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Purpose — This paper aims to study Irreversible conversion processes, which examine the spread ofaoneway — Revised 9 Februarzlf 2022

change of state (from state 0 to state 1) through a specified society (the spread of disease through populations, 24 April 2022
the spread of opinion through social networks, etc.) where the conversion rule is determined at the beginning of Accepted 26 May 2022
the study. These processes can be modeled into graph theoretical models where the vertex set V(G) represents

the set of individuals on which the conversion is spreading.

Design/methodology/approach — The irreversible k-threshold conversion process on a graph G=(V,E) isan

iterative process which starts by choosing a set S_0?V, and for each step # (f = 1, 2,.. .,), S_t is obtained from

S_(t—1) by adjoining all vertices that have at least & neighbors in S_(¢—1). S_0 is called the seed set of the

k-threshold conversion process and is called an irreversible &-threshold conversion set (IKCS) of Gif S_t = V(G)

for some ¢ = 0. The minimum cardinality of all the IkCSs of G is referred to as the irreversible /-threshold

conversion number of G and is denoted by C_k (G).

Findings — In this paper the authors determine C_% (G) for generalized Jahangir graph / (syn) for 1 <k =m

and s, m are arbitraries. The authors also determine C_k (G) for strong grids P_2? P_n when k = 4, 5. Finally, the

authors determine C_2 (G) for P_n? P_n when # is arbitrary.

Originality/value — This work is 100% original and has important use in real life problems like Anti-

Bioterrorism.
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1. Introduction

Asusualn = |V]and m = |E| denote the numbers of vertices and edges at a graph G(V | E),
respectively. Let Y C V and let F be a subset of £ such that F consists of all edges of G which
have endpointsin Y, then H = (Y, F) is called an induced subgraph of Gby Y and is denoted
by Gy . The open neighborhood of a vertexv € Vis N(v) = {u € V : uv € E'} while the closed
neighborhood of v is N[v] = N(v) U {v}. The degree of a vertex v is denoted by deg(v) and
deg(v) = |N(v)]. An independent vertex set of a graph G(V, E) is a subset of V' such that no
two vertices in the subset represent and edge of G. The independence number, denoted by
a(G), is the cardinality of the largest independent vertex set of G. The term irreversible
k-threshold conversion problem on graphs refers to the process of finding the least number of
vertices we need to initially convert in step £ = 0 in order to get an irreversible &-threshold
conversion process, which is an iterative process that starts by choosing a seed set S C V,
and for each step £(¢ = 1,2,. . .,), S;is obtained from S;_; by adjoining all vertices that have
atleast & neighbors in S;_1.We call Sy the seed set of the &-threshold conversion process and if
Sy = V(G) for some ¢ >0, then Sy is an irreversible &-threshold conversion set (IkCS) of G. The
k-threshold conversion number of G (denoted by C;,(G)) is the minimum cardinality of all the
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AJMS IkCSs of G. It is obvious that 1 <k < A(G) and G (G) = 1 for connected graphs. The first
301 graph model of the Irreversible k-threshold conversion problem was presented by Dreyer and
’ Roberts in Ref. [1] where they determined the value of Cy(G) for paths and cycles. They also
determined C;(G) and C3(G) for grid graphs Ps X P,,. In Ref. [2] Kyndl et al. found an upper
bound for C;,(G) of toroidal grids of size m X n if m = 4 or n = 4. In Ref. [3] Adams et al.
presented an upper bound for G, (G) of the tensor product of two arbitrary graphs Gand H. In
44 Ref. [4] Mynhardt and Wodlinger presented a lower bound for C,(G) of graphs of maximum
degree %k + 1. Frances et al [5] studied the relationship between IkCSs and minimum
decycling sets. An upper bound for C,(G) of regular graphs was presented by Mynhardt and
Wodlinger in Ref. [6]. In Ref. [7] Shaheen et al. studied irreversible k-threshold conversion
processes on circulant graphs. In Ref. [8] Shaheen ef al determined C»(G) and C3(G) for the
strong grid graphs P, XP, when m = 2,3. For further information on the irreversible
k-threshold conversion problem on graphs see Centeno et al. [9], Takaoka and Ueno [10], Kyn¢l
et al. [11]. A generalized Jahangir graph /; ., for m > 2is a graph on sm + 1vertices, i.e.a graph
consisting of a cycle Cy,,with one additional vertex which is adjacent to m vertices of Cy,, at
distance s from each other on C,,, see Ref. [12] for more information on Jahangir graph. Let
Vsme1 be the label of the central vertex and vy, v2, . . ., 05, be the labels of the vertices that
incident clockwise on cycle Cg,, so that deg(v1) = 3. We will use this labeling for the rest of the
article. The vertices that are adjacent to v,,+1 have the labels v1, v11s, 1125, - - - V14 (m-1)s- Let
P,,, P, be two paths, we define the strong product of P,, and P, (also called strong grid graph)
as the graph P, R P, such that V(P,,RP,) = {(4,7) : 1 <i<m, 1 <j<n} and two vertices
(t1,71), (i2,72) are adjacent if and only if max{|i2 —i1|, |72 —j1|} = 1. See Ref. [13] for more
information on strong grids.

Proposition 1.1. [3]Forn>2; G(P,) =21,
Proposition 1.2. [3]Forn>3; G(C,) =14
Proposition 1.3. [13]For n>2; G(P,RP,) = 2.
Proposition 1.4. [13]Forn>2; G(P,RP,) =n+ 1.
Proposition 1.5. [6]Form,n>2; a(P,XP,) =%%.

Note 1: As an immediate consequence of the definition, C,(G) > % for any graph G.

Note 2: As an immediate consequence of the definition, when studying an irreversible k-
threshold conversion process on a graph G(V, E) all vertices {v € V ; deg(v) < &} must be
included in the seed set Sp, otherwise the process will fail because none of these vertices can
satisfy the conversion rule.

Note 3: For Jahangir graph J; ,», we denote the set of vertices of degree 3 which consists of
UL, Vlts, -+ - Ul met)s DY R. S0, R = {v1445 11 =0,1,...,m—1}

Note 4: In every figure of this article, we assign the black color to the converted vertices and
the white color to unconverted ones.

2. Main results

In this section we determine G, (G) for generalized Jahangir graph J; ,, for 1 < k<mands,m
are arbitraries. We also determine C,,(G) for strong grids P, X P, when & = 4,5. Then we
determine G (G) for P, ® P, when # is arbitrary.

2.1 Ck(]s,m)
In this sub-section we find C;,(G) of generalized Jahangir graph J; ,, for 1 < k<mand s,m
are arbitraries.
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Theorem 2.1. Fors,m>2, G, (]s,m) = @ +1. Irreversible

Proof. Let/; ,, bea Jahangir graph on which an irreversible 2-threshold conversion process k-thI'GSthd
is being studied with a seed set Sy, let U C V — Sy and vg,,,11 & U, then U is a 2-unconvertible conversion
set of J ,, if it satisfies the following condition:

Forallue U : [N(u) nU|>2.

Which means each vertex # € U is unconverted and is adjacent to at least 2 vertices of U at 45
t = 0.Since deg(«) < 3then [N («) N Sp| < 2and the conversion cannot reach any vertex of U

during any step of the process. Therefore, we try to avoid having any version of U on

Js,mwhen choosing Sp. We imply that the following sets 4, = {a,b,c} with (deg(a) =

deg(c) = 2anddeg(b) = 3),B; = {x,y} (with deg(x) = deg(y) = 2) are 2-unconvertible sets

on J; . Both A; and B, are represented in Figure 1.

By Proposition 1.1, we have Gy(P,) = L. It is obvious that the %1 —IkCS of a path P, must
contain the end vertices {v1, v, } otherwise the spread will never reach them. The vertices of R
divide C,, into m paths (each of which consists of s — 1 vertices and they are separated by the
vertices of R). We denote these paths as follows:

1
P()lzvg...vs7

We consider the following subcases:
Case 1. sis even.

In this case, each path Pfi)l : 1 <7 <m contains an odd number of vertices. We divide
V(Pf_)l) into two sets:

. . s—1 .
EP; = {02 (i-1)s, Vsr(i—1)s, - - - » Uss } Which consists of 5 vertices.
@ ifs=2;
OF; = . . s—1 ..
{v34ic1)5 Vs im1)ss - - -, Vis1 | which consists of —- verticesif s> 4.
We define a family of sets D = < D; : 1 <i <m, where D; = EP; l.f LS odd;
OP;if iis even.
The process goes as follows:
t = 0: We convert the vertices of So = DU {vsp11}-
t = 1: The conversion spreads to:
Vsm+1
Figure 1.
Al = {Cl, b7 6}7
O/O By = {x,y}are
Y ¢ a 2-unconvertible on J; ,,
x b

Downl oaded from http://ftp. nowublishers.conl ajnms/article-pdf/30/1/43/9553107/ aj ns- 07- 2021- 0150. pdf by guest on 12 June 2026



AJMS « The vertices of {OP; : iisodd}.
30,1 «  The vertices of {EP; — {vo(i_1)s, Vis} : (1S even}.
« The vertices of degree 3 (vertices of R).

t = 2 : The conversion spreads to {va, (i_1ys, Vi : 115 even}.

46 By the end of step ¢ = 2, the conversion is spread to V(J; ») entirely and the process

-1 -1 P
m (S—+S—> + 1if mis even;

succeeds. It is obvious that |Sp| =

Which means:
—+1 @

Figure 2 shows that Ga(fs4) <11.

We imply that thesets 41 = {a, b, c}, By = {x,y}represented in Figure 1 are 2-unconvertible
on s, »- We notice that D is the only “° = m > 1) seed set that does not leave any versions of A; or By
on Cyy, and every k-seed set with £ < 2= will leave some versions of 41 or B; on Cyy,. Let us
assume that Dy is a IkCS of cardinality '" > ms=1) we consider the following subcases:

Case 1.a. 0,1 & Do, which means Do C V(Cyn), and since |Dy| = mis=1) > U then Dy = Das
we found earlier. However, since C3(Cyn) = %5 by Proposition 1.2, it is 1mp0351b1e to convert
all the vertices of Cy,, depending only on D. Therefore, we need to convert vg,,, 1 at some point

and benefit from it being adjacent to m vertices of Cy,,. To achieve that we need at step f = Oto
choose one of three strategies:

« Convert 2 vertices of R (e.g. v1,1.s). However, that leaves M — 2 vertices in Dy
which means we end up with at least two versions of By and the process fails as shown
in Figure 3(a). Without loss of generality, any choice of the two vertices of Rleads to the
same result.

« Convert 1 vertex of R (e.g. v1), and 2 vertices that are adjacent to a vertex of R (for

example vgg, V2 95), by converting the remaining mis-1) 2 — 3 vertices in Dy in a similar
way to D, we end up with two versions of B; and the process fails as shown in

Figure 2.
G(Jos) <11 t=0 t=1 t=2
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Figure 3(b). Without loss of generality, any choice of the one vertex of K and the two Irreversible

vertices that are adjacent to a vertex of R leads to the same result. k-threshold
. Convert 2 pairs of vertices each of which is adjacent to one vertex of R (e.g.v2, vsn, conversion
vs, U215), by converting the remaining ’”“2 U _ 4vertices in Dy in a similar way to D,

we end up with two versions of By and the process also fails as shown in Figure 3(c).
Without loss of generality, the same result is obtained for whatever 4 vertices that
each of which is adjacent to a vertex of R we choose to initially convert. 47

All strategies end up with two versions of B; on Cy,,, and without loss of generality, we get the
same results by choosing different vertices that satisfy the conditions mentioned in the three

strategies above, therefore Co( /s, ) > m<s U when s is even and vg,.1 & Do.
"< 5 U vertices of Csn we end up with two versions of
m(s 1)

Case 1.b. v, .1 € Dy, by converting’

B (as shown in Figure 3(d)), and the process fails. Therefore, Co( /s, ) > in this case
as well.

From Case 1.a and Case 1.b we conclude that:

m(s —1)

5 @

Forsiseven, Gy(Jsm) >

From (1) and (2) we conclude that for siseven; Ca( /s, ) = @ + 1

(b)
B 1 21
V24 (2]
V23 V3
Bl 27 Uy t — 0
v, vy
V20 Vg

Figure 3.
C(Jos) > 10
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AJMS Case 2. sis odd.

30,1 In this case, each path Ps@l : 1 <7 <m contains an even number of vertices. We define a
family of sets D = {D; : 1 <i <m} where D; = {05, (i_1)s, Va(i=1)s, - - - » Vis—1 } Which contains
m(s—1)

== vertices. The process goes as follows:
(1) t=0: We convert the vertices of So = DU {vg+1}.
48 (2) t = 1: The conversion spreads to the vertices of {D; — {vjs_1} : 1 <i<m}.

(3) t = 2: The conversion spreads to {v;_; : 1 <i <m}.

By the end of step ¢ = 2, the conversion is spread to V(J; ») entirely and the process
succeeds.
s—1)

Itis obvious that |Sy| = % + 1which means Co( /s, ) <

Case 1, Sy is the only IKCS of cardinality @ + 1 because D is the only set of cardinality

Mthat does not leave any versions of A; or By on Cs,,. By following the same discussion in

Case 1 we conclude that Co( /s 1) > @ if sis odd, which means Gy (/s ) = w +1ifs
is odd.
Figure 4 illustrates a 2-conversion process on /7 4 starting with |Sp| = 13.

From Case 1 and Case 2 we conclude that C;( /s, ) = m(sz_ Ui 1fors>2

Theorem 2.2. Form>2,Cs3(Jsm) =m(s—1) + 1.

Proof. By definition all vertices with degree lower than 3 need to be added to the seed set Sp.
However, in order to convert a vertex of degree 3, we need it to be adjacent to three converted
vertices which means the conversion will not spread unless vy, 1 is initially converted. The
process goes as follows:

t = 0: We convert the vertices of Sy = {V(Csn) — R} U {011}, we implied that this set is
unique.

M + 1.Ina similar way to

t = 1: The conversion spreads to the vertices of R.

Figure 4.

A 2-conversion process
on J7 4 starting

with [Sp| = 13
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The process succeeds and J; , is entirely converted by the end of step 2 which means that Trreversible
Gs(Js,m) <m(s—1) +1, since Sy is unique and none of its vertices can be removed, k-threshold

then G3(Js,m) = m(s—1) + 1. conversion
Theorem 2.3. Ford<k<m,C,(Js,m) = sm.

Proof. By definition all vertices with degree lower than 4 need to be included in Sy which
means Sy = V(Cy,) and this set is unique. The process goes as follows: 49

t = 0: We convert the vertices of Sy = V(Csp).

t = 1: The conversion spreads to v, 1.

The process succeeds and /s ,, is entirely converted by the end of step 2 which means that
Ci.(Js.m) <sm, since Sy is unique and none of its vertices can be removed, we conclude
that G,(Js,m) = sm.

22 Ck(Pm &Pn)
In this sub-section we determine C(G) for strong grids PoXP, when &k = 4,5. Then we
determine Cy(G) for P, K P, when 7 is arbitrary.

) _ [ n+1if nisodd,
Theorem 2.4. For n>3; C4(P2RP,) = 1+ 2if niseven.
Proof. Let P,XIP, be a strong grid graph on which an irreversible 4-threshold conversion
process is being studied with a seed set S, let UCV -5 and {(1,1),(1,#n),(2,1),
(2,n)} N U = g, then U is a 2-unconvertible set of P, X P, if it satisfies the following condition:

Forallue U : [N(u) nU|>2.

Which means each vertex # € U is unconverted and is adjacent to at least 2 vertices of U at
¢t = 0.Since deg(#) = 5then [N (#) N So| < 3and the conversion cannot reach any vertex of U
during any step of the process. Therefore, we try to avoid having any version of U on P, X P,
when choosing S. For 2 <j < — 1, we imply that the following sets are 4-unconvertible:

X = {(lvj_ 1)7 (L])? (23])}7 Xp = {(27]_ 1)7 (1aj)7 (Zaj)}’ X3 = {(17])7 (27])7 (17] + 1)}’
Xo ={(1,7),(2,7), (2,7 +1)}. Figure 5 shows that for 1</<4: if XN Sy = @ on P, P
then none of the vertices of X; can be converted and the process fails even if Sy = V — X;. In
order to avoid having any version of X7, X5, X3 or X; on P, X P, every two adjacent columns
must include at least two vertices of Sy at ¢ = 0.

We consider the following cases:

Case 1. nis odd.

Let Sy be a seed set of an irreversible 4-threshold conversion process on P» X P, since each
vertex of W = {(1,1), (1,n), (2,1), (2,n) } is of degree 3, then W C S, otherwise the process
fails. Since we are trying to avoid having two adjacent columns that include less than two

1 456123 ﬁ E E E E
4 6 6
oo 00t 5 ot 2 Figure 5.
X1, X5, X3 and X, are
4-unconvertible
onPZIZIPﬁ
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AJMS vertices of Spat ¢ = 0, we choose Sy = {(1,2/ + 1), (2,2 + 1): 0 </ <31}, which means Sy
30,1 contains all the vertices of the odd indexed columns of P, X P, and |Sp| = 7 + 1. The process
goes as follows:

t=0: S = {(1721+1),(2,21+1); 0515”;1}.

n—1
2

50 t=1: 8 =Su {(1,21), (2,20): } = V(P,RP,).

This means S is an 14CS on P, X P,,. Therefore, if 7 is odd then:
Cu(P,RP,)<n+1 &)

Figure 6 illustrates that Cy(P, X Py) < 10.

Now let us assume that D is a 4-conversion seed set of cardinality # on P, X P,. Since W
must be contained in Dy, this means we need to distribute the remaining 7 — 4 vertices of Dy on
the remaining # — 2 columns (2,3,...,7—1) without having two adjacent columns that
include less than two vertices of Dy which is impossible. Therefore, we end up with at least one
version of X7, X5, X3 or X4y on P, X P, and the process fails. This means if 7 is odd:

Cy(P,RP,)>n @
From (3) and (4) we conclude that Cy(P2 X P,) = n + 1 if nis odd.

Case 2. nis even.

In a similar way to Case 1, the vertices of W must be contained in the seed set Sp. We
choose Sp = {(1,2/ +1),(2,2/ +1): 0<I<%-1}u{(1,n), (2,n)} which is of cardinality
n + 2. The process goes as follows:

t=0: S = {(1,2z+ 1), (2,21 + 1) 0515% - 1} u{(L,n), (2,n)).
t=18 = Sou{(1,2l)7(2,2l): 1515%- } = V(P,RP,).

This means S is an 14CS on P, X P,,. Therefore, if 7 is even then:
Cu(P,RP,)<n+2 ©)

Figure 7 shows that C4 (P, R Pp) < 12. According to the same 4-threshold conversion process,
let Dy be an I4CS of cardinality # + 1. Since W must be contained in Dy, it is impossible to
distribute the remaining 7 — 3 vertices of Dy on the 7 — 2 unconverted columns at t = 0
without having at least two adjacent columns that include less than two vertices of Dy, which
means a version of X7, X5, X3 or X; will definitely be created on P, X P, and the process fails.
We conclude that if # is even then:

t=0 t=1
23456789 123456789

C4(P2 &Pg) <10
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Ci(P,RP,)>n+1 ©) Irreversible

, , k-threshold
From (5) and (6) we conclude that Cy(Po X P,,) = n + 2if n > 4and nis even. From Case 1 and conversion
Case 2 we conclude the requested.
n+1.. .
5 if nis odd,
Theorem 2.5. Forn>3; G(P,XP,) =
.. 51
> + 1if niseven.

Proof. In a similar way to Theorem 2.4, the vertices of W = {(1,1), (1,#), (2,1), (2,n)}
must be included in the seed set Sy. Now we try to determine which verticesof M = V - W
we need to include in Sp. Since M = {(1, ), (2, j): 2<j <n—1}, every vertex of M is of
degree 5 which means there cannot be two adjacent vertices v1, v, € M — S). Otherwise, the
process will fail because neither v; nor v, will be converted at any step of the conversion
process. We conclude that M — Sy must be an independent set. In order to make Sy as small as
possible, we try to make M — Sy as large as possible. We notice that M represents the vertices
of a strong grid P, X P,,_, with the difference that the end vertices of M: (1, 2), (2,2), (1,n - 1),
(2,m—1) are of degree 5 while the end vertices of a usual PoXP,_» strong grid:
(1,1),(2,1),(1,n), (2,n) are of degree 3, but this difference does not change that
a(Gy) = a(P;®P,_3) which means from Proposition 15, a(Gy) = 252 We conclude that
the minimum cardinality of Sy that does not allow having two adjacent unconverted vertices is:

1Sol = M| - a(Gy) + |W|=2(n-2)-252+4 = 2n-"32 We consider the following
cases for n:

Case 1. nis odd.

Since 7 is odd then a(Gy) = 5% Therefore, G5 (P, R P,) = 2n — 251 =321

Case 2. nis even.

Since 7 is even then a(Gy) = “52 Therefore, G5(P;®P,) = 2n—"5% =32 4 1.

From Case 1 and case 2 we conclude the requested.

Theorem 2.6. For n>3; G(P,RP,) = 2.

Proof. It is known by definition that G,(G) > % for any G. Therefore, Co(P, X P,,) > 2. Now
we prove that Gy (P, K P,) < 2by finding an I2CS of cardinality 2 on P,, X P,.. In order to make
the conversion steps as few as possible, we start from the middle by choosing the seed set to

be So = { (271,251, (&2, 1) }. The process goes as follows:

n—1n+1 n+3n+1
t_O.SO_{( 2 ’ 2 )’( 2 ’ 2 )}.
n+1ln—-1 n+1ln+1 n+1n+3

1 23456 7 8910 1 2 3 45 6 7 8 910

G(PaRPy) <12
1 4( 2 10)
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AJMS 95 _ S n—1n-1 n—1n+3 n+3n-—1 n+3n+3
30,1 t=2 o =01 U 2 3 2 3 2 ) 2 ) 2 ) 2 ) 2 ) 2 .
n—3n—1 n—3n+1 n—3n+3 n—1n-3
t_S SS_SZU{( 2 ) 2 )a( 2 9 2 )7( 2 ) 2 )7( 2 ) 2 )7
n+1ln-—3 n+3n—3 n+5n—-1 n+b5n+1 n+5n+3
2 T2 27 2 ) 27 2 ) 27 2 )

) 2 ) ( )
n—1n+5
2 b 2 b b)

52

2
n+1n+5 n+3n+5
27 2 27 2 '
n—5n-1 n—5n+1 n—5n+3 n—1n-5
t_4-S4_SSU{( 2 ) 2 )a( 2 B} 2 )7( 2 ) 2 )7( 2 ) 2 )7
n+1ln-5 n+7n71 n+7n+1 n+7n+3
27 2 ) 2 2 27 2 ) 27 2 )
n—1n+7 n+ ln 7 n+ 3n 7 nf?)n 3
2 2 ) ) 9’
n—3n+5 n+5n73 n+5n+5
2 2 ) 2 2

5§t§n+1 S =S.u {<n—2t+3n—1 (n—2t+3n+1)’

n+ 3n75
2

2 2 2

n—2t+3n+3 n—1n—-2t+3 n+1ln—2t+3 n+3n—-2t+3
2 2 0) 27 2 ’ 27 2 ’ 27 2 ’

n+2t—1n-1 n+2t—1n+1 n+2t—1n+3 n—1n+2t-1
2 2 0) 2 2 0) 2 2 ) 27 2 ’

27 2 "\ 27 2 2 7 2

n—2t+21—3 n+21—3) (n+21—3 n—2t+21—3)

2 ’ 2 2 7 2

(n+1 n+2t—1) n+3 n+2t—1) <n—21+5 n—2t+2[—3)

n+221—37n+2t;21+5>:45151‘}'

We notice that at t = "“ . the spread reaches its limits horizontally and vertically (the three
middle vertices of each of the first row, the last row, the first column and the last column are
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converted). Therefore, in the remaining steps, the conversion spreads only diagonally as Irreversible

follows: k-threshold
n+1 n—2+5n—2+2-3 conversion
t= 5 + 1 San—S%U{( 2 s D) >7
( 2t—|—21 3n+21 ) (n+21 3n—2t+21 >
2 ’ 53

<+21 3n+2t 2l+5) ss}

‘o n+1 % Sty = Sut, {(n721+5n 2t + 21 — )7
2 B 2
2t+21 3n+21 )< 3n—2t+2] )
2 9

15t 1}

+21—3 n+2t—2!+5

2

n-3
2

<273 whichmeansfor 2 + 2<t<n-1:
S-S, U{(n—21+5n—2t+21— ) (n—2t+21—3n+21—3>
T m T+m—1 2 ’ 2 ’ 2 ’ 2 )
n+20—-3n—-2t+2/-3 n+20—-3n+2t—21+5
( 2 T 2 )( 5 T 2

For2<m<

):m+3$l§l‘fm+1}.

723

When we reach step ¢t = n — 1, we have m = which means:

-2 —2n—-1)+2— —2n—-1)+2 2
S;1—1:S;z—2u{(n [ +5n—2n—1)+2 3)7(14 (n—1)+2 - 3n+l )
_l’_
2

2 2 2
(n+21—3 n—2(n—1)+2]—3) <n+21—3 n+2(n—1)—21+5) n+3

; : <1<t
2 2 2 2

=S-20{(1,1),1,n),(n1),(n,n)} =V(P,XP,)

2

)

we conclude that Sy is an I12CS of cardinality 2 on P, X P,,. Therefore, C;(P, X P,)) <2 which

n
means G (P, X P,) = 2if nis odd. Figure 8 illustrates that Co(Po X Py) = 2.

Case 2. nis even.

In a similar way to Case 1, we need to prove that Co(P, X P,) <2by finding an I2CS of
cardinality 2 on P, ®XP,. We start from the middle to make the conversion steps as few as
possible. We choose the seed set to be Sy = {(%,%), (4+1,%+1) }. The process goes as

follows:
0= (D). Grrge)

f=1: S = sou{(ﬁ ﬁ+1),(g+1,g)}.
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25tsg: S,fzst_lu{(g—tﬂ, g) (g—t—i—l, g+1), (g g—t—i—l)
(G+15-t+1) (5+0 3) (2” 3+ (35r1) Grig+e),
(

g—z+2§ t+l—1) (§+z— G tHl- )(E—z+1—1,§+1—1),
(nglfl 2+tfl+2) 3§lst}.

We notice that at # =%, the spread reaches its limits horizontally and vertically (the three

middle vertices of each of the first row, the last row, the first column and the last column are

converted). Therefore, in the remaining steps, the conversion spreads only diagonally as follows:
For lgmg’—zl—lwhichmeansfor @—k 1<t<n-1

sgm:sgm,lu{( 1422 t+z—1),(5l+z— el )

'3 )
(g—t+1—17g+z—1),(§+z— 2+t—l+2) m+2§lst—m+1}.

When we reach step # = 7 — 1, we have m = §— 1 which means / = § + 1 therefore:

sn_1:5%+%_1:sg+g_zu{(g—(g+1)+2’; -1+ (3+1)-1),
GGy -rz-o-n+ ( ) D). (G- () -15e Gy -)
(B 1200 (1))

= Sy52U{(L, 1), (n,1), (1, m), (n, ﬂ)}f V(P,RP,).

We conclude that Sy is an I2CS and Gy (P, K P,,) < 2 which means Gy (P, X P,,) = 2if nis even.
Figure 9 illustrates that C;(Ps R Pg) = 2. From Case 1 and Case 2 we conclude the requested.
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Figure 9.
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