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Abstract

Purpose — In this paper applications to information theory are presented. Generalized majorization theorem is
presented in term of different entropies and divergences. So that obtained results are generalized and
comprehensive.

Design/methodology/approach — The analytical approach is used to prove the results. i.e. Different n-convex
functions are used to prove results. Generalized majorization theorem and Peanos’s representation of Hermite
polynomial are also imply.

Findings — The results related to Csiszar f divergence using generalized majorization theorem via Peanos’s
representation of Hermite polynomial are proved. In seek of applications, generalized results are established
using Shannon entropy, Kullback-Leibler distance. Moreover, the unique cases of obtained results are derived in
terms of Bhattacharyya coefficient, Jeffrey’s distance and Triangular discrimination.

Originality/value — The results are new and never submitted before.

Keywords Csiszar f-divergence, Shannon entropy, Kullback-Leibler distance, Hermite polynomial

Paper type Research article

1. Introduction and preliminaries

The divergence measure is a measure that is used to compare the difference of two probability
distributions. Many problems in probability theory are resolved using the concept of
divergence measure. In literature, different types of divergence measures are used to calculate
two probability distributions. Sensor networks [1], examining the order in a Markov chain [2],
finance [3], economics [4], and approximation of probability distributions [5] are all areas
where information and divergence measures are highly valuable and play a significant role.
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Data transmission, quantification, and storage are all topics covered in the newly Arab Journal of
developed scientific field of information theory. Shannon [6] introduced the idea of Mathematical
information theory and identified entropy to be the fundamental variable for information Sciences
and also defined the premise of information theory. A large class of divergences known as
Csiszar’s f-divergence is used to compare two probability densities. One remarkable aspect
of Csiszar’s f-divergence is that by substituting the appropriate values for the convex
function f, various known divergence measures may be derived from it. Several scholars
have put a lot of effort into defining bounds on divergences and distances in recent years;
for examples, see [7-9]. Siddique et al. [10] generalized the majorization-type inequalities
by employing Green’s functions and Fink’s identity. The obtained results are used in
relation to Shannon entropy and Kullback—Leibler divergence.

In Niaz et al. [11], used Taylor’s formula to estimate various entropies by applying Jensen-
type functionals. Latif et al. [12] used the polynomial of Taylor in association with recently
defined Green’s functions to conclude majorization inequality. As majorization theory is often
used in a wide range of areas, Khan et al. [13] explored a lot of results on majorization as well as
gave its applications in information theory. For higher convex functions, Adeel et al. [23]
derived various types of inequalities by applying Hermite interpolating polynomial and Green
functions and also stated inequalities for the Shannon entropy and f-divergence. In Mehmood
et al. [24], explained discrete and continuous cyclic refinements of Jensen’s inequality and
modified these for higher order convex function by applying Hermite polynomial whose error
term is approximated using Peano’s kernel. In Rasheed et al. [ 14], used Hermite interpolation to
find the bounds for Shannon entropy and f-divergence. Rasheed et al. [15] defined novel Green
functions to present the bounds for Shannon entropy and f-divergence. They also proved various
inequalities involving Green functions for the class of higher-order convex functions. In Bilal
et al. [16], presented a generalized form of Shannon-type inequalities via diamond integrals.
In Bilal et al. [17], introduced Csiszar’s f-divergence for diamond integrals. They also presented
inequalities associated with Csiszar’s f-divergence involving diamond integrals.

In [18], majorization is defined as

Definition 1.1. For fixed m > 2. Consider two non-increasing real-number sequences x =
.- Em)yy = (1, - - ., Mm). Then x majorizes y, symbolically we have x >y, if we have

[ i
Yaxy o l<psm—1, M

and

m m

dom=Y & ©)
=1

=1

The following theorem is given by Marshall-Olkin—Arnold [18, 19], which is also called
Classical Majorization Theorem.

Theorem 1.1. (Classical Majorization Theorem) Consider two non-increasing real m-tuples x
=1, &m), Yy =1, .. ,nm)suchthat &, n; € [y, {-]forj =1,...,m. Theny is majorized by
x if and only if the subsequent inequality is true, for any convex, continuous
function, f : [{;,&,] - R,
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32,1 “ u
’ OED NI 3)
=1 =1
The Weighted Majorization Theorem [18, 20] has the following form:
4

Theorem 1.2. (Weighted Majorization Theorem) Consider two non-increasing real p-tuples x

= (515 B gp)’y = (’713 B ﬂp) SUCh that 51: M € [Cl) CZ] fOrI = 1: By 28 Letq = (ql: ERE] qp) be
real p-tuple such that

J J
2%512 241’717 je{l,....p—1} “
=1 =1
and
P P
Z%é‘l = th’?r &)
=1 =1
Then

S e < > af@) ®

is true for each convex, continuous function f : [{;,{,] = R.
Remark 1.1. If all the assumptions of Theorem 1.2 are satisfied, then

K%y, 4./() Z‘If - af(n)=0. (7)
i=1

Let [y, (5] C(—o0, ) and 4 € {1, 2, 3, 4}. In, PecariC et al. [21] gave a new type of Green
functions, G, : [{, {,] X[}, ¢,] = R, which are given as:

cn-lE G
Gtw) = {2 T LSy (10)
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For@ < ¢.Letf, p € (—o0, 0)and ¢ > a, > ... > ap > a; >0, (r > 2). A polynomial py(s) of
degree (n — 1) exists for f € C"[6, ¢], if any of the criteria below are met.

Hermite conditions: 5

fa) =pi(@); k2i20, r2j>1, > k+r=n
j=1

Hermite conditions contain the following specific cases, which are of major interest:
Type (m, n — m) conditions:

ki=m—-1Lk=n-m-1,n—-1>m>1,r=2)

221,1)(9) =790), ie{0,1,...,m — 1},
P @) =FI(@), i€{0.1,....n—m 1},

Two-point Taylor conditions:(r = 2,n = 2m, k; =k, =m — 1)

790) = piy6), £7(0) = pi0), ie{0,1,...,m—1}.
In [22], the following result is given.
Theorem 1.3. Suppose 8, ¢ € (—o0, 0)and 0 < a1, < ay, ... < ¢, (r>2).If fe C'([0, $]) then

f(y) = pH(y) + RHﬁn(f> 7/)

where

puly) = i Zlf(i) (a))Hy(7)

is the Hermite interpolating polynomial.
The Hj; are fundamental Hermite basis given by

wi)r—a) ™ &1 ((r—a) x
Hy(y) = l—,J ;g ar* T}]’) |y:a,(1/ - q), (12)
wir) =] (r—a)""" (13)
=1
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32,1 and

¢
Ry (f,y) = /9 Gun(y,s)f"(s)ds

6 isremainder. Foralla; .y >s>a; € {0, ..., r} withd = apand ¢ = a, 1, Gy (7, s) (Peano’s
kernel) is written as

(14)

(m, n — m) interpolating polynomial p,, , is given by

punl) = S0+ S u @),

with

_ n—m m—1-i _ _ _ k
(= I G I

k=0

and

) _ m n—m—1-i m _ _ k
u-(y)zl.—l!(r—@’(g—_q;) > ( o 1)(%). (16)

The interpolating polynomial of Taylor for two points p,7() is defined by

=850 (") ) (20 e

G 6]

Throughout this paper, the following assumptions are taken as:

A:Let[6, ¢p] C(—o0, 00) andf : [0, $] > Rbe n-convex function. Considerq = (qy, . - ., q,)
be p-tuple and x = (&;... ., &,), ¥y = (771.- - -, 1) be non-increasing p-tuples such that &;, n; € [6,
¢land ¢; € R(i = 1, ..., p), which satisfy conditions (4) and (5).

an
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1<A<m—1 (18)

and

Zm:ri:i:si, (19)

with;t, 2 € [0, ¢](i = 1,...p). Let;and fare decreasing and G,(4 = 1,2, 3, 4) be as defined in

wi

(8)-(11).

Throughout this paper, b denotes the base of log function.

In Latif et al. [25], give the following weighted majorization inequality by using (m, n — m)
conditions.

Theorem 1.4. Let A hold. Consider z;, v;and G;(4 = 1, 2, 3, 4) as defined in (15), (16) and (8)-
(11), respectively. The following inequality exists if n — m is even:

‘I),
Sy af() > / %3, 6, Gi(7)

n—m—1

m=1 (20)
X (Zf“*”(e)n(y) + Zf<"”>(¢>u,-(y))dy.

i=0

In Latif et al. [25], give the following weighted majorization inequality by using two-point
Taylor conditions.

Theorem 1.5. Let A hold and G;(4 = 1, 2, 3, 4) be as defined in (8)-(11). If m is even, then

wssarn = [ssaoin$ S (")
e e e
- Y (el

hold.

2. Main results

In this part, the generalization of Theorem 1.5 are given in the sense of information theory.
Firstly, Csiszar f-divergence is used to obtain new extended and modified results for generalized
majorization theorem via Hermite interpolation. Then, by choosing a suitable higher-order
convex function, bounds for Shannon entropy are estimated. Furthermore, the new results
associated with Kullback—Leibler (K-L) divergence, the Bhattacharyya coefficient, Jeffrey’s
distance and triangular discrimination are proved by utilizing Hermite interpolation.

Arab Journal of
Mathematical
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AIMS 2.1 Csiszar divergence
32.1 The inequalities provided in Theorems 1.4 and 1.5 are connected with Csiszar f-divergence in
’ this subsection. The results of these sections are used to present various information theory
results.
In Csiszar [26, 27], defined the f-divergence functional as: Consider a convex function
f+ Ry = R,. If the probability distributions are r, w € R’ then the f-divergence functional is

3 given by

= " wf (L> . 22)
i1 Wi
Horvath et al. [28] gave an extended form of (22) i.e.,

Let JCRand f : J— R be a convex function. If r, we& R’ is p-tuples such that - € J,
i=1,...p. Then

Tirow) = wyf (%) . (23)

i=1
Theorem 2.1. Let A and B hold. If n — m is even, then we have the following inequalities:

Ii(s,w) = Ty(r,w)

0 24
m—1 n—m—1
% Ti z+2 + Z v, V)f z+2 (b)
i=0 i=0
and
N N ¢
Lisw) = Tir,w) + / (To, (s, w,7) = T (r,w.) )
4
m=1 m=1-i [ [ +m—1
X
i=0 k=o k
(25)
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and 7;, v; are defined in (15) and (16). 9

Proof. Taking &; = i i, = {-and q; = w; > 0(i = 1, ..., p), then (7) becomes

- W,

WGami) = Sw()-3o(?)

(26)
= Ii(s,w) — I;(r,w).
Similarly,
A i £ 5 7
*“ (W’ W’ WGA('a 7)) - IG; (57 w, 7) IGg(ra w, 7) (27)

Also, the constraints (18) and (19) imply (4) and (5), respectively. Therefore, using (26) and
(27), we obtain (24) and (25), respectively. O

Theorem 2.2. Let g be amapping from [0, ¢] to R. If all the premises of Theorem 2.1 are true
and f(v) = vg(v), v € [0, ¢], then

ng( )27 r,w)

LN ~ ; ,
* / {chs,w,y)—zcxr,w,y)}X( 7i(r)(ve)" () + u,-<y><xg><l”><¢>>dy.

i=0 i=0

and
+/6¢ IGA s, w,7)—1Ig,(r, WJ’)}
xi”’i’(kerl) [(y 0) ) (g-iﬂ 29)

i) 10 ( )( ¢)k(xg>““><¢>]dy.

Proof. Putting f(x) = xg(x) in Theorem 2.1, (28) and (29) are obtained, respectively. O
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AJMS 2.2 Shannon entropy
32,1 In this subsection results related to Shannon entropy are presented. Majorization theory and
entropic disorder measurement theory are closely related theories. Special cases of entropic
inequalities associated with majorization are then presented.
In [29], for positive probability distribution k = (ky, .
given by

.., kn), the Shannon entropy is

10

H(k) : Zk log(k,

Corollary 2.1. Consider A, B holds and log has a base greater than or equal to 1. If n > 3 is
even, then

H(w)

IA

p Fi ¢ N
Zwi 10g (7> + / <[G;.(r7 w, }/) - IGA'(SaWa 7/))
im1 Wi 0
1 i+2 i+ 1 m—1 » n—m—1 ”
( ) 1n(b Ze (i+2) Tz Z q) (i+2) I/l d}/,

(30)

and

H(w) < iwlo <£>+/¢(? (r,w,y) —Ig (s, w ))
= - i 10g W ) G\ 7 G \® 37
k

m—1 m—1-i

Fm—=1\ (=) +1
X;; k )( )ln(b :

G ()

A o

(€2Y)

Where
(s, w,7) ZWG,1< )

and 7;, v; are defined in (15) and (16).

Proof. Take f(x) = —log(x)ands; = 1(i =1, . . ., p), in Theorem 2.1 then (24) and (25) becomes
(30) and (31), respectively. Here,
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0 11

Remark 2.1. Inequalities (30) and (31) are reversed if b € (0, 1).

Corollary 2.2. Let A, B hold and log has base b > 1, then the following is the association
between the Shannon entropy of s and r:

Sy
=
v

H(r) + /g ! (YGA(S,W, 7) — T, (r, W, y))

X(f i G Sy ED 2 ﬂ)cly

— ¢k L 0 '1nb

(32)

and

¢
H(S +/ IGA S, W,J/ _IG;(r W,}’))
4
m=l m=l—i (4 m — 1 }/_9 k 7—(1) m(y_e)i(_l)i+2
X; 2. ( >|:(¢_9> (6’—(])) 6i+llnb (33)

(=) (=)

Proof. Taking n-convex function xg(x) := xlog x for even n > 3 in (28) and (29), respectively
ands; = 1(i = 1, ..., p), we obtain the desired results.

Remark 2.2. 1f b € (0, 1), then inequalities (32) and (33) are reversed.

2.3 Kullback-Leibler divergence

The results of Theorems 2.1 and 2.2 are described in terms of Kullback—Leibler (K-L)
divergence in this subsection. In [30], Kullback—Leibler (K-L) divergence for w = (wy, ...,
wy)and v = (v,...,v,) €R. is defined by

i .
w):= Z v; log (;’)
i=1 ¢

Corollary 2.3.  Consider the hypothesis of Corollary 2.1 hold. Then the following estimates hold:
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32,1

; w; log (%) < ; w; log (:V—’l)

b . . _ +2/. |
+/9 (IGA(r7 W,}/) 7164(57 w, 7)) % (34)

12 m—1 n-m—1
><< n(r)o "+ Y Vf(}f)d)'“”))d%
0

i i=0

and

m . m X ) = N
walog(%) < Zwilog(%)Jr/ (IGA(r,W,y)—IGZ(s,W,J/))
i i 0
m

« m—=1 m—1—i +k —1 (l+ 1)'(71)14—2
. k Inb

[ . . (35)
[ e

2 () o

Proof. Putting n-convex function f(x):= — log x (even n > 3) in (24) and (25), we get (34) and
(35), respectively.

Remark 2.3. 1If b € (0, 1) then the inequalities in (34) and (35) are reversed.

Corollary 2.4. Consider all the hypotheses of Corollary 2.2 hold, then the K-L divergence of
s, w and r, w is defined by

q) A~ o~
L(s,w) > L(r,w) +/9 (IGA(s,w, y) —Ig,(r,w, y))
. ) (36)
m—1 _ i+2 ] n—-m—1 _ i+2 ]
X <E 7:(y) % + E vuily) =) l.) dy

=0 =0 ¢ nb

and

Lis,w) > L(r,w)+ /9 ! <?Gz(s,w,y)—?gl(r,w,y)>
SECTEE ) -

D™ =) (r=0\"(r=d) (=D
e <¢70> (97¢) o b |
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If b € (0, 1) then the inequalities (36) and (37) are conversed. Arab Journal of
Proof. Using the n-convex function xg(x) := xlog x for even n > 3, in (28) and (29), we Mathematical
obtain (36) and (37). O Sciences

2.4 Bhattacharyya coefficient
The Bhattacharyya coefficient is used to express generalised majorization-type inequality in

this section. In [30], Bhattacharyya coefficient for w, ve R is defined by 13
P
W)= Vo (38)
k=1

Corollary 2.5. 1f all assumptions of Corollary (2.1) are true, then the following inequalities hold:

B(s,w) < B(r,w)+/€¢ </I\Gj(r,w,y)—7cl(s,w,y))

w1 (6) ) (TT. u—1) (=1

X ; 72 7i(y) 39)
v () B (TT u— 1)) (1)

I w1 SRR i Y

and

B(s,w) < B(r,w)+ /: (TGﬁ(r, w,7) fYGA(s, w, y))

Xi mzl (k+m 1> (- 1)”2(]_2[:2 (2u — 1))
[ (=) (=) o™

) () 0

Proof. Taking the n-convex function f(x) := — y/x (even n > 3) in (24) and (25), respectively,
then we get the desired result. O

(40)
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32,1 The generalised majorization-type inequality in terms of Jeffrey’s distance is provided in this

subsection. In [30], Jeffrey’s distance for w = (wy, ..., w,) and v = (vy, ..., v,) is defined by

p Ve
=3 tog(2) - ) @
k=1 Wk

14

Corollary 2.6. 1f A and B hold and b > 1, then we get the following estimates, respectively:

J(s,w) > J(r,w)+ /j (Ygi(s,w, 7) —Tg}k(r7 w, y))

1 (& (+0+i)(=1)"
“inb ( > () 0" 42)
n—m—1 /. N i+2
I v,-m)dy
and
v -
Js,w) = I(r,w)+ / (To(s,w.7) = To (x,w.7)
melom=loi (e — 1Y (Z1)F2 ()
()
(43)

{(7—9 r- ¢ <(}I’) Z) (i + 14 0)(0)
7

=8 (2=5) (5= i) i+ 1+ )@ ]

If 0 < b < 1, then the inequalities (42) and (43) are reversed.

Proof. Putting n-convex function f(x):=(x — 1) log x (even n > 3) in (24) and (25), we obtain
(42) and (43), respectively. O

2.6 Triangular discrimination
In [30], triangular discrimination for two positively distributed probabilities w = (w, ..., w,)
and v = (vy, ..., V,) is defined by

P 2
. 44
Z vkwk (44)

k=1
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LIV -
T(s,w) > 'I]'(r,w)+/ <IGA(S,W7]/)*IGA.(P,W7}/))
m—1 4(l+2)'(_1)l+2 n—m—1 4(l+2)'(_1)t+2 (45)
and
.(b ~ =N
T(s,w) > '[F(r,W)Jr/H (IGA.(S,W,Q/) fIGA(r,w,y)>
ximzl:i<k+’:_1>4(—1)”2(i+2)!
i=o0 k=o
. (46)
—0) (v—0\ (v —d\" (it
G ey
_ i —0 m _ k i3
) (oo
hold.

Proof. Taking n-convex function f(x) =01 (even n > 3) in (24) and (25), we get (45) and

x+1

(46). )

3. Conclusion

The main goal of the work is to provide various applications of information theory for higher-
order convex functions in terms of different divergence measures and entropies. For this,
Csiszdr f-divergence is applied to majorization theorem via Hermite interpolation to establish
novel bounds. Moreover, various new inequalities are stated by using various divergence
measures including; Shannon entropy, Kullback-Leibler distance, Bhattacharyya coefficient,
Jeffrey’s distance and Triangular discrimination. All the results are modified and extended as
they are derived for the class of higher-order convex functions. The key findings can be used in
future studies to explore other distances and divergences, including: the Zipf-Mandelbrot law,
Rényi divergence and Rényi entropy etc.
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