg(X 2)Y (r)grady + (1 + a)’g(Y, Z)X (y)grady
—(1—a")2(Y,2)|grady|"X + (1 - o)g(X, Z)|grady|"Y 19)
-1- a) (Vygrady,Z)X + (1 — a)g(Vxgrady,Z)Y
+(1= @Y ()Z()X — (1 =2’ X(NZ()Y
- (1= a)g(K(Y,Z),grady)X + (1 — a)g(K (X, Z),grady)Y

Corollary 3. Let us choose {¢;},., to be an orthonormal frame on (M™,V,g), an

orthonormal frame on (M™,V,g = ¢*g) is given by {¢; = ¢7¢;}, ., For
any X, Y eI'(TM), we define
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Ricci(X) = Tr,R(X, ) = R(X,e))e;,  Ricci(X) = Tr;R(X, ) = R(X,%)a, The
. .. _ __ a-connections
Ric(X,Y) = g(Ricci(X),Y), Ric(X,Y) = g(Ricci(X),Y) on statistical
manifolds
and
S; = Tr,Ric = Ric(ei,e;), S; = TrzRic = Ric(e;,&). 13

Using Theorem 3, we obtain the following relations,
Ricci(X) = e Ricci(X) + ((m — 2)a® + 2ma +m — 2)e~> X (y)grady
— (ma+m — 2)eVygrady + (ma? — 20 — m + 2)e™% | grady|’X
— (- e (&)X - @ﬂ@(nx + (1 - a)e ¥K(X, grady),
Rie(X,Y) =Ric(X,Y) + (m—2)@+ 2ma+m —2X()Y ()
+ (ma? — 20 — m + 2)|grady’g(X,Y) — (1 — a) (&y)g(x, Y)
(1-a)
2

— (ma+m —2)g(Vxgrady,Y) — Ey)eg(X,Y)

+ (1 —a)g(K(X,Y),grady)
and S; = e XS, + (m—1)((m+2)a? —m + 2)e % |grady|’
—2(m — 1) (&y) + (m— DaeZE(y)
Corollary 4. Theorem 3 and Corollary 3 gives us two particular cases:
(1) If a =1, we obtain,

R(X,Y)Z = R(X,Y)Z — 2a(Y, Z)Vxgrady + 22(X, Z)V vgrady
—4¢(X,2)Y (y)grady + 4¢(Y, Z)X (y)grady,
Ricci(X) = e7% (Ricci(X) + 4(m — 1)X (y)grady — 2(m — 1)Vxgrady),
Ric(X,Y) = Ric(X,Y) +4(m = 1)X(r)Y (y) — 2(m — 1)g(Vxgrady,Y)

and
Sp = € (S, +40m — Vlgradyl — 20m — 1) (By) + (m — DE()).

(2) If a = —1, we obtain,

R(X.Y)Z =R(X,Y)Z — 2¢(Vygrady, 2)X + 29(Vxgrady,Z)Y
+4Y () Z(r)X —4X(r)Z(r)Y — 28(K(Y,Z),grady)X
+29(K(X,2),grady)Y,

Ricci(X) = e Ricci(X) — 4e~% X (y)grady + 2e~% V xgrady

+4e% |grady’X — 2¢7% (Zy)x — e ¥E(X
+ 277K (X, grady),
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AJMS Ric(X,Y) = Ric(X,Y) — 4X(y)Y (y) + 2g(Vxgrady,Y)
30,1 +4lgradyPg(X. Y) - 2(&r)e(X, Y)
—E(r)g(X,Y) + 2¢(K(X,Y),grady)
and

" Sp = ¢S, + (m = 1) (4lgradyl = 2(&7) +E()),

where
Ay = g(@e{gmdy, el-) =e(ely)) — (%.el-) (7).

Example 3. Let (R?, g) be a statistical manifold with Riemannian metric g = dx” + dy* and
V an affine connection defined by

Voer =6, Veueo=0, V,eo=V,01=0¢

where {el 9 ey = 6,} is an orthonormal frame field. Then (IRZ7 V,g) is a statistical

=2 z
manifold of constant curvature — 1 and S, = —2. We want to determine y such that S; = 0.
By Corollary\enleadertwodots , we deduce that Sz vanish if and only if

2(8r) — aBly) — 4e?lgrady|” +2 = 0.

To solve this equation, we will present two cases :

(1) If we assume that y depends only on the variable x, then Sz vanish if and only if.
Y —22(r) +1=0.
Note that if @ = 0, the solution of this last equation is,
y(x) = —%xz +ax +b.

In the case where a # 0, a particular solution is given by y(x) = %ﬁx + 0

(2) If the function y depends only on the variable y, we conclude that S; = Oif and only if,
7y tay —22(r) +1=0,
Using the same method, if @ = 0, the solution obtained is,
r(v) = —%y"‘ +ay+b

and if we take a # 0, a particular solution is y(y) = % y+ 0.
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