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Abstract

Purpose — In this paper, we study a fourth-order singular problems of type Leray—Lions with singular weight
and with no-flux boundary conditions.

Design/methodology/approach — We use the Nehari manifold to establish our result for our problem.
Findings — We prove that there exist at least two nontrivial positive weak solutions.

Originality/value — In particular, it investigates the problem in the presence of singular weights and variable
exponents, a case that has not been extensively studied in the existing literature.
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1. Introduction
In this article, we study the following problem.

p(x)-2 q(x)=2
A(a(x, Au)) + b(x) il v i

|x|P(X) |x|a(XJ |x|ﬁ(x) inQ,

(PV)S u= constant, Au = 0, on dQ,

a
/ag%a(x, Au)ds =0,

where Q ¢ RY(N > 2) is a bounded domain containing the origin with sufficiently smooth
boundary and A(a(x, Au)) is the fourth-order Leray—Lions operator, b(.) € C(Q) is a positive
weight function and 4 is a real parameter. The variable exponents p(.),q(.),r(.),
a(.),B(.) € C.(Q) = {he C(Q)andh(x) > 1onQ}.

The Leray—Lions-type operator is a more quiet general in the fourth-order, we can take for
example a(x, t) = h(x)|t"®~t, when h(x) = 1 and t = Au the above operator turns into the
operator Af,<, yu (the p(x) — biharmonic operator), for mor details about Leray—Lions type
operators one can see Refs. [1-4].

.
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AJMS It should be noted that this type of problem is very active in several domains, such
3 2’ 2 electrorheological fluids [5], elastic materials [6] and stationary thermo-rheological viscous flows [7].
In the last few years, various authors have studied this kind of problem; in the case of
exponents constant, one can see Refs. [8, 9]. In 2020, Mokhtar, M. E. [10] studied the existence
of solution by using variational approaches and utilizing the Pohozaev identity to show the

nonexistence of solution for the following p-Laplace singular problem

146

™

xl”

A = |u|"u+ 2 inQ,
(Pp)
9
— u — 0

uf%f on 0Q2,

Moreover, many authors have studied problems similar to our problem; in the case of variable
exponents, see for example [11-15]. In 2023, Repovs, D. D. and Saoudi, K. [16]. studied this p
(x)-Laplace singular problem

Ayt = a(x)|u|™u 4+ Ab(x) | inQ,
(Py)y u>0 inQ,
u=0 on 092,

They used the Nehari manifold technique to demonstrate their results for the problem (Pyy).
We start by giving the assumptions that we will consider for our problem.
(H)0<s <s* <1<2<p <p*<q <qx) <=9 (x).

Np(x) reY
Nty for all xe Q.

where h™:==min __zh(x), " :==max _gh(x) and pJ (x) =
(H2) Ns(x) < p(x) <N.

(b) b € L*(£2) and strictement positive in Q.
(A) a : QXR — Ris a Carathéodory function and a(x, 0) = 0 for a.e. x€Q.
(Ay) there exists ¢; > 0 such that

altfY <a(x, )t <p(x)A(x,7) foraexeQ andall reR.

such that A(x, £) = [} a(x,s)ds

(A3) [a(x, s) — a(x, )](s — t) > 0 holds for all s, 7 € Rand a.e. x € Q with equality if and only
ifs=t.

(A4) There exist 0 < ¢y < Cl;’,;—:ll and a non-negative function d(x) € L”*(Q), such that
la(x, )| <o (d(x) + |t|ﬂ<x>*‘)fora exeQ

for all € R and d(x) that verifies |d|, ,, T

(As) A:QXR— R is homogeneous of degre p(x), that is A(x,tu) = 'WA(x,u)
(t>0)VxeQ ueR

Under the above hypotheses, we give our main result.

< %min{—” a_Lg-p %
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Theorem 1. Suppose that (A1) — (As), (H,), (H>) and (b) hold. Then there exists a positive Arab Journal of
constants A such that the problem (PV) has at least two positive solutions foreach 1 € (0, 14). Mathematical

s . . Sciences
The structure of this article is as follows: Section 2 presents key background results concerning

variable exponent Lebesgue and Sobolev spaces, along with a compact embedding theorem of
the Sobolev—Hardy type. Section 3 introduces the essential lemmas required for our analysis.
We then establish that the energy functional achieves its minimum on both N} and N;. We
conclude with the proof of our main result. 147

2. Preliminaries
In this part, we review several fundamental properties and definitions of Lebesgue and
Sobolev spaces with variable exponents. For further details, readers are encouraged to consult
the comprehensive studies in Refs. [17-20].

In this study, we denote by M(€2) the set of all real-valued functions that are measurable
with respect to the Lebesgue measure on €, and we suppose that:

(H) p is log-Holder continuous, satisfying 1 < p~ < p* < co.
That is, there exists k > 0 such that

1
p(x) —pB)| < forallx,y€Q, with0 < |x — y| Sz,

~ — log|x — ]

Let b € M(Q) satisfies the condition (b), we define the space:

i@ = {uem@: [ oo ar < o

p(x)
dx<1

<LZE§3(Q), | L"(”) is a Banach space. For more details on this norm, (see for example [20],
b(x)

Theorem 2.5 and Corollary 2.7).
Additionally, we can establish the following inequality,

equipped with the norm,

u(x)

X
7

0 @) = [l c0) = inf{V >0: / Qb(X)

\ [ atavta dx\ <2lul V] M

for all u € LPY(Q) and v € LP’™(Q), (see Ref. [20], Theorem 2.1).

We denote by W, (Q) the closure of CZ(Q) in W"P¥(Q).
Taking into account the log-Holder countinuity of the exponent p(x), we have

Wy (@) = {ue W (Q) : u = 0ondQ}.

As a consequence of the Poincaré inequality, [|u||1,0 (o) and | V u,(x) are equivalent norms on
W""(Q). Therefore, for any u € Wy (Q), we can define an equivalent norm atll 100

0
such that

Q)

Downl oaded from http://ftp. nowpublishers.conlajms/article-pdf/32/2/ 145/ 10425682/ aj ms- 11- 2024-0177en. pdf by guest on 07 July 2026



AIMS el gy = 1 s
32,2

and which makes W(l)‘p <)‘)(Q) a separable and reflexive Banach space (see Ref. [21],
Proposition 2.1).
Under condition (H), we can see that C*(Q) is dense in W*P®)(Q) (see Refs. [22 171).

148 Theorem 2. (see ([22]) and ([19], Theorem 2.3)). If g€ C,(Q) and g(x) < p, (x) for all
x € Q. Then WPY(Q)e> S LI(Q). | where

Np(x) y N,
N 2p() if plx) <53
pa(x) = N
The following lemma is very important.
Lemma 1. Let us consider r(x), y(x) € C,(Q) and
N — _
r(x) < Tyoc)p; (x) vxeQ. 2
Then W (Q)oL™ (Q).

{7
N—e

le L™ (Q (Q) such that € > 0 is a constant small enough (see Ref. [21]).
!
Let u € W2PM(Q). Set h(x) = (1= ) r(x) = H=ar)

r(x) N—e-y(x)

Then (2) implies A(x) < p2 ( ) and by Theorem 2.3 (in Ref. [19]) we have W*PX(Q) o LN

©)(Q), then for u € W?P¥(Q) we have |u(x)|™ € LV~ “oR ¢(Q) and, from inequality 1, from
inequality, one can see that

Proof. We notice |x| 7"

| |r(x
rdx< 2’|x| s

N—e ‘M|r()> (N—€) < 0.
e N1

ol

This proves W>*™(Q) c L o (Q).
Now let (u,) ¢ WP (X)(Q) and U, — 0 in W*P¥(Q). Using Theorem 2, we find that u, — 0 in

L"™(Q), and from this, we get ||u,|™| ,_. — 0. Then
N—y(x)—€
™ @ 8
—r(x r(x
/ e dxs2‘|x| " e[l vee —0.
alx| 76 N=rC—

that implies [u, ], -1, = 0. Therefore, we have W**(Q) << L (Q).

Remark 1. when r(x) = y(x) = p(x) Yx € Q. Then WP (Q)L»‘—>Lp Q). O

|x ‘—p (x)

*r(x

This result indicates the existence of a positive constant note C,, such that,
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where + = + if [[u[| 20w ) > 1, and £ = — if [[ul| y2p ) < 1.
Throughout this paper, we opted for the norm:

149
p(x)
|u||b—inf{/,t>0:/ (‘A”;fx) )dxg1},

Q

where b(x) satisfies (b), this norm represents on both W**®)(Q) and W™ (Q) N Wé‘p ) (Q)
and we can see by relation (3) that is equivalent to || || 2, ). We will search for the solutions
of problem (PV) in this space.

p(x)
b
(%) |u

x)
‘ x|p(k)

(
U

Y={ue W2 (Q) u|yq = constant }.

(Y e HWZ'W)(Q)) is a reflexive and separable Banach space ([23]). As a result, we take into
account the modular p : ¥ — R such that

|u‘p(x)
p(u) = / \Au|”<’“) + b(x) o | 9
Q ™

The following inequalities have a significant connection to the norm ||.||, (see for example
[23], Proposition 1). If u € W*P®(Q) then:

el > 1= elly” < p(u) < fu; @
. )
ull, < 1= ully <p(u) <lully )

We define the functional f : Y — R such that

To see the properties of this functional, refer to ([1], Proposition 3; 5 and Theorem 3.2).

3. Some necessary lemmas

Definition 1. u € Yis a weak solution of problem (PV) if

|u|p(x)—2 |u‘—l—s(x)
/ a(x, Au)Avdx +/ b(x) & m)dx—/l/ o Uvdx
Q Q [P o |x*

|x

‘u|q(X)—2
— /QW uvdx = 0,

forallv €Y.
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AJMS For the problem (PV), the energy functional 7 : Y — R is defined as
32,2
T(u) =J1(u) = AL (u),

where
L ful™ U fu”
150 JM:FM—/—fdxand]u:/i—
1( ) ( ) Qq(x) |x|a()~) l( ) Ql — S(.X) |x‘/}(")
The weakly lower semi-continuous function T has a Gateaux derivative that is defined by
| |P(X)—2 | |—l—s(x)
(T'(w),v) = / a(x, Au)Avdx —|—/ b(x) uvdx = A | ——so—uvdx
Q Q |x|? o |x|
q(0)-2
- # uvdx,
a |+

forallveY.
Remark 2. Tis not in C' (Y, R) because of the singular term in I,.

For some problems, like (PV), T may not be bounded below on Y, but it does possess a bounded
below on N, such that

N, ={ueY/{0} :< T)(u),u >=0}.

u € N, if and only if

p(x) q(x) 1-s(x)
/ a(x, Au)Audx+/ b(x)|u| dx — 4 dx — 4 4 dx=0
Q Q

|x‘17(~¥) o |x|f1(~¥) o |x|ﬂ(X)

We see that all solutions to the problem (PV) are included in N;.
Defined ¢,(t) = T(tu),
As a result, it makes sense to divide N, into the following three parts.

POb(x) JufPW a(x) WM =) JuffW
= [oVA(x, Au)dx + Jo 0 ,(‘ﬂ Tdx = [ol RO dx = fqof= @ o
WP uw s u|1ﬂ(")
o fﬂp I7A(x, Au) dx+f9 X)) ‘1 dx — fﬂtq ‘ ‘ mdx=2fqr™" ||X\/1(A) dx
u u[1%)
= P () (p(x) = DPE2A(x, Auydr + [ (p(x) = 1b()! } dx— [, (q(x) = 1)pa)-2LL

W
$(x)
dx+ 2 fQ X Y(X)‘Tl‘/;m dx.

N ={ueN;: ®)(1) >0} = {meV\{0}: () = 0,®!(r) > 0},
N;={ueN,: ®/(1) <0} = {meV\{0} : @ (1) =0,®](r) <0},
={ueN, : ®!(1) =0} = {meV\{0}: ®,(r) = 0,®(r) = 0}.

Lemma 2. Tis bounded below on N, and is coercive.

Proof. Lemma 1 and (A) provide us, if u € N, such that ||u||, > 1.
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T (u) =/ Alx, Au)dx+/ blx) Ju ( )a’x—/l/ MT‘ZX Mathematical
Q apP () [xf"™ ol —s(x) |x™ Sciences

1 q(x)
[,
q(x) |x|"™™

()
Z/ A(x, Au)dx+/ b©) u dx—i_ (/ a(x, Au)Audx
Q q Q

ap(x) [xf"

|M‘P(X) ‘M|I—S(x)
+/ b(x ~dx — A dx
o ( )|x‘1'(A) o ‘x‘/’(x)
11 11 pe)
Z(P———>/ a(x, Au)Audx + (P———)/ b(x) |u ()dx
gt o - gt o |xP¢
1 1 1—s(x)
([
L=st q)) o x™
11\, 1 1\, e
>ei(ohe L)l = a6 (= )l

With C; = min{1, ¢,}, since 1 — s* < p~, then T(u) — +co when ||u|, = +o0. O

151

Lemma3. Givenu as alocal minimum of Ton subsets N or Ny, where u is not an element
of N9, it follows that u represents a critical point of T.

Proof. Assume that, under the given restriction, u is a local minimizer of T.
Li(u):=(T'(u),u) = 0. (6)
Thus, we use the theory of Lagrange multipliers to prove that there exists y € R that satisfies
T'(u) = i ()
Consequently,
(T’ (u), u) = ply(u), u) = u@ (1) = 0.

From this u & NY, it follows that @"(1)#0. As aresult, u = 0. O
Lemma 4. There is A such that, N7 # @ and N;) = @, for every 0 < A < A,.

Proof. Initially, applying Lemma 3, we can infer that N7 # @ for 4 € (0, Ao). Now since u € N,,
we deduce the following

|M|P(x) |u|61(x) ‘M|I—S(x)
/ a(x, Au)Audx + / b(x) o dx = cmdx—A [ ——mdx=0.  (7)
o Q x| alx| o |x|

Assuming u € N with |jul|, > 1. By combining the above equality with (6), under the
conditions (A;) and (A4), we get
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32,2 0 =<l(u),u>>(@p - 1)/Qp(x)A(x, Au)dx + (p~ — l)/Qb(x) N dx
+ |”|q(X) + I ‘P Y
—(q* - 1)/9‘)6‘“0_) dx+s (/ a(x, Au) Audx+/ b(x ‘p()) ——dx

|M|P(~V>

>(p~—1+s") /axAuAudx-‘r(p —1+s )/b(x) o dx
a ™

q(x;
—(g"+st—1) ‘”|()
lelllX

IMI”
>(p"—1+s") cl/ |Auf™ dx+/ b(x x |I”dx

q(x)
—(g"+st—1) ‘”|()
lelllX

4
zcz(p-1+s+)</ |Auf"* dx+/ bix ||u||,”dx>

- ‘u‘q(-’r)
,(q++s’71)/ oy dx
alx|

such that C; = min{c;, 1}. From lemma 1 and (4), we get
Colp™ = 1+ s lully — Cylg™ +s~ = Dlull} <0

Hence

1
C, q —p~
>|l——"—— . 8
> (=) ®
|u|11(x)

Since u € N, and since u € N9, we get
|u|1—s(x)
+ st / dx
|x|p(X) o Mﬁ(k)

|M|P(X) |u‘1—S(X)
—(g -1 / a()@Au)Audx—}—/ b(x) ()dx—/l/ - dx
Q Q x| o |xf™

dx

0 <(p— 1){ / PWAG, Audr+ / by

. ulP®
<(co(p" = 1) = (g~ = Der) / Auf"dx + (p* — q7) / ). 'M
Q Q [
| ‘l—s(x)
+co(pt — 1)p+/ d(x)Audx + A(g~ — 1 +s+)/ T dx.
Q o x|
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Since ||u||p > 1, by lemma 1 and (4) we get Arab Journal of
) N i Mathematical
0< = Gllully +2p" (0" = Vcold], lully +AC(g™ =1 +5")ully™ - Sciences

such that C3 = min{(q~ — 1)c; — co(p™ — 1), g — p*}, hence

1

_ o —+s5——1 153

Y EC et i) RS ©
C; —2p*(pt — 1)C0|d‘p/(x)

Using the above inequality, we find

1

1 1
pera— — + _ pts -1
(#)q P < AC(g~ +s 1) ' (10)
Cq(q+ +57 = l) C3 - 2p+(p+ - 1)Co|d|p’(x)
we get
p_ s -1 o
s C, a7 C3 = 2p"(p" — Deold]
“\Cg"+s5 1) Clg+st-1) 7

Then, if A small enough, we obtain ||u||, < 1, which is impossible. Therefore, N} = @ for all
A € (0, 4p). Hence, this proof is complete. O

Now let us show that the energy functional T'in N} has a minimum. Furthermore, we will
demonstrate that this minimum corresponds to a solution for the problem (PV).

Theorem 3. There is uy € N; for any A € (0, Ao), which satisfies
T(up) = inf T(u).
ueN;

Proof. Consider 4 € (0, 1), it follows that T is bounded below on N, and, consequently on Nj{.
Hence, we can establish the existence of a sequence {u, } C N7, satisfying T'(u, ) — inf N T(u)as

n— oo. Tis coercive on N, and {u,} is bounded in V; by utilizing lemma 1, we deduce the following

U, — Ug in th,gf?) (Q) and u, — up in LT(‘X,)(,(A) (Q).

First we will show that infe - T(u) >0
Let ug € N}, then ¢, (1) > 0, which gives

. . |u0 ‘P(x) ~ |u0 |4(x)
=0 [ pwasws =) [ e @ - [ M
Q Q X Q

|x
1-s(x)
+ |u0|
+ s /Q >0

an

We can write
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32,2 Tw)s [ At swds 4= [ bl )] e .
N B T
l—s5) o |xf/®
154 . . .
We multiply (6) with s*, we obtain
p(x) 4q(x)
st (/ a(x, Aug) Augdx +/ b(x) o] dx | —s* o] dx
o o MP(A) o ‘x‘a(ﬂ 13)
o [l
e / o (@ T
invoking (13) and (11), we obtain
o™ < (™ — 1)/ (x)A(x, Au )dx-i—s*/ a(x, Aug) Augdx
Q\x\"(") s —1 p ' QP » Ao o 0) AUy
(x) (14
p(x
T - 1+57) / b(x) l‘""“p@ d">~
Q X
However, we multiply (6) with ———, and from (12), we get

1
T (uo) S/ A(x, Aug)dx — / a(x, Aug) Augdx
Q l-s5") q
1—s"—p p(x) 1 1 q(x)
n st —p / b(x) |14o] (- |u4o] i,
p_(l — S+) a ‘x|ﬂ(l) q+ 1 —st a |x|a(x)

Replacing the inequality (14) in the previous inequality, we get

1
T (uo) S/ A(x,Auo)dxfi/ a(x, Aug) Augdx
Q 1=s5t/q

1—gt 177/ b( )|u0|p(x)d 1 . 1)/ ( ) ( )
+ X x + pr— p(x)A(x, Aug)dx
p(1=s)/)a |x\‘"(X) gt(l—s7) Q R

p(x)
+s+/ a(x, Aug)Aupdx + (p* — 1+ s*)/ b(x) o] dx>
Q Q

‘x|p(-r)

l—s"—p~ p"—1+s" Juo "
Aug)Auod. b &
./Qa(x7 to) Atodx + (P‘(l —st) * qt(1 —S+)>/9 ) e

and by the conditions A, and A,, we have
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1 1 ( 1 s Arab Journal of
p(x)
) s+ gy [ Jout e (= + )

l—st—p~ pt—1+4s" |u0|p(X)
Aul’Md / b d
[ s (= s o) T &

vt ) [ s

< = Culluolly +2¢oCldl(, lluolly

155

. s —st—p o lagt
suchthat 0 < Cy = mm{;—ﬁ (p%+m> _ (ﬁer;_])),;,“_sf) +Z*(11—+s+)}’

then by the definition of the function d and the above inequality, we get
T(uo) < (2¢oldl ) — Cs ) lull] <.
Assume that u,»u, strongly in Y. Then

/ |Auo|p(x>dxﬁ liminf/ |Au, |W)dx.
Q n—oo a

We use the compact embedding to derive the following

|uto |I’(X) o |ut |I’(X)

/ b(x) dx = liminf / b(x) dx
o |x‘p(X) n—co o MP(X)
q(x) q(x)

ol e = timinf / o g
o ‘x|a(~r) n—o o \x|a(x)

1—s(x) 1—s(x)
/'”"' —dx zliminf/ ol
o |x|ﬂ(») n—co o |x|ﬂ(x)

Now, by (6) and Theorem 2.3 in Ref. [24].

1 11 |ut, [P
T(u,) > A(x, Auy)dx —— [ a(x, Auy) Auydx + | — — — b(x) T
Q q9J e /) e [Pt

1 1 nl—s(x)
+/1(—— ) 4] dx,

gt 1=s")) q |xf¥

and by (A,), we get
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32,2 T(u,) Zu/ a(x, Au,,)Aundx—l—u/ b(x) i
ra Ja aprt Ja O xfW
1—st—g" u, 1-s(x)
+a— f / | |ﬁ(x) dx
g*(1=5)J o |
156 I ()
>Cs2 - P / |Aun|p(x>dx+/ b(x) |M"|(,) dx
qr* Q Q x|
st

g (1-s) ) o |x|/i(X)

which Cs = min{c;, 1}, now passing n — oo, we obtain

. q _p+ . p(x) |un|lf(f>
lim, o T(u,) > Cs—— — [ lim,—os |Aw, | dx + b(x) ) dx
qp Q Q x|
1 1 ., 1-s(x)
+/1<— - >limn_,oo / il "
gt 1-s* a x™

using Theorem 2.3 in Ref. [24], we get

. 11 . 1 1 .
inf T(u,) > (pf—qj) luolly, + AC, (qj—m) H“()H}l, >0

4
uen;

Sincep™ >1 —s*, which give a contradiction. Therefore, u,, — uy in Yand inf N T(u,) = T(up)
Second, we shall now prove that the functional energy T in N} is at a minimum. O

Theorem 4. for every A € (0, o), there exists u; € N satisfying
T(uy) = uler}\/f;T(u)

Proof. Consider that A € (0, 4o); thus, it follows T, which is bounded below on Nj.
Consequently, there exists {u, } C N7, with T'(u,) — infyen- T(u)asn — oo. Tis coercive in N,
{u,} is bounded in V; therefore, we can assume that using u,, — u; in Y by lemma 1, we obtain

u, — u; in Lllx?,% (Q),

Uy = uy in L7, (Q).

et

Currently, prove that u, — u; in Y. First, we will show that inf,ey- T(u) >0
Let u; € N7, then from (6), we give
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/ a(x, Auy)Auydx + / b(x) ] dx — / mdx _ /1/ wdx —0. (15 Mathematlcal
o o | o |x“ a |x™ Sciences

|| [x
Then
Pix 1
T(u) _/ A(x, Auy) dx+—/ |u | - — (/ a(x, Auy)Auydx 157
[P 9 \J e
|u1 ‘P()‘) |M1| —s(x) 2 |u1|1—.v(x)
b dx — 2 dx | — d
+/Q () I o /@ * =5t o /™ X (16)

11 P gy "
ZCS _Jr_q__ Q'Aun| b( ) | | p(x) dx

a7

As we have p~ > 1 — ", we can make the following choice.

Cslg —p )1 =s") -
Cpt(gt+st—1)"

A< min{

We obtain T(u;) > 0. Moreover, since N} N N; = @ and inf,ey T(u) < 0, then u; € N;. The
same, if u; € N7; hence, there is t;, satisfying ¢,u; € N, and so T(t;u;) < T(uy).

) |uy |P(X) |uy ‘q(x)
L(w) = [ A(x,Au)dx+ | p(x)b(x) | ‘p(x) dx— | q(x) )
Q Q X Q

x|
|u1|1—s(x)
—af a=sen Ml —ac<o
@ x|

we get

) + - Jur | Iu Iq
I/l(tlul) SZJII A(xv Aul)dx""_l!; p b( ) ()
Q Jef”

Q

1-
ﬂtl_ﬁ(l —S+) ‘u1| s(x) dx
1 |ﬂ(X) '

Q |x

Since 1 — st <p™ < q7, I}(tyu;) < 0; so by definition of N}, we have #,u; € N}
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AIMS Now, let us assume that u,»u; in Y, we know that

32,2
/ A(x, Auy)dx < liminf/ A(x, Au,)dx.
Q n—oo . Q
which gives us
158 P p(x) q- q(x)
u t u
T(fiuy) S/ A(x,A(tlul))dx—l—l—Jr/ b(x)| IL(Y) —l—_ | IL(X)
Q rtJ e | x| qJ alx|
tlﬁser 1=s(x)
1 ] dx.

1-st/) g |x|li(~’€)
|un|p(X)

. 7+ tp+
<lim [ﬂl / A Ati))dv+ / L )dx

flf |un|q<X) t}_s+ ‘”n|17S(X)
- o B AT s
qJ alx| L=s% o |x|

<limT(tju,) <limT(u,) = inf,ey T (u),

n—oo n—oo

This contradicts with #,u; € N; hence, u, — u; in Yand 7(u;) = infueN;T(u).

4. Proof of theorem 1
Proof. Invoking Theorems 3 and 4, we can conclude that for every 1 € (0, 4¢), there exist
up € N} and u; € N such that

T(up) = inf,cy+ T(u)andT (uy) = inf,en-T(u).

On the one hand, considering the properties of the function T, we can assume that ug and u; are non-
negative, and by applying Lemma 2, we can show that they are critical points of Ton the set ¥, which
makes them weak solutions of the problem (PV). Using the Harnack inequality and the results of
Zhang-Liu [25], we can then demonstrate that ug and u; are non-negative solutions of (PV).
Since N} N N; = @, we conclude that ug, u; must be distinct. Thus, we have demonstrated
that the solutions ug and u; obtained from Theorem 3 and Theorem 4 are indeed different.
Consequently, Theorem 1 has now been completely proved. O
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