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Abstract

Purpose — The screen Cauchy—Riemann (SCR)-lightlike submanifold is an important class of submanifolds of
semi-Riemannian manifolds. It contains various other classes of submanifolds as its sub-cases. It has been
studied under various ambient space. The purpose of this research is to study the geometry of SCR-lightlike
submanifolds of metallic semi-Riemannian manifolds.

Design/methodology/approach — The article is divided into five sections. The first section is introductory
section which represents brief overview of the conducted research of this article. The second section outlines
the key results that are utilized throughout the paper. In section three, the definition of SCR-lightlike
submanifold is constructed with one non-trivial example. In section four and five, the important results on
integrability, totally geodesic foliations and warped product are given.

Findings — The SCR-lightlike submanifold is introduced. One non-trivial example is constructed which helps
to understand the given structure. The necessary and sufficient conditions for the integrability and to be
totally geodesic for various distributions are obtained. The necessary and sufficient conditions for induced
connection on totally umbilical SCR-lightlike submanifolds to be a metric connection are discussed. Various
results are found on totally umbilical SCR-lightlike submanifolds. Finally, the existence of the warped product
lightlike submanifold of the type N* X ;N is studied.

Originality/value — SCR-lightlike submanifolds have been explored within ambient manifolds possessing
various structures, such as Kaehler, Sasakian and Kenmotsu structures. In this article, we investigate this
structure on submanifolds of metallic semi-Riemannian manifolds. This original and authentic research will
aid researchers in advancing the study of semi-Riemannian manifolds.
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AJMS 1. Introduction
31.2 The study of lightlike submanifolds in semi-Riemannian manifolds presents a
, S . ;
significantly greater level of complexity compared to study of submanifolds of
Riemannian manifolds. In case of semi-Riemannian manifolds, the induced metric on
submanifold has two cases, either degenerate or non-degenerate. If metric is non-
degenerate, various structures of the ambient space can be induced uniquely and with
180 same characteristic to ambient space. But this is not true for the case of degenerate metric.
Also, if the submanifold has a degenerate metric then the intersection of the normal bundle
and the tangent bundle is non-trivial. Due to this, we cannot study the geometry of
degenerate or lightlike submanifolds by using tools of non-degenerate submanifold. The
whole study of how to do calculus on lightlike submanifolds is known as lightlike
geometry. The lightlike geometry is known as mathematical language of general theory of
relativity. Due to this reason, it becomes a developing research topic in mathematics and
physics.

In 1996, Duggal and Bejancu accumulated research on lightlike submanifolds in Ref. [1].
Later, various category of lightlike submanifolds, on the basis of action of (1,1) tensor on
tangent bundle, of semi-Riemannian manifolds are studied.

Therootx = #of the equation ¥ — x — 1 = 0 is known as a golden ratio [4]. This ratio
has many applications in paintings, pictures, temples, fractals etc. Crasmeranue and
Hretcanu [2] introduced golden manifold by defining the tensor ¢ on Riemannian
manifold, such that (/52 = ¢ + 1. The metallic means, the generalization of golden means,
was introduced by Spinadel [3-5]. Later, on the basis of metallic structure, geometry of
various lightlike submanifolds of golden and metallic semi-Riemannian manifold are
introduced in [6-23] and [32—-34]. In Ref.[24], the author introduced Cauchy—Riemann (CR)-
submanifolds of Kaehler manifolds which contains invariant and totally-real
submanifolds as its subcases. But it was observed that CR-lightlike submanifolds does
not contain invariant and screen real lightlike submanifolds as its sub-cases. Therefore, a
new class SCR-lighlike submanifolds has been introduced by Duggal and Sahin [25] which
contains invariant lightlike submanifolds and screen-lightlike submanifolds as its sub-
cases. Later, the concept of SCR-lightlike submanifolds has been studied in indefinite
Sasakian manifolds with the name of contact SCR-lightlike submanifolds [26]. In Ref.[17],
author introduced SCR-lightlike submanifolds and investigated the existence of warped
product SCR-lightlike submanifolds of indefinite nearly Kahler. The metallic semi-
Riemannian manifolds is an important class of semi-Riemannian manifolds, therefore, we
introduce SCR-lightlike submanifolds of metallic semi-Riemannian manifolds which
contains invariant lightlike submanifolds [18] and screen real lightlike submanifolds [27]
of metallic semi-Riemannian manifolds as its special cases. The sections of this article are
as follows:

In section 2, some basics of lightlike geometry and definition of metallic semi-
Riemannian manifolds are recalled. In section 3, we introduce SCR-lightlike submanifold
of metallic semi-Riemannian manifold. One example is also constructed. In section 4, we
establish the necessary and sufficient conditions for the integrability of the distributions
Rad(TN), D' and D*, and the foliations determined by the distribution Rad(TN), D' and
D* to be totally geodesic, where Rad(TN), D’ and D* represents radical distribution,
invariant distribution and anti-invariant distribution of the tangent bundle 7N. In
section 5, the necessary and sufficient conditions for induced connection on totally
umbilical SCR-lightlike submanifolds to be a metric connection are derived. Also, it is
studied that the totally umbilical SCR-lightlike submanifolds with smooth vector fields
H e T'(i) CI(S(TM*Y) cannot be the warped product lightlike submanifold of the
type Nt X Ny
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Suppose (IV' e ,&) be a semi-Riemannian manifold with constant indexg (1 <g <m+n — 1, Seionces

m, n > 1), then the submanifold (N”, g) is known as degenerate(lightlike) submanifold if the
induced metric g is degenerate [28].

If there exists a smooth distribution A(known as null distribution) such that
N, =TN, N TN; for every p € N and with rank 7 then N is called the 7-lightlike
submanifold. The null distribution V is also denoted by Rad(TN). Also, on the basis of non- 181
degenerate complementary subbundles S(TN)(screen distribution) and S(TN*)(screen
transversal distribution) of Rad(TN) in TN and TN respectively,

we have the following decomposition (for detail see Ref. [28])

TN|, = TN & tr(TN) = [Rad(TN) ® ltr(TN)] L S(TN) L S(TN*) @.1)

where

tr(TN) = lir(TN) L S(TN™) 2.2)

Theorem 2.1. [28]Let (N ,8) be a semi-Riemannian manifold and (N, g, S(TN), S(TN")) be
its r-lightlike submanifold. Then, for a coordinate neighborhood u of N, there exists a vector

bundle ltr(TN) and a basis of T(tr(TN)|u) contains a smooth section {N;} of S(TN* )l |, such
that, forany 1,5 € {1,2, ..., 7}, where {&}(1 <i<7,)

is a lightlike basis of T'(Rad(TN)).
For any X7, X, € I'(TN) and W € I'(tr(TN)), the Gauss and Weingarten formula are

~VX1X2 = Vx, Xo + h(X1,X5), 24)
Vi, W = —AyXi + V3 W, 2.5)

where { Vx, X5, Ay X1} and {#(X1,X>), V)l(] W} belong to I'(TN) and I'(¢(TN)) respectively,
and V is induced connection on N. Further (2.4) and (2.5) reduce to

Vi Xy = Vi Xo + 1 (X1, Xo) + 1 (X1, Xs), 2.6)
Vi,N = —AxX1 + Vi (N) + D'(X1,N), NeT(ltr(TN)), 2.7)
Vi, W = —AwX1 + Vi (W) + D/ (X1, W), WeT(S(TNY)). 2.8)

For the lightlike submanifold N of N, (2.4), (2.6) and (2.5), (2.7), (2.8) are known as Gauss
equations and Weingarten equations respectively.
Also, we have the following equations [28]:

&0 (X0, X2), W) + 3(X0, D (Xo, W) ) = g(AwXo, Xo), 29

2(H00,22),€) +2(Xa W (X2,8)) = -2 (X1, Vid), 210)
for any & € T(Rad(TN)), X1, Xo € T(TN) and W e T(S(TNY)).
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AJMS Since the induced connection from the ambient connection is not always a Levi-Civita

31.2 connection. Then, for any Xi, Xo, Z € TI'(TN) and U, V € T'(tr(TN)), we have following
’ formulas
(Vi) (Xz,2) = (W (X1, X2),2) + 2 (W (X1,2), X») (2.11)
182 Let us consider S a projection map on S(TN) from TN. Then, we have the following
equations, for any Xj, X € I'(TN) and ¢ € I'(Rad(TN)):
Vx,SY = Vy SXo + " (X1, SX>) 212
Vi, & = —AX) + Vy (&), 2.13)

where {1 (X,,PY), V' (&)} and {Vy SY, 4, X1} belong to [(Rad(TN)) and T(S(TN)),
respectively.
See pg. 196-198 [28], for detail explanation of equations (2.4)-(2.13).

Definition 2.1. [18] A smooth semi-Riemannian manifold (N,g) with (1,1) tensor field P
such that

P =pP+4ql, 2.14)

and g is f’-compatible, Le.,

2(Px,, X;) = 2(x,, PX;) 2.15)

is said to be a metallic semi-Riemannian manifold.
From (2.14) in (2.15), we get

2(PX1, PXs ) = pi(PX1,X2 ) + a2(Xa, Xo), 216)

for any X7, Xo € I'(TN) [2,8].

Also, if ( ~VX1]3)X , = 0 then P is called locally metallic structure. Throughout the paper,
we assume that (Vy,P)X, = 0.

3. SCR-lightlike submanifolds

Definition 3.1. A screen Cauchy—Riemann (SCR)-lightlike submanifold of a wmetallic semi-
Riemanmian manifold is a lightlike submanifold (N, g, SCTN)) which satisfies the following conditions:

() P(Rad(TN)) = Rad(TN),
i.e., Rad(TN) is invariant with respect to P.

(i) There exist non-null distribution D and D* of S(TN) such that

P(D) =D, P(D")cS(TN*) and D n D* = {0}, where D* is orthogonal
complementary to D in S(TN).
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From above definition, /t7(TN) is invariant w.r.t P and Mathematical
Sciences

TN =D LD,

where IV = Rad(TN) * D.
Suppose u be the orthogonal complementary part to PD* in S(TN), then 183

tr(TN) = Itr(TN) Ly LP(D")

Example 3.1. Suppose (N IRl,g,P) be a 7-dimensional metallic semi-Euclidean space
with semi-Euclidean metric g and sign (—+ + + + + —).
Let us define, for the standard coordinate system (y1, Y2, V3, Y4, Vs, V6, ¥7) Of [R{Z,

P(ylayZay37y47y57y6ay7) = (UthyZa (p - G)yf)’a 0Yy, 05,0, (p - 6)y7)‘
Then, Pis a metallic structure.
Suppose N is a submanifold of N such that
N =V =U, V3= ﬁuz,

Yy = U, Y5 = —sinous,
Vg = COS Oit3

from above system, we have following tangent vectors:

d d c 0 J
Zy=5—+-—, Zy=——+—,
FT LTa
4 f—sinai—i-cosa—
’ dys ays.
thus,
Rad(TN) = span{Z, = &}, S(TN) = span{Z,, 75},
1/9 d
tr(TN) =spany N = —( ——— ¢,
(TN) ? { 2(63/1 ayz)}
=—f—+aa—eS(TNl)
4

where P& = o¢, P(N) = oN, P(Zz) IS WandP(Zg) = 6Zs.Here, D' = D* Rad(TN) = spani{Z,,
Zsv and D" = span{Zy}. Hence, N is SCR-Aightlike submanifold

Let @, @, and R be the projection maps on Rad(TN), D and D*, respectively.
For any X € I'(TN), we have

X =X+ QX+ RX 3.1

or
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AJMS X = QX +RX 32
31,2 ’
where @ is projection map on I such that QX = QX + @-X.

Applying P on (3.2), we obtain

184 PX = PQ,X + PQ,X + PRX. 33

We write above equation as

PX = TX + wX, (34)

where TX and wX are the tangential and transversal components of PX, respectively.

For any U € tr(TN), we assume
PU =BU + CU, (3.5)

where BU and CU are tangential and transversal components of PU, respectively.

For any X, Y € I'(TN), expanding the expression (~VX13) Y =0, by using (3.3)-(3.5), we
obtain

—Ao v X + Vi TQY + W (X, TQY) + W (X, TQY) + VyTQY + I’ (X, TQY)
1 (X, TQ,Y) — AuryX + D' (X,wRY) + ViwRY = PQ,VxY + PQ,VyY + PRVyY (3.6)
+CIH(X,Y) + Bl (X,Y) + Ch' (X, Y).

By comparing components of Rad(TN), D, D, Itr(TN), and S(TNV), we get the following

equations
ViTQY + @ VxTQY = Q AuryX + T VXY, 3.7
QVxTQY = Az vX + QeAuryX + T VXY, 398
RVxTQY = RA}, X + RApyX + BI’ (X, V), 39)
H(X, TQ,Y) + (X, TQ,Y) + D'(X,wRY) = Ci (X, Y), (3.10)
and
(X, TQY) + I (X, TQ,Y) + V,wRY = wRVxY + Ch*(X,Y). (311)

Lemma 3.1. Let (N, g, S(TN)) be a SCR-lightlike submanifold of a metallic semi-Riemannian
manifold (N, P). Then we have

(VyT)Y = A X + BE (X, Y) (3.12)

and

Downl oaded from http://ftp. nowpublishers.conlajnms/article-pdf/31/2/179/10368552/ aj ms- 11-2021- 0286en. pdf by guest on 12 June 2026



(V)Y = —h(X, TY) + D/(X,wY) + CH'(X, ¥) + CI*(X, ), (313  ArabJournal of
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where (VxT)Y = VxTY — TVxY and (Viw)Y = Vi, Y —wVyY. Sciences
Proof. For any X, Y € T'(TN), we have

VxPY = PVxY.
185

Expanding above equation by using (3.4), (3.5) and Gauss and Weingarten formula, we
obtain

Ve(TY + wY) = P(VXY +HX,Y) + 1 (X, Y)),
this reduces to

VxTY + (X, TY) — Ay X + VY + D (X, wY) = TVyY + wVyxV+
CH(X,Y)+BIi(X,Y) + CI’(X,Y)

By comparing tangential and transversal components in above equation, we obtain

(VxT)Y = Ay X + BIE(X,Y) (3.15)

and
(Viw)Y = =h(X, TY) + D' (X, wY) + CH' (X, V) + CI’ (X, V). (3.16)
O

4. Integrability and totally geodesic foliations
In this section, we find necessary and sufficient conditions for the distributions Rad(TN), D
and D' to be integrable and to define totally geodesic foliations.

Theorem 4.1. Let (N, g, S(TN)) be a SCR-lightlike submanifold of a metallic semi-
Riemannian manifold (N, P). Then,

(1) the distribution Rad(TN) is integrable if and only if,
k *k . .
QZATngzfl = QZATnglfz and I°(&1, T@h&2) = I°(&z, T

(1) the distribution Rad(TN) defines totally geodesic foliations if and only if,
P (&, Y) = W (&, TY) + D(&,wY).
Proof. (1) Let &, & € Rad(TN), from (3.7), we obtain
QoA7g.e &2 = T Ve &y 4.1)

Interchanging role of & and &, in (4.1), we obtain
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31,2 QZA*TQ@& =TV 4.2

Subtracting (4.2) from (4.1), we obtain

186 QA% o &1 — QArg o & = TQu[E1, 5. 3)

Similarly, from (3.11), we obtain

(&, TCE,) = wR V& + CI'(&1,&) (4.4)

Interchanging role of & and &, in (4.4) and subtract resulting equation from (4.4), we obtain

hs(é:la T &) — h$(§27 T &) = wR[&,, &) 4.5)

From (4.3) and (4.5) we obtain, Rad(TN) is integrable if and only if,

Q0,6 = @Ay . & and IFE, TQiES) = IF(Es, TQ1E).
(1) For any &;, & € Rad(TN) and Y € I'(S(TN)), from (2.4), we have

2(Ve, V) =2(V28Y) «6)

Since Vis metric connection, using (2.16) in above equation, we obtain

/- o la/a e b -
#(& VaY) =~ #(Pe PVY) 4 2(Pe VoY), @)
Using PV, Y = V: PY in (47), (4.7) reduces to
N ~ - 1./~ - D[~ -
2(& YY) == &(Pe, Va(TY +w))) + 2(Pe, VoY), 9
Using (2.6) and (2.8), we get O
a2 (&, Vs ¥) =2(Pe (6. TY) + D& wY) —pll (£, 7). @9)

Since Rad(TN) defines totally geodesic foliation if and only if Ve &, € Rad(TN), from (4.9) and
(4.6), we obtain V&, € Rad(TN) if and only if

Downl oaded from http://ftp. nowpublishers.conlajnms/article-pdf/31/2/179/10368552/ aj ms- 11-2021- 0286en. pdf by guest on 12 June 2026



Arab Journal of
PH (&, Y) =1 (&, TY) + D (&, wY). Mathematical

Sciences
Theorem4.2. Let (N, g, S(TN)) be a SCR-lightlike submanifold of metallic semi-Riemannian
manifold (N, P). Then,

(i) the distribution D) is integrable if and only if, 187

w (X,PY) - (Y, PX)
(1) the distribution D' defines totally geodesic foliations if and only if,

w (X,PY) — PR (X,Y)eT(n).

Proof.
(1) For any X, Y € I'(D'), from (3.11), we obtain

B(X, TQY) + 1*(X, TQY) = wRVyY + CI*(X,Y). (4.10)

Interchanging role of X and Y in (4.10), we get

B (Y, TQX) + (Y, TQ,X) = wRVyX + Ci* (Y, X). (4.11)

Subtracting (4.10) from (4.11), we obtain

WX, TQY) +1'(X, TQ,Y) — I'(Y, TQX) — I’ (Y, TQ.X) = wR[X,Y] (412

Above equation can be written as

A (X, PY) A (Y7 PX) — wR[X, Y). 4.13)
From (4.12), IV is integrable if and only if
w (X,PY) - (Y, PX)

(1) For any X, Y e I'(ID'), the distribution IV defines totally geodesic foliation if and only if
VxY er®D).
For any Z € [(D*), from (2.6), we have
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3A1J,1;/[S 2(VxY,Z) :g(vXY,Z).

Using (2.16) in above equation, we get

188 a2(Vi.7) = qz(VxV. Z) = &(PVxY, PZ)  pi (V7 . PZ). (4.14)

Using (2.6) in (4.14), we get

ag(VyY,Z) = g(hs (X, PY) ,PZ) — b (hS(X, Y), PZ) . (4.15)

Above equation reduces to

4g(VxY,Z) = g(hs (X, PY) (X, Y), PZ) (4.16)

From (4.16), we obtain VxY € ['(TN) if and only if ° (X, PY) P’ (X, Y) el (u).
O

Theorem4.3. Let (N, g, S(TN)) be a SCR-lightlike submanifold of metallic semi-Riemannian
manifold N. Then,

(i) the distribution D™ is integrable if and only if,
TQA w222 = TQArz,Z1 .

(i) the distribution D* defines totally geodesic foliation if and only if, BV, PZy = —Ap, 7,
and TQ1Ap;, 21 = pChApy, 21
Proof.

(i) For any Z,, Z, € (D), from (3.7) and (3.8), we obtain

—QAuryZ) = TQV 7 Zs, @.17)

Interchanging Z; and Z,, we obtain

—QAurxZy = TQV 7,24, 4.18)

Subtracting (4.18) from (4.17), we obtain

—QAurxZs + QAwrvZ1 = TQ[Z1,Z5) 4.19)

From (4.19), we obtain D™ is integrable if and only if
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QAWRZIZZ = QAM’RZZZ]'

(i) Forany Z;, Z, € (D) and X € T'(D), from (2.6), we have

g(V2Z2.X) =g(~vzlzz,x).

Using (2.16) in (4.20), we obtain

08 (V, 25, X) = g(P V12, PX) - pg( V425, PX).

Since VyPY = PVyY, above equation reduces to

ag(V2,22,X) = g( VZIﬁZZ,PX) - pg( vzlﬁzz,x) .

Expanding above equation using (2.6) and (2.8) in (4.22), we obtain
9¢(V222,X) = &(BVy, P20, X ) + b (A3, 71, X).
On the other hand, for any N € lt»(TN), we have

2(27,N) =2(125,N) =~ 2 (P2, PN) —gg(ifvzlzz,zv).

1
q
Using (2.16) in (4.24), we obtain

2(VyZs,N) = g(ifvzlzz,i?@ —§§<PVZ]ZZ,N>.

Q|

Further, expanding (4.25) by using (2.8), we obtain

2(ViZo,N) = —ég(A,%Zh EN) +§§(A,32221,N).

(4.20)

4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

Since the distribution D defines totally geodesic foliation if and only if V,Z» € ['(D"), from (4.23)
and (4.26), we get, V;,Z,eT(D") if and only if B Vy PZy = =ApyZ1. and TQy Apy,

Zy = PQlAp2221~

O
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AJMS 5. Totally umbilical SCR-lightlike submanifolds

31,2 Definition 5.1. [1] A lghtlike submanifolds (N g, S(TN)) of a semi-Riemannian manifold
(N g) is said to be totally umbilical in N if there is smooth transversal vector field

H el (tr(TN)) on N called the transversal curvature vector field of N, such that, for all
Xl: X2 S F(T]\])

190

]i(XhXQ) = Hg(Xl,Xg) (51)

Alternatively, NV is totally umbilical, if and only if on each coordinate neighborhood ¢/ there
exist a smooth vector fields 1’ e I(Itr(TN)) and H* e I(S(TN*)) such that

hl(Xl,Xz) =Hg(X1,X5), (5.2
I(X1,X,) = H'g(X1,Xs), (5.3)
DX, W) =0, (54)

for any X, X, € D(TN) and W e S(TNY).

Theorem 5.1. Let (N, g, S(TN)) be a totally umbilical r-lightlike SCR submanifold of metallic
semi-Riemannian manifold N, then the induced connection V is metric connection if and only
if, #(X, TQ,Y) = pa(X, Y).

Proof. The induced connection V is metric connection if and only if, for any X € I'(TN) and
& € I'(Rad(TN)), Vx& € Rad(TN).

Suppose N is totally umbilical lightlike submanifold and Y € S(TN), from (2.16), we get

2(Vxe,Y) = ﬁg(ﬁ Tie.PY) ~Lg(PoreY). 65

Since Vis metric connection, (5.5) reduces to

g(Vx&, ¥) = _ég(ﬁg, Vy(TY + wY)) +§§(13§, Vy Y). (5.6)

Using (5.2) and (5.3) in (5.6), we get

a(vae,¥) = (P (- 2%, 100 + 2. v) ) - z(E D). 6D

Since I/ (XPQ,Y) =0and g(Hl, P¢) is not identically zero, from (5.7) g(Vx&, Y) = 0 if and
only if, (X, TQ,Y) = pa(X, Y).

This implies, the induced connection V is metric connection if and only if,
8X, TQY) =pg(X,Y). O
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Theorem 5.2. Let N be a totally umbilical lightlike submanifold of metallic semi-Riemannian ~ Arab Journal of
manifold. Then Mathematical

(1) Rad(TN) is always integrable. Sciences
(1) Rad(TN) always defines totally geodesic foliation.
Proof. (1) Let &, & € Rad(TN) and X € T'(S(TN)), from (2.16), we get
191
_ g s 2N Dofe o omN dfe = =N P -
8([61, 8], X) = C—Ig<V:1P§27PX) - C—Ig(V51527PX> - ag(vgzpfuPX) +gg(vng17PX)~
(5.8
Above equation reduces to
N 1o, o D - = 1./~ -~ =
8([&1,8),X) = —;g(P-fm V51PX) +5g<§2, Vsle) +C—]g(P§27 V51PX)
b o~
—8(& VaPX). 59

Using (2.6) and (2.8) in above equation, we get

#6886 X) = —ég(ﬁsz,m;a,wX) +

Q>

#(8 D61, 0) + 2P, D/ 6, 0X)
- 1., -
La(5 D wK)) — L2 Pe 6. T + 28 (8 H 6. TD))

1. - -
2 2(Pe, (6, TX) - 22 (.06, 7)),
q q
(5.10)
Since N is totally umbilical, D&, wX) = 0 and /(& wX) = 0. From (5.10), we obtain

8([61,6,],X) = 0. (5.11)

Therefore, [£1, &) € Rad(TN) implies Rad(TN) is integrable.
(i) Let &, & € Rad(TN) and X € T(S(TN)), from (2.16), we obtain

—

#(Vitn X) = —g(%iﬂgz, TX) +}1§<~V51P§2,WX) —f—’g(%gz, TX) —Qg(%e:z, TX),

q q
(5.12)

Q

this implies
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31,2 2V X) = -2(W(6, T0.Ps) +-2(D6 ). Pes) -2 (16 70.22)
- —g( (&1, 1X),8)- 5.13)
192 Since N is totally umbilical, 2(X, P¢,) = Hg(X, P&,) = 0, h(X, P&,) = Hz(X, &) = 0 and
D¢, wX) = 0. From (5.13), we get
2(V:,X) =0.
Therefore V; &, € Rad(TN). O

Theorem 5.3. Let N be a totally umbilical lightlike submanifold of metallic semi-Riemannian
manifold. Then

(1) D is integrable.
() D defines totally geodesic foliation if and only if, H° € T(u)).
Proof. (1) From Theorem 4.2 (z), I) is integrable if and only if,

W (X, PY) — (PX, Y).

Since N is totally umbilical,

I (X,i)y) - H'g (X,PY) (5.14)

and

w (ﬁx, Y) - H'g (PX, Y) . (5.15)

Since Z(X, PY) = g(PX, Y), from (5.14) and (5.15), we obtain

w (X, PY) - (PX, Y) e (PX, Y) - (PX, Y). (5.16)
Therefore, D' is always integrable.
(i) From Theorem 4.2 (i), D’ defines totally geodesic foliation if and only if,

(X, PY)—ph'(X,Y) e (u).
Since N is totally umbilical, 1) defines totally geodesic foliation if and only if,

o (g(X,PY) —pEX.Y)e r(u)).

This implies, I’ defines totally geodesic foliation if and only if, F° € T'(u)). O
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Theorem 5.4. Let N be a totally umbilical lightlike submanifold of metallic semi-Riemannian ~ Arab Journal of
manifold. Then, for any Z, and Z, € D* Mathematical

(i) D* is integrable if and only if, Sciences
TQAwrz,Z> = TQAwrz,Z1.
(i) D* defines totally geodesic foliation if and only, if, H = 0. 193

Proof. The Proof is same as Theorem 4.3. O

The notion of warped product was defined by Bishop and O’ Niell in Ref. [29] as a generalization
of the notion of the Cartesian product. Further, various types of warped product submanifolds
have been studied in Riemannian manifolds with certain metric structures. Later, the warped
product lightlike submanifolds of a semi-Riemannian manifold have been studied by Sahin [22].
In the Theorem 5.6, we investigate the existence of warped product lightlike submanifolds of the

type N*X ;N7 in metallic semi-Riemannian manifold N when & € ().

Definition 5.2. [29] Let B X F be a product manifold of Riemannain manifolds B and F with
Riemannian metric gg and g, respectively, and n: B X F — B and n: F X B — F be projection
maps. The manifold B X F equipped with Riemannian metric g such that

g=2gp+ 28
that is, for any X € TN at (p, q),

X1 = Nl GOl + A%/l O,

is known as warped product N = B X F.

If 2 (Known as warping function) is constant then the warped product manifold is trivial. For
differentiable function A on N, the gradient VA is defined by

g(VA,Z) =ZA, VZ e T(TN).

Theorem 5.5. [29] Let N = B X ,F be a warped product manifolds. If X1, Xo € T(B) and Y1,

Y, € T(F), then
Vx X, € T(B), (6.17)
Vy,Y1=VyrX) = <}%) Y, (5.18)
Vy, Y, = —é’w V. (5.19)

Theorem 5.6. Let (N, g, S(TN)) be totally umbilical SCR-lightlike submanifold of metallic
semi-Riemannian manifold N with H® € T'(u) Then, there does not exist any non-trivial lightlike
warped product of the type N X ;Np
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AJMS Proof. Let X € (D7) and Z € T(DY). Then, from (5.18), we obtain
31,2
ViZ = VX = (ZIn )X (5.20)
this implies

194

g(VxZ,X) = Znig(X, X). (5.21)

Using (2.16) in (5.21), we get

ZInig(X,X) :Zln/l{ég(PX,PX)—‘gg(PX,X)}. (5.22)

Above equation can be re-written as
Zlnig(X,X) = ég(Zln/lPX,PX) —‘gg(Zln/lPX,X). (5.23)

Again, using (5.18) in (5.23), we get

1 p
ZInig(X, X) :5g(VPXZ,PX)*;g(VPXZ7X)- (5.24)
Using (2.6) in equation in (5.24), we obtain

ZInag(X,X) = ég( VexZ — H(PX,Z) — I°(PX, Z),PX) (5.25)
—%’g( VexZ — W (PX, Z) — I (PX, Z),X) (5.26)

Since N is totally umbilical, #g(PX, Z) = He(PX, Z) and h*(PX, Z) = H’g(PX, 7). Therefore,
equation (5.25) reduces to

ZInAg(X,X) = é 2(Viz, PX) - 12; 2(Vmz.x). (6.27)

Since the Vis Levi-Civita connection, (5.27) can be re-written as

1./~
Zinig(X,X) = - &(VnPX,2) W2
q q

&(VnX.2). (5.28)

Above equation reduces to
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ZInig(X,X) = —ég( VoxPX,Z) +§g( VX, Z). (5.29)

From theorem 5.3 if F* € I'() then V pxX and V pxX belong to I)'. Therefore, g(VpxPX, Z) = 0
and g(VpxX, Z) = 0. From (5.29), we get (Z1In 1)g(X, X) = 0.

For Ye D c DD, we have

(ZInA)g(Y,Y) = 0. (5.30)

Since D is non-degenerate distribution, we get ZInA = 0 this leads to 4 = 0 which is a
contradiction.
Hence, there does not exist any non-trivial lightlike warped product of type N*X,N;. [
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