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Abstract

Purpose — In this paper, we investigate the existence of solutions for a class of Caputo fractional differential
inclusions with two integral boundary conditions. The convex and nonconvex cases are separately considered.
For the first case, an existence result is obtained by applying the Bohnenblust—Karlin’s fixed point theorem. For
the second case, a fixed point theorem for contraction multi-valued maps due to Covitz and Nadler is used.
Further, an illustrating example is presented.

Design/methodology/approach — In Section 2, we recall some basic concepts of the fractional calculus and
the theory of multi-valued maps. Some well-known existence results are also recalled. In Section 3, we prove the
existence result for the problem (1.1)—(1.3) when, in one case, the right-hand side is convex valued, and in the
other case, nonconvex valued. The first result relies on the Bohnenblust—Karlin theorem, while the other is based
upon a fixed point theorem for contraction multi-valued maps due to Covitz and Nadler [37]. In Section 4, we
propose an example to illustrate our results.

Findings — This paper is concerned with the existence of solutions for a certain class of fractional differential
inclusion with integral boundary conditions. Thanks to the Bohnenblust—Karlin’s fixed point theorem, an
existence result is obtained.

Originality/value — Considering the particular case of single-valued second member, this result is then used to
derive an existence result for a certain type of singular boundary value problems.

Keywords Integral conditions, Caputo fractional derivative, Fractional differential inclusions, Fixed point

Paper type Research article

1. Introduction

Differential equations of fractional order have recently proved to be valuable tools in the
modeling of many phenomena in various fields of science and engineering. There are
applications in biology [1, 2], chaotic systems [3, 4], control [5-7], diffusion process [8-10],
economics [11], electrochemistry [12], electromagnetism [13], epidemiology [14],
photoelasticity [15], variational problems [16, 17] and other fields.

The theory of fractional calculus has also seen the emergence of new types of fractional
differential in the modern era, we refer to the monographs of Hilfer [18], Jarad et al. [19, 20],
Kilbas et al. [21], Podlubny [22], Zhou [23].

On the other hand, applied problems require the definitions of fractional derivatives
allowing the utilization of physically interpretable initial data, which contain y(0), y’(0), etc. . .,
and the same requirements for boundary conditions. Caputo’s fractional derivative satisfies
these demands. It should be noted that there are several Caputo derivatives. Each of them is
obtained by a modification of a previously defined derivative in order to maintain the so useful
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AJMS and fundamental property of the classical derivative, namely that the derivative of any constant
32,2 is the null function. Thus, we have the Caputo-Liouvile, the Caputo-Hadamard, the Caputo-
Atangana-Baleanu derivatives and others. For more details concerning geometric, physical
interpretations of fractional Caputo derivatives and their applications see Refs. [19-22, 24, 25]
and references therein.

Realistic problems arising from economics, optimal control and so on, can be modeled as
differential inclusions, so differential inclusions are widely investigated by many authors, see

162 ([26-41]) and references therein.
In 2015, Rezapour et al. [42] studied the following singular one integral boundary-value

problem:
Dx(t) +f(t,x(t)) =0 teJ =[0,1], n=[a] + 1; (1.1
x(0) =¥ (0) = x¥(0) = ... = x"1(0) = 0; (1.2)
1
ax(1) :FL@/ (1 — )" "x(s)ds, a=1, a=3, p>1, (1.3)
0

where f : [0, 1]X[0, +o0[—[0, +oo[ has only one singularity at the point 0. The authors used
the Banach contraction principle and the compressive form of Krasnosel’skii’s cone fixed
point theorem to prove successively an uniqueness and an existence results. In 2020, Kheyryan
and Rezapour [43] investigated the Ulam - Hyers stability of this problem via its equivalent
integral formulation. In this paper, motivated by the work of Rezapour [42], we wish to discuss
the existence of solutions for the Boundary value problems (BVP for short), for the fractional
differential inclusions of the form.

Dx(t) € F(t,x(t)), t€J=10,T], a=3, 1<T < +oo; (1.4)
0)=0,  je{0,1,....n=1N\{ji.i}, 0y, h<n—1, n=[a+1; (1.5

1 T _
ax(T) zm/ (T — )" "'x(s)ds, (ae,p) ERXN, 0 < ap, 1 <p,, k=T1,2,
k 0

(1.6)

Where “D* is the Caputo fractional derivative, x4 = j%. F:[0,T]XR - P(R) is a multi-
valued map, j1, jo, 91, G2, P1, P> are positive integers such that

0<q, #9,<qq = max(qy, q,) < jo 1= min(j,, /) <j, #j, Smax(j, j,) <la]. (L.7)
It should be noted that if F is a single-valued function and
[07 T] = [07 1]7 ay = da, jl :jz = 07 Pr =P 91 =49, = 2,

we retrieve the formulation of Problem (1.1-1.3) investigated in Ref. [42].

In Section 2, we recall some basic concepts of the fractional calculus and the theory of
multi-valued maps. Some well-known existence results are also recalled. In Section 3, we
firstly use the Bohnenblust-Karlin’s fixed point theorem to prove the existence result for the
problem (1.4)-(1.6) in the case of convex valued right hand side. Secondly, we prove the
existence result for the nonconvex valued right hand side by applying a fixed point theorem for
contraction multi-valued maps due to Covitz and Nadler [44]. In Section 4, we propose an
example to illustrate our results.
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Of course, approaches adopted in the present work are not the only possible. Other Arab Journal of

approaches as the end-point method, the nonlinear alternative of Leray-Schauder type and the Mathematical
nonlinear alternative for Kakutani maps, may also be considered under the appropriate Sciences
conditions.

2. Preliminaries
In this section, we introduce notations, definitions, and preliminary facts that will be used in 163
the remainder of this paper.
Let J = [0, T]. In the sequel, we will use the following real Banach spaces:
C(J) is the Banach space of continuous functions from J into R with the norm

[xllee = sup{lx(2)| - 1€T},

L(J) is the Banach space of real functions x that are integrable on J with the norm
el = [
J

Definition 2.1.  ([21, 22]) If the function h is an element of L*(J), then its fractional integral
order a € R" is defined by

x(6)|de 1= /0 Ix(0)| .

Ih(z) = /0 [%h(s)ds,

where T is the gamma function.

Definition 2.2. ([21], [22]) For a function h : J—R the Caputo fractional derivative order
a € R" is defined by

Cpya _ 1 ' h(n)(s)
( D h)(t) _r(n_a)/o (t_s)aﬂ—n ds’

where n: = [a] + 1 and h™ is the differential order n of h.
Lemma 2.3. [21].
1) IfvelLl'()),1<p< +co,a>0,4>0,then
1I°IPv(t) = I"Py(t).

) Ifa>0,v>—1, then

Iv+1) v

I(ltl/ —
Fa+v+1)

Lemma 2.4. [21] Let the function h € L'(J). Then, the general solution of the fractional
differential equation

Downl oaded from http://ftp. nowpublishers.confajnms/article-pdf/32/2/161/11106951/ aj ms- 11-2024-0171en. pdf by guest on 07 July 2026



AIMS

32,2 Dx(r) + h(r) =0, (0<t<T)

is given by

-1 ~
) :m/o (t—5)"h(s)ds +co+ crt + -+ + cu ",

a

164

where ¢y, ¢4, ..., C,_1 are real constants.

‘We now recall some useful concepts from the theory of multi-valued maps [45, 46]. If X is
an infinite dimensional real Banach space with the norm ||.||x, then a multivalued
map. H : X > P(X)

(1) is convex (closed) valued if H(x) is convex (closed) for every x € X.

(2) isbounded on bounded subsets if H(B) = U ,epH (x)is bounded in X for any bounded
subset B of X.

(3) is called upper semi-continuous (u.s.c.) on X if for each x, € X, the set H(xo) is a
nonempty, closed in X and for each open set B of X containing H(x), there exists an
open neighborhood N of x, such that H(N)CB.

(4) is said to be completely continuous if H(B) is relatively compact for every bounded
subset B of X.

(5) has a fixed point if there exists x € X such that x € H(x).

(6) is said to be Carathéodory if it is measurable with respect to t € J for each fixed x € X
and u.s.c. on X for almost all t € J.

Notice that if H is completely continuous with nonempty compact values, then H is u.s.c. if and
only if H has a closed graph, that is:

(xn X, yn _)yv yn EH(X,,)):)/EH(X)
For each y € C(J, R), define the selection Sg,, of F by
Spy={veL'([b,T],R) : v(t) eF(t,y(1)) act€[b,T]}.

Let (X, d) be a metric space induced from the normed space (X, || -||). Consider
H,: PX)XP(X)— R, U{co} given by:
H,(A,B) = max{supd(a, B),supd(A,b)}.
a€A beB

For our purpose, we need to introduce the following subsets of P(X):
(1) P.(X) (respectively P.(X) is the set of all closed (convex respectively) subsets of X.
(2) Pcy(X) is the set of all compact subsets of X.

(3) Pcic(X) (respectively P, (X)) is the set of all nonempty, closed and convex
(nonempty, compact and convex respectively) subsets of X.

Definition 2.5. A multivalued operator N: X — P.(X) is called
(1) y-Lipschitz if and only if there exists y > 0 such that
Hy(N(x), N(y)) < yd(x, y), for each x, y € X,

(2) a contraction if and only if it is y-Lipschitz with y < 1.
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Lemma 2.6. (Covitz and Nadler [44]) Let (X, d) be a complete metric space. If N: X — Math;rcril:gccssl
P.(X) is a contraction, then Fix(N) # @&, where Fix(N) is the set of all fixed points for N.

Lemma 2.7. (Bohnenblust-Karlin [47]) Let D € P, .(X) and let H: D — P, (D) be u.s.c.
such that H(D) is compact. Then, H has a fixed point.

Lemma 2.8. ([48]) Let I be a compact real interval, ¢ a linear continuous map from L*(I) 165
into C(I). Let also F:IXR— P,.(R) be a multi-valued map satisfying the following
assumptions:

(1) F is Carathéodory.
(2) Foreachfixedx€R, Sy, . :={f€L'(I): f(t) EF(t,x) for a.e. t €I} is nonempty.

Then, the operator ¢ ° Sg. defined from C(I) into P, .(C(I)) by (¢ °Sr) (x) = ¢(SEy) is a closed
graph operator in C(I) X C(I).

For more details on multivalued maps see the books of Aubin and Cellina [49], Aubin and
Frankowska [50], Deimling [45], Castaing and Valadier [51].

3. Existence of solutions
3.1 Auxiliary lemmas
We will use the following auxiliary scalar functions:

al(p+j+ )T —T(j— g+ 1)T*
T(p+j+1D(—qg+1)

u(a,p,j,q) =T(+1) , 4<]. (3.1

al(a+ p)(T —5)"™"" ~T(a—g)(T — 5"

v(s,a,p,q) = , (0<s<T), 3.2
A =u(ay,py,ji,q,)u(a2,P1,J2,42) — u(@i,pysja, 41)u(@2, 02,15 42) (3.3)
gl(s) _ u(a2ap27j27 qz)v(saalvplaql) ; u(al7pl7.]27ql)v(s7 (’1271727(]2)7 (34)
gz(s) — u(alvplafl:QI)V(S7a2:p27Q2) ; u(a27p27J17q2)V(S7 ahplaql). (35)

There is no difficulty to check that
u(al7pl7j17ql)gl(s) + u(al7pl7j27ql)g2(s) = v(saahpl’ ql)? (SEJ) (36)
and

u(@z, Py, j1592)81(8) + @z, p5, 425 42)8:(s) = v(s,a2,p5,4,), (s€J). (3.7
Lemma 3.1. Leth e L'(J), A # 0 and assume that conditions 1.7 are satisfied. Then, the

solution of the equation

(DEx) (1) + h(1) =0, t€J=1[0,T], a=3 (3.8)

Downl oaded from http://ftp. nowpublishers.confajnms/article-pdf/32/2/161/11106951/ aj ms- 11-2024-0171en. pdf by guest on 07 July 2026
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32,2 ,
00)=0, je{0,1,....n—1\{jj.i}, 0Ky, h<n—1, n=la]+1  (39)
and
166 ax(T) = Px(T),  (ar,p;) ERXN, 0 < a, 1<p,, k=1,2 (3.10)
is given by
T
X(t) = / G(t, 5)h(s)ds, G.11)
0
where
ﬂ—'—t"‘g (s) +2g,(s); O0<s<t
G(t,s) = [(a) ! 2 . (3.12)
1g,(s) +12g,(s); ISsST

Proof According to Lemma 2.4, the solution of the problem (3.8)-(3.10) has the form

-1
x(t) = )/0 (t— )" h(s)ds + co + crt 4 - - + cp 7,

[(a)

where, ¢, ¢4, ..., C,_1 are real constants.
Using initial conditions at t = 0, one obtains that ¢, = 0 for k& {j,,j,} and then,

-1 [t . .
x(1) = ) /0 (t— )" "h(s)ds + ¢, +cpt?,  (0<t<T).

I'a
Using integral conditions a,x\%) (T) = I’*(T), k = 1,2 and after some transformations, we
get that constants c;, and c;, satisfy the following linear system:
T
leu(a17p1,j1,ql) +Cj2u(a17plaj2:ch) = / V(S7alapl7q1)h(s)ds
0
(S): (3.13)
T
leu(a27p27j1 ) 42) + Cjzu(a27p27j2’ CIZ) = / V(S7 az, Py, Q2)h(s)ds
0

System (S) admits a unique solution (c;,, ¢;,) given by

1 [ . .
Gy = 7/ (M((127p2,_]2, qZ)V(Svalvplvch) - u(al,pl,]2,ql)v(s,az,pz,ch))h(s)ds
0

(3.14)

17 _ .
Cjz = X/ (u(al7p17]17Q1)v(sva21p27q2) - ”(a27p27]17q2)v(s7a17p17q1))h(s)ds
0

Remarking that
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T T
(c,-l, cjz) = (/ g1(8)h(s)ds, / & (s)h(s)ds) Mathematical
0 0 Sciences
and replacing in the expression of x(t), we get
71 t _ )
K0 = g ) 6 e o 167

e ! /'Tsssérsss
_ @/O (=9 thoids + [ o+ [ esmon

- /0 " Gt 5)h(s)ds.

Conversely, assume that function x(¢), ¢ € [0, T]admits the representation given by (3.11),
(3.12). Remarking that

T

) = =150+ [ g o)+ o+ [ lo)nts)as,

it is not difficult to check that (Dfx)(¢) + h(r) =0, t€J =[0,T] and that initial
conditions (3.9) are all satisfied. Let us proof the condition (3.10) for k = 1 (the case k = 2 is
demonstrated in a similar way). Direct calculations give us,

wn(r) = [ ias+ [ SR (ko

Ta\L(j, + 1)1
+/0 %gz(s)h(s)d&
2 1

lﬁix(T) = /07_(?(;?[;‘)]_ h(s)der/o Friiglilj)fi Sg,(s)h(s)ds

T3, + )T
-] G +1)
0

Flpy 2 + O

Consequently,

PLx(T) — ax')(T)

TaL(a+p) (T —) """ —T(a—q)(T—s)""
/o T —¢,)T(a+ py) hls)ds

all(p, +j, + VT —T(j, — q, + )T
Cpy+i + DG —q, +1)

_ / .Tro; L@l + DP T, — g, + DT

0 - T(py +j + (G, — g, +1)

T
- / V(s a1y, 41)h(s)ds
0

- [Tr6i+n 21 (5)h(s)ds

82(s)h(s)ds

- / [, P14 (5) + @, Py )82 () (s)ds.
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AJMS Using 3.6, we get finally,

32,2
’ P x(T) — aix)(T) = 0.
O
168 Remark 3.2. We have A # 0 for example if we have simultaneously
T, — iRy JI P 2t
a >max< (Ui q.1+1)T4_ : I'(a q.1+1)T4_ >
L(py +j, + )T T(py +j, + )T
T, — 2tp2 P J1+p2
a2<max< (U q.2+1)T4_ : I'(y q.2+1)T4_ >
L(py +jo + 1)T27%" T(py +jy + )T
(i, — V2+p2 P y1+p2
a2>min( ( ‘1.2+1)T._ : L'(y ‘1.2+1)T._ )
L(py +jo + 1)T27%" T(p, +j, + )T
Indeed, in this case either
u(ar,py,ji, q,) w(az, Py jn, @) >0, u(a,pyja, q,) (@2, pasjy>q,) <0
or,
u(ay, py,jy, 4,)u(@2; pasjas @2) > 0, ular, py,jp, q,)u(az, pasjy; g2) < 0.
Lemma 3.3. Suppose that A # 0 and let
T (0 + 1) +T(, + 1) (T + T ) (@, T 4 T )
['(a) Al Lo — qo + DI (@ — gp)- .
Then,
|G(1,5)|< A, V(t,5) €. (3.15)

Proof. It is a direct calculation that uses the expression of each gi(s), i = 1, 2 and the obvious
inequalities

qp = max(q,,q,) < jo :=min(j;,j,)<[a] =n 1,

aTu—q—l + Ta+pf 1

0<|ula,p.j,q)|<r+nNEH——T°

(qu)‘ G+1) =gt 1)
aTa—q—l +Ta+p—l

0< S———>— 0<s<T,

= v(s,a,p,q)’ F((Z—q) s

Downl oaded from http://ftp. nowpublishers.confajnms/article-pdf/32/2/161/11106951/ aj ms- 11-2024-0171en. pdf by guest on 07 July 2026



Arab Journal of
. Mathematical
min([(a — ¢,); T(a —¢,)) > T(a—q). Sciences

3.2 The convex case 169
In this section, we present an existence result of solutions for the problem (1.4)-(1.7) under the
condition that F(t, s) is a convex multi-valued map. Let us start by defining what we mean by a
solution of the problem.

Definition 3.4. An = ([a] + 1) -times continuously differentiable functiony : J—R s said to
be a solution of the problem (1.4)-(1.7) if it satisfies the equation (CD"X) (t) = F(t, x(t) on J
together with the conditions (1.5) and (1.6).

Theorem 3.5. Let A # 0 and assume the following hypothesis hold:
(H1) F:[0,T]XR— P..(R)is a Carathéodory multi-valued map.
(H2) Foreach r >0, there exists a positive function p, € L'(J) such that
(t,x) eJXR and |x|<r=||F(t, x)|| := sup{|u| : u(r) e F(t,x)} <p, (7).

If

r—-+o0 A7

T
4 = lim inf (@) <1 (3.16)

then the problem (1.4)-(1.6) has at least one solution on J.
Proof. We begin by transform this problem into a fixed point one. For this, consider the
multi-valued operator,

N:C(J,R) = P(C(J,R))

defined by

v = {hecw.m): 1o = [ Gesris, resr,

where the function G(t, s) is given by (3.12). For r > 0 let
D, :={xeJ: H)c||oo <r}
According to Lemma 3.1, fixed points of N are the solutions of the problem (1.4)-(1.6).

Step 1: We prove that there exists ro > 0 such that N(D,,)CD,,.

If it is not true, we get

Vr>0, N(D,) = | JN(x)£D,.

x€D,

This is equivalent to
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Vr>0, Ix,€D,, Ih,€N(x,) : ||h||, > T
32.2 () < [

with

T
(1) = / Gl1,8)f(s)ds, €S
170 0

According to (H2), there exists a positive function p, € L'(J) such that

If ()| <p.(s), VsEJ.

Thus,

T
r<liblo<a [ o
0

Dividing both sides by r and taking the lower limit as r — oo, we obtain that

r
Alim inf (M> 21
r

r—>-+o0o

which contradicts 3.16. Hence N(D,,)CD,, for a certain ro > 0.

Let Ny be the restriction of N to closed and convex subset D,,. Clearly, each fixed point for
Ny is also a fixed point for N. So, we shall follow the scheme proposed in Ref. [35] to prove that
Ny satisfies all assumptions of the theorem 2.7.

Step 2: We prove that Ny(x) is convex for each x € D,

Let hy, h, belong to No(x). There exist f1, f> € Sk such that for each t € J and for eachi =1, 2,
we have

T
mo = [ Gsyfs)as
0
Let 0 <A < 1. Then, for each t € J, we have
T
(A + (1 = Dh)(2) = / G(t,s)(Af; + (1 = A)f,)(s)ds.
0
Since Sk, is convex (F has convex values), we have

Ahy + (1 — A)hy € No(y).
Step 3: We prove that Ny(D,,) is a compact subset of D,,.

According to the Step 1, No(D,,) is a subset of D,, and hence is uniformly bounded. Thus, it
suffices to prove that Ny(D,, ) is equicontinuous. Let x € D,, and h € Ny(x). There exists f € Sg
such that

h(t) = /0 G(t,5)(s)ds.

Thus, for t;, t; € J: t; < tp, and applying (H2), we get
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|h(t2) —h(t))| < / |G(t1,5) — G(t2,5)||f (5)|ds Mathematical
Sciences
< [ 1609~ el ()
Sincep, € L'(J) and G(t, s) is continuous with respect to t € J, the right hand side of the above 171

inequality tends to zero independently of x € D,, and h € N(x), whenever t; — t,. This implies
that No(D,,) is equicontinuous and that Ny(D,,) is a compact subset of D,,.

Step 4: We prove that Ny has a closed graph.
We need to prove that

(-xn — Xy hn EN()(-xn)7 hn _)h*) _’hx GNO(-XA)

We have

h, €No(x,) = <Elfn ESpy, 1 (1) = / G(t,s)f ,(s)ds, VteJ). 3.17)

0

Consider the linear operator ¢: L'(J) — C(J) given by

F@())(0) = / G(t. )/ (s)ds.
It is easy to see that

[0l = supes [ (DN ()] < Af]r-

This means that ¢ is bounded and continuous. By Lemma 2.8, ¢ ° Sg has a closed graph. Since,
hy = ¢(f,,) €D(SF, »,) = d°Sk(x,), we deduce that

h.= lim h, = 11m d)(f)ed)(Sp o) = deSp(x").

n—+oo

This is equivalent to,

3.€S, i hi) = (@(7.)0) = /0 G(t,)f.(s)ds, Viel.

In other words, N has a closed graph.

Summarizing, we get that the multi-valued Ny has a closed graph, bounded, convex and
closed values which are also compact since N(D,,) is so. Hence, by Lemma 2.8, Ny, is upper
semicontinuous. Applying the theorem 2.7, we deduce that Ny has a fixed point x in D, which is
a solution of the problem (1.4)-(1.6). O

3.3 The nonconvex case

We present now a result for the problem (1.4)-(1.5) with a nonconvex valued right hand side.
Our considerations are based on the fixed point theorem for contraction multivalued maps
given by Covitz and Nadler ([44]).

Theorem 3.6. Assume that the following hypotheses hold:
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AIJMS (H3) F:JXR—-P.,(R) has the property that F(.,u):J— P.(R) is measurable for
32,2 eachueR.

(H4) Foreachy € C(J), there exists a constant M, > 0 depending only of y such that
|w| <M, for each w €| J; e jF(t, y(1)).
(H5) There exists [ € L'(J, R"), such that

172 Ho(F(t, 1), F(t,7)) < I()|u— | for every u, i€ R
If

Aty <1, (3.18)

then the problem (1.4)-(5) has at least one solution on J.

Remark 3.7. By (H3), we can see that Sg, is nonempty for each x € L'(J, R), so F has a
measurable selection (see Ref. [51], Theorem III.6)

Proof. We shall show that N satisfies the assumptions of Lemma (2.6). The proof will be given
in two steps.

Stepl: N(x) € P, (C(J, R)) for each x e C(J, R).

Let (h,),oC N(x) be such that i, —h in C(J,R). Then 2 € C(J, R) and for each natural
number n there exists a null-measure subset J,, of J = [0, T] together with a function v, € L'(J)
such that

te\J,=v,(t) EF(t,x(¢)) and h,(t) = /OT G(t,s)v,(s)ds.

The subset J = (J,J» is null-measure and v,(t) € F(t, x(t)) for each natural n and eachr € J \J.
Using the compactness of each F(t, x(t)), t € J, we may pass to a subsequence in necessary
to get that {v, ()}, converges to a certain function v(z) := lim,_ v, (t), t€J.
Clearly, v(t) € F(t, x(t)), Vt€J\J.
By the hypothesis (H4),

Sup{‘v(t)lv |V1(l‘)‘, |v2(t)|7 e } SM.\'; vieJ.
This implies that ve L' (J).
Thus, by the dominated convergence Lebesgue theorem, we have for each t € J
T

h(t) = lim h,(f) = lim G(t,5)vu(s)ds

n—+oo n—+oo 0

[t o)) - [ Gteoptos

So, ¥ € N(x) and thus, N(x) € P, (C(J, R)) for each x€ C(J, R).
Step2: There exists y < 1 such that H;(N(x), N(X)) < y||x—X||,: for each x,x€ C(J, R).
Let x,x€ C(J, R) and h; € N(x). There exists v; € F(t, x(t)) such that for each t € J

h(r) = /0 G(t, 5) (5)ds.
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Ha(F (2, x(1)), F(1,x(t)) < (1) |x(r) — X(1))| Sciences
Hence, there exists w € F(#,%(t)) such that
[vi(t) — w| <I(t)|x(t) — x(1)|, teJ.
1 173

Consider U : J - P(R) given by
Ut) ={weR: [vi(t) —wl<l(1)x(r) —x(1)[}

Since the multivalued operator V(¢) = U(¢) N F(¢,X(¢)) is measurable, there exists a function
vo(t) which is a measurable selection for V. So, v, € F(t,%(¢)) and for each t € J,

vi(5) = v (0)| < U2)|x(r) = X(1)], 1€ J.

Let us define for eacht € J
T
() = / G2, 5)va(s)ds.
0
Then, , € N(x) and for each t € J

|7 — o], < /0\G(z,s)|l(s)\v1(s)—vz(s)|ds

IA

/O.T Al(s)|vi(s) — va(s)|ds

AHlHU(/)HY—yHm-

IA

Thus
|71 = | SAHl”L'(J)HX —X||

e}

We obtain an analogous relation by interchanging the roles of x and x. Consequently, we can
affirm that

Hy(N(x), N(®)) < A[[ll] 3|3 = 7| -

By (3.18), N is a contraction. Applying Lemma(2.6), we get that N has a fixed point x which is
solution to (1.4)-(1.5). The proof is complete. O

4. Example
In this section, we give an example illustrating our main results. Consider the boundary
fractional differential value problem

(CD?O (1) €F(t,x(1)), reJ=0,1] 4.1

xV(0) =0, j#1{4,8} 4.2)
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32,2 o
ax(q)(l) = /0 Fi(]‘))x(s)ds, (a,p,q)€{(1,5,0);(3,7,2)} 4.3)
where
174
(1 —0)l| ,_ [ (1- G)IXI} :
F(t,x) = 2A1° {0, 1= 10, 200 | ¥ 170 ,0<o<1.
{O}a lf t=0
In this case,
70
a= @7 n:i= [a] +1= 97 (jl:jz) = (47 8)7 (QI:Q2) = (072)7 (a|7a2) = (173)7 (Pl?pz)

and A: = det(S) = 131, 99. Recalling formula (3.15), we obtain that A ~ 5, 3979.
Clearly, F is Carathéodory with closed and convex values. For each x fixed in R function f;
defined on [0, 1] by

(1-o)lx| .
f={ 2ar Y170
0, ift=0

is an element of Sg. ,. Moreover,
Vr>0, (t,x) €0, 1JXR A |x|<r=|F(t,x)|| < p,(t) := f.(£).

Finally, it follows from inequality

.1
lim inf< / M) <Ll
r—+oo 0 r A

Since all the conditions of Theorem(3.5) are satisfied, the problem (1.4)-(1.6) has at least one
solution x on [0,1].

that
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