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Purpose — This paper introduces and studies compatible G-Hom-Leibniz algebras, namely compatible Hom-
Leibniz algebras equipped with a finite group action. The aim is to develop their equivariant deformation
cohomology theory and to analyze how this cohomology governs equivariant formal, finite-order and
infinitesimal deformations. The paper also examines the role of G-Nijenhuis operators in generating trivial
equivariant infinitesimal deformations.
Design/methodology/approach — We construct a graded Lie algebra whose Maurer—Cartan elements encode
compatible G-Hom-Leibniz algebra structures. Using this graded Lie algebra, we define an equivariant
cohomology theory with coefficients in the algebra itself and apply it to study several types of equivariant
deformations. We further introduce the notion of a G-Nijenhuis operator and explore its connection with trivial
infinitesimal deformations.
Findings — The proposed graded Lie algebra completely characterizes compatible G-HomLeibniz algebras. The
resulting equivariant cohomology controls their deformation behaviour and provides criteria for extending
finite-order deformations. We also show that trivial equivariant infinitesimal deformations correspond precisely
to G-Nijenhuis operators.
Originality/value — This work provides the first systematic treatment of compatible Hom-Leibniz algebras
under group actions and develops their equivariant deformation cohomology. The introduction of G-Nijenhuis
operators and their deformation-theoretic interpretation offers new tools for further research in Hom-type
algebras and related areas.
Keywords Hom-Leibniz algebra, Compatible structure, Maurer-Cartan element, Cohomology, Deformation,
Group action

Paper type Research article

1. Introduction

Leibniz algebra is a non-commutative generalization of Lie algebra. It was introduced and
called D-algebra in papers by A. M. Bloch and published in the 1960s to signify its relation
with derivations. Later in 1993, J. L. Loday [1] introduced the same structure and called it
Leibniz algebra. The cohomology theory of Leibniz algebra with coefficients in a bimodule
has been studied in Ref. [2]. The concept of Hom algebras was introduced by Hartwig, Larsson
and Silverstrov [3]. Makhlouf and Silverstrov [4] introduced the notion of Hom-Leibniz
algebra, generalizing Hom-Lie algebras. Hom-algebra structures have been widely studied
since then.

Algebraic deformation theory was introduced by Gerstenhaber for rings and algebra in a
series of papers [5-9]. Subsequently, algebraic deformation theory has been studied for
different kinds of algebras. To study the deformation theory of any algebra, one needs a
suitable cohomology, known as the deformation cohomology, which controls the deformation.
In Ref. [10], D. Balavoine studies the formal deformation of algebras using the theory of
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Maurer-Cartan elements in a graded Lie algebra. In particular, this approach is used to study Arab Journal of
the deformation of Leibniz algebras. Mathematical

Equivariant cohomology, introduced by Borel in the late 1950s, is a cohomology theory for Sciences
topological spaces equipped with group actions. Since then, equivariant techniques have found
many applications in other areas such as algebraic geometry, representation theory and
K-theory. In recent years, there have been many studies on equivariant cohomology,
deformation theory and their relationships for various types of algebras and systems, for
example, on Leibniz algebras [11], associative algebras [12], Lie triple systems [13],
compatible Hom-associative algebras [14] etc. Here, we have defined a compatible Hom-
Leibniz algebra to be a pair of Hom-Leibniz algebras such that the linear combination of their
algebraic structure is also a Hom-Leibniz algebra. Using the Balavoine bracket, we define a
graded Lie algebra whose Maurer-Cartan elements characterize the structure of compatible
Hom-Leibniz algebras. We proceed to investigate the internal symmetry of the compatible
Hom-Leibniz algebra by introducing a concept of group action on it. We then study the
cohomology of a compatible Hom-Leibniz algebra in the equivariant context. To accomplish
this, we introduce the equivariant cohomology group of a compatible Hom-Leibniz algebra
endowed with a finite group action, inspired from studies such as those by Bredon [15],
Elmendorf [16] and Illman [17]. “Equivariant deformation theory should classify
deformations preserving symmetries of the deformed objects [12].” This is used to study
equivariant infinitesimal deformation of a compatible Hom-Leibniz algebra. Furthermore, we
establish the relationship between the Nijenhuis operator and the trivial infinitesimal
deformation, all in the equivariant context. In this process, we prove some important aspects of
the traditional algebraic deformation theory for a compatible Hom-Leibniz algebra in our
equivariant setting.

The paper is structured as follows: Section 2 begins by outlining fundamental concepts of
Hom-Leibniz algebra and explores group action on Hom-Leibniz algebras. It proceeds to
examine the Balavoine bracket, some cohomological results and the differential graded Lie
algebra responsible for governing Hom-Leibniz algebra deformations, all within the context of
group actions. In Section 3, we define compatible Hom-Leibniz algebras alongside group
actions, termed as compatible G-Hom-Leibniz algebras. We then construct a graded Lie
algebra whose Maurer-Cartan elements characterize the structure of compatible G-Hom-
Leibniz algebras. Section 4 delves into the formal deformation of compatible Hom-Leibniz
algebras with group actions. Specifically, it examines how Nijenhuis operators generate trivial
linear deformations and explores various facets of formal deformation theory.

The implications of this work are both theoretical and structural, contributing to the broader
study of algebraic deformations and symmetry in non-associative algebras. By introducing
compatible G-Hom-Leibniz algebras, this research provides a new framework for studying
algebraic structures under group actions, which may have applications in mathematical
physics, representation theory and category theory. The construction of a graded Lie algebra
whose Maurer-Cartan elements characterize these algebras establishes a deeper connection
between deformation theory and cohomology, potentially influencing further studies in
homotopy algebra, operads and higher algebraic structures. Additionally, the examination of
Nijenhuis operators and their role in trivial linear deformations enhances the understanding of
stability and rigidity properties in these algebras. This framework may also lead to insights into
deformation quantization, control theory and differential geometry, where algebraic
deformations and symmetry play a crucial role.

179

2. Preliminaries

In this section, we review the definitions and some basic facts on Hom-Leibniz algebra. See
Refs. [11, 18]. We also recall the concept of group action on a Hom-Leibniz algebra, as given
in Ref. [11].
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AJMS Throughout the article, the linear maps are assumed to be over the field K of characteristic 0.
32,2 We assume the group G to be finite.

Definition 2.1. A Hom-Leibniz algebra is a vector space L together with a bilinear operation
[.,.]:L ® L - L and a linear map a: L — L such that [a(x), [y, z]] = [[x, Y], a(2)] + [a(y), [X, z]],
Vx,y,z€ L.

180 Moreover, if the Hom-Leibniz algebra given by the triple (L, [., .], @) satisfies a([x, y]) = [a(x),
a(y)], we say (L, [., .], @) is multiplicative.
Hereon we consider our Hom-Leibniz algebras to be multiplicative.

Definition 2.2. A homomorphism between two Hom-Leibniz algebras (L1, [.,.]1, @1) and (L,
[.,.]o, @) is a K-linear map ¢: L, — L, satisfying

d)([xvy]l) = [¢(x)7¢(y)]2 and (»boal = aZOd)'

Definition 2.3. Let (L, [.,.], @) be a Hom-Leibniz algebra. An L-bimodule is a vector space M
together with two L-actions my: L @ M — M, mg: M ® L — M and a map 3 € End(M) such that
for any x,y € L and m € M we have

Blmi(x,m)) = my(a(x), f(m))

p(mr(m, x)) = mg(B(m), a(x))
my(a(x), m(y,m)) = my([x, y], B(m)) + my(a(y), my(x,m))
m(a(x), mg(m,y)) = mp(m.(x,m), a(y)) + me((m), [x,y])

mg(f(m), [x,y]) = mg(mg(m, x), a(y)) + my(a(x), mg(m, y))-

The following proposition is well-established.

Proposition 2.1. Let (L, [., .], @) be a Hom-Leibniz algebra and (M, my, mg, ) its
representation. Then L @ M is a Hom-Leibniz algebra with the linear homomorphisma @ f: L
@ M — L @ M defined as (a & f)(x, m) = (a(x), p(m)) and the Hom-Leibniz bracket defined as

[(x,u), 0, v)]x = ([x,y],ml(x,v) +m,1Q(u,y)) V x,y€L and u,vEM.

This is known as the semi-direct product.
We now consider a finite group acting on Hom-Leibniz algebra.

Definition 2.4. Let (L, [., .], ®) be a Hom-Leibniz algebra. We say that a group G acts on L if
there exists amap ¢p: G X L — L such that¥ g, g1, g € G, x,y € L,

(1) ¢g: L — L given by x — gx is K-linear
(2) e.x = x, where e is the identity in the group
(3) (9192)x = ga(g2x)
4 glx, yl = [gx, gyl
(5) a(gx) = ga(x).
When a group G acts on L, as given above, we say that L is a G-Hom-Leibniz algebra.
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Definition 2.5. Let (L, [., .], @) be a G-Hom-Leibniz algebra. A G-bimodule over L is an L- Arab Journal of

bimodule given by a vector space M together with two L-actionsmy: LQM - M, mp: M@ L — Mathematical
M and a map p € End(M) satisfying the conditions given in the definition 2.3, such that for any Sciences
x,y € Land m € M and g € G we additionally have
pg = gb
181

my(gx, gm) = gmy(x, m)

mg(gm, gx) = gmg(m, x).

2.1 The Balavoine bracket
In his work [10], D. Balavoine introduced a Lie algebra structure on the cochain complex of a
Leibniz algebra. In this subsection, we focus on the controlling algebra of Hom-Leibniz
algebras within an equivariant framework, specifically a graded Lie algebra whose Maurer-
Cartan elements are G-Hom-Leibniz algebras. We start by recalling key definitions and results
from Refs. [10, 18 and 19].

Definition 2.6. Let S, denote the permutation group of n elements 1, 2, . . ., n. A permutation
o € S, is called a (p, q)-shuffle if p + q = n and o(1) < 6(2) < ... < o(p) and
o(p+1)<o(p+2)<...<a(n).Ifp = 0orn, we consider o to be the identity permutation. Let
S(p,q) denote the set of all (p, q)-shuffles in S,,.

Definition 2.7. Consider a differential graded Lie algebra (g = @ ;70" [.,.],d). An
element x € ' is termed a Maurer-Cartan element of g if it satisfies

1
dx+§[x,x] =0.

If g is a vector space and « : @ — g a linear map such that the vector space operations are
compatible with the map «, we say that (g, @) is a Hom-vector space.
For each n > 1, we denote C.(g,q) = {f€Hom(®"q,q)|acf =foa®'} and set

C,(3,9) = @ ,enCh(8, Q).
For PeC’™'(g, ), 0 € C"' (g, g) we the Balavoine bracket is defined as

[P,Qly =PoQ— (-1)""QoP
where Po Q € C2""" is defined as

ptl
(PoQ) ()61,)627 . ,xp+q+1) = Z (—1)(k71)qPokQ,

k=1

and
Po,Q(x1, X2, . . Xpige1) =

(_l)ﬁp(ap(xc(l))v oo 7all(xo‘(k—l))a Q(-xo(k)7 o ’xc(k+q—l)7xk+q)7ap (-xk+q+l)’ ceey a’ (x[1+q+l)'
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AIMS In [18] it is shown that the graded vector space Cj (g, g) equipped with the Balavoine bracket
32,2 given above is a graded Lie algebra.

Definition 2.8. Suppose on the Hom-vector space (g, «) a group G acts such thata : ¢ — g is
equivariant in the sense that go = ag, we say that the Hom-vector space g is a G-Hom-
vector space.

182 Now if g is a G-Hom-vector space we define

Cls(a,6) ={feCi(s,q): g =f3, Vg€G}.

Note that for P € Cj;\, (g, 9), 0 € C&', (g, 9), [P, 0], € CL'¢ "' (g, ), i.e the Balavoine bracket
is G-invariant. Hence, we have the following theorem:

Theorem 2.1. ((I:Z:a(g7 a),[.,.]) forms a graded Lie algebra.

In particular, for 7 € CzGra(g, q), [z, 7]z € Céﬁa(@ @) such that

[z, 7]y = 2(n(n(x,y), a(2)) — n(a(x), 7(y,2)) + 7(a(y), 7(x,2))) and
g[”? ﬂ'}B(JC,y?Z) = [77'-7 ”]B(gxa gy,gz), VgeG.

Thus we have the following corollary.
Corollary 2.1. r defines a G-Hom-Leibniz algebra structure on q iff # is a Maurer-Cartan
element of the graded Lie algebra (C;a(& a), [ 1)

Theorem 2.2. Let (g, m, a) be a G-Hom-Leibniz algebra. Then (C:a(g, a), [.,.], d.) becomes
a differential graded Lie algebra (dgLa), where d,:=[x,.]s.
Further, given 7’ € CZG‘Q (g, q), = + ' defines a Leibniz algebra structure on g iff 7’ is a Maurer-

Cartan element of the dgLa (C;a(g, a), [ -], dx)-

3. Compatible Hom-Leibniz algebra with a group action

In this section, we consider a pair of Hom-Leibniz algebras such that their linear combination
is also a Hom-Leibniz algebra. Such a pair is referred to as a compatible Hom-Leibniz algebra,
a notion introduced in Ref. [20]. We then consider these compatible Hom-Leibniz algebras
along with a group action, with the intention of studying the behaviour of their deformation
under the presence of group action.

Definition 3.1. A compatible Hom-Leibniz algebra is a quadruple (L, [., ., {., .}, @) such that
(L, [.,.], @) and (L, {., .}, @) are Hom-Leibniz algebras such thatV x,y,z € L

[a(x), {y; 2] + {a(x), [y, 2} = {x v} a(@)] + {6y, a(2)} + [a(y), {x,2}]
+{ay), x4} ey

We recall the following characterization of a compatible Hom-Leibniz algebra, established in
Proposition 3.1 of [20].

Proposition 3.1. A quadruple (L, [., .], {., .}, @) is a compatible Hom-Leibniz algebra iff
(L,[.,.],®)and (L, {., .}, @) are Hom-Leibniz algebras such that for any ky, k, in K, the bilinear
operation
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ey]) = kifoy] + kofx,y), ¥ yeL Arab Journal of

Mathematical
Sciences
together with the K-linear map a: L — L defines a Hom-Leibniz algebra structure on L.
Definition 3.2. A homomorphism between two compatible Hom-Leibniz algebras (L, [.,.],
{.,.}1, @) and (Ly, [.,.12, {.,-}2, @) is a K-linear map ¢: L, — L, satisfying
$(r3)) = (62, 60 #Hx3}) = {6(x),00)}, and gom = a0 4. 183

We now define a bimodule for the compatible structure defined earlier.
Definition 3.3. Let (L, [.,.], {., .}, @) be a compatible Hom-Leibniz algebra. A compatible L-
bimodule is a vector space M together with four L-actions

m LQM— M, mp:M®L—M

m LQM— M, miM®L—M

and a linear map f: M — M such that.
(1) (M,m},m},p) is a bimodule over (L, [., .], a).
(2 (M,m?,m3, B) is a bimodule over (L, {., .}, a).

(3) the followm compatlblllty condltzons hold for all x,y e L,me M
L ) 0. ) ) ) = (.01 o) +

m ([, y} B(m)) +my (a(y), mi(x,m)) + mi (a(y), my (x,m))

LML : my (a(x),mg(m,y)) +mi (a(x), mp(m,y)) = mg(m (x,m), a(y))+
i (my (x,m), a(y)) + my(B(m), {x,}) + mz (B (m) [x, 1)

MLL : m,l‘,(ﬁ( ), {x y}) —Q—mR(/j’(m)7 [x,y]) = mR(mR m,x),a(y))+
my (my(m, x), a(y)) +my (a(x), mg(m,y)) +mg (a(x), mp(m,y))

We also say that (M, m}, mk, m?, m3, B) is a representation of the compatible Hom-Leibniz
algebra (L, [., .], {., .}, @).

Note: Any compatible Hom- Leibniz algebra (L, [., .1, {., .}, @) is a compatible L-bimodule
inwhich m! =m} =[,.]andm? =m3 = {.,.}.

The following result can be proved just like the standard case.

Proposition 3.2. Let (L, [., .], {., .}, @) be a compatible Hom-Leibniz algebra and
(M, m}, mk, m? m, B) its representation. Then L @& M is a compatible Hom-Leibniz algebra
with the linear homomorphism a @ f and the compatible Hom-Leibniz brackets defined as

[(X, “)7 (yv V)]M = ([xvy]vmi(xv V) —l—m;(u,y)) and

{(xu), (y,v)} = ({x,yhmi(x, V) —b—mlzz(u,y)) V x,y€L and u,veM.

We now consider compatible Hom-Leibniz algebras and compatible bimodules along with a
finite group action.
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AIMS Definition 3.4. Let (L, [., .], {., .}, @) be a compatible Hom-Leibniz algebra. We say that a
32,2 group G acts on L if

1 (@, I[.,.],a)and (L, {., .}, @) are G-Hom-Leibniz algebras.

() ag = ga.
We call such an L, a compatible G-Hom-Leibniz algebra.

184

Example 3.1. Any G-Hom-vector space (L, a) with the trivial brackets [x, y] = {x,y} = 0, Vx,
y € L is a compatible Hom-Leibniz algebra with an action of G.

Example 3.2. The authors in Ref. [21] classifies compatible Leibniz algebras of dimensions 2
and 3. On each of these L, consider the hom map « to be the identity map and the trivial group

action G X L —» L given by gx = xV g € G and x € L, gives a compatible G-Hom-Leibniz
algebra.

Definition 3.5. A G- homomorphism between two compatible G-Hom-Leibniz algebras (L1,
[.J1, {031, @) and (Lo, [.,.10, {.,.}2, @) is a K-linear map ¢: L, — L, satisfying

d([x.y],) = [(x), ()],
o({x,y}) = {o(x), 6},

¢poa; = a,0¢ and
8p = dg.

Definition 3.6. Let (L, [.,.], {., .}, @) be a compatible G-Hom-Leibniz algebra. A compatible
G-bimodule over L is a vector space M together with four L-actions

m LOM—M, my:MQL—M
m; LQM— M, my,:M®L—M

and a map f € End(M) such that for any x, y € L, m € M and g € G we have.
(1) (M,m}, mk, B) is a G-bimodule over (L, [., .], a).
(@) (M, m?,mz,p) is a G-bimodule over (L, {., .}, a).

(3) the follow1{1 compatlblllty condlgzons hold for all x,y e L, me M
LM () 2 (v, m) -+ 2 () m (5. m) = (3. Bom))

my ([x,y], B(m)) + my (a(y), mp (x, m)) + mi (a(y), my (x, m))

LML m(a(x) mR m.y)) -+ m (a(x), my(m. 3)) = mh(m (e, m). () +
i (m} (e, m). a(y)) + mb(Bm). {x.}) + m(B(m). [x.5])

MLL: mh((m >{xy}>+mR< Bm). [x,]) = ml (i (m,x), () +
i (mh(m,x), a(y)) + m (alx), m(m,)) + mi (a(x), mb(m. ).

We also say that (M, m; , my, m:, m%, ) is an equivariant representation of the compatible G-
Hom-Leibniz algebra (L[., .1, {., .}, a).
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Note: Any compatible G-Hom-Leibniz algebra (L, [., .1, {., .}, @) is a compatible G- Arab Journal of
bimodule of L in which m! =m} =[., Jand m? =m3 = {.,.}. Mathematical
The following is the equivariant version of a result seen earlier. The proof is similar. Sciences

Proposition 3.3. Let (L, [., .], {., .}, @) be a compatible G-Hom-Leibniz algebra and

(M, m}, mk, m? m%, B) its equivariant representation. Then L @ M is a compatible G-Hom-

Leibniz algebra with the G-action defined as G X (L @ M) — (L & M), g.(x, u)—(gx, gy), linear

homomorphism a @ f and the compatible Hom-Leibniz brackets defined as 185

[Cr, 1), (v, )]s = ([, ] my (x,v) + g (1, ) and

{(xu), (y,v) }y = ({)c,y},mi(x7 V) —&-miza(u,y)) V x,y€L and u,veM.

3.1 Maurer-Cartan characterization of compatible G-Hom-Leibniz algebra

In this section, we recall the concept of a bi-differential graded Lie algebra (b-dgLa) and
discuss some relevant results, as given in Ref. [22]. We then define the bi-differential graded
Lie algebra whose Maurer-Cartan elements characterize the compatible G-Hom-Leibniz
algebra.

Definition3.7. [22] Let (g, [.,.], 1) and (g, ., .], 52) be two differential graded Lie algebras.
We call (g, ., .],61,6,) a bi-differential graded Lie algebra (b-dgLa) if 6, and 5, satisfy

010, + 6,6, = 0.

Proposition 3.4. [22] Let (g,[.,.],61) and (g,[.,.],8,) be two differential graded Lie
algebras. Then (g, [., .], 61, 62) is a bi-differential graded Lie algebra iff for any k; and k, € K,
(@, [-s -], 6k,x,) is a differential graded Lie algebra, where 8,1, = k161 + k265.

Definition 3.8. Let (g, [.,.],61,5,) be a b-dgLa. A pair (7, ) € g, ® g, is called a Maurer-
Cartan element of the b-dgLa (g, [., .], 81, 6,) if 71 and &, are Maurer-Cartan elements of the
dgLas (g,][.,.],61) and (g, [., ], 52) respectively, and

5271'1 + 517[2 + [71'1,71'2} =0.

Proposition 3.5. A pair (ry,m,) €Q, ®q, is a Maurer-Cartan element of the b-dgLa
(a,[.,.],61,62) iff for any ki, ky € K, kymy + komo is a Maurer-Cartan element of the
dgLa (g, [., .]7 5k]k2)~

Theorem 3.1. Let (L, a) be a Hom-vector space with a G-action. Let rry, m, € Cé_a(L, L). Then
(L, 7y, 72, @) is a compatible G-Hom-Leibniz algebra iff (w1, 7,) is a Maurer-Cartan element of

the b-dgLa (Cy, (L, L), [., 1,81 = 0,6, = 0).
Proof. (L, n, m,, a) is a compatible G-Hom-Leibniz algebra gives (L, 71, @) and (L, 7, ) are

G-Hom-Leibniz algebras. Hence we get [7,, 7], = [72, 72]; = 0.
Further, Vx, y, z € L we have the compatibility condition,

7 (a(x), m(y,2)) + m(a(@), m(y,2) - =m(m(x,y),a2)) + m(m(xy),al)+ o
ﬂl(a(y)v 77,'2()(, Z)) + ”Z(G(y)v o (xv Z))

We note that, [z, 7], = 710 @, + @0 7y, where
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AIMS

mom(x,y,z) = (mom —moam)(x,y,z2)
32,2 =m(m(x,y), a(z)) — m(alx), m2(y,2)) + m(a(y), 7 (x,z))
and
186 mom(x,y,2) = (@m0 1M — m0,7)(X,,2)
= m(mi(x,y), a(z)) — m(a(x), m(y,2)) + m(a(y), 7 (x,2))
ie.,

(71, mp(x,y,2) = m(m(x,y), a(2)) — m(alx), m2(y,2)) + 7 (a(y), m2(x, 2))
+m(m(x,y), a(2) = m(alx), 71(y,2) + m(a(y), 71 (x, 2)).

In above we see that, RHS = 0 is the compatibility condition on (L, 71, 7o, ). Thus we get
[z, m] = 0. Hence if (L, 7y, @, @) is a compatible G-Hom-Leibniz algebra, then
61 + 617> + [y, mo] = 0. i.e. (7, m,) is a Maurer-Cartan element of L.

Conversely if (1, 7,) is a Maurer-Cartan element of the b-dgLa (C;a (L,L),][.,.]5,0,0),

then 7, and 7, are Maurer-Cartan elements of (C:,Q(L, L),[.,.]5,0)and (C:ﬂ(g L),[.,.]30)
respectively, and [, 7,]; = 0. Thus we get that (L, 71, @) and (L, 75, @) are G-Hom-Leibniz
algebras. Further, the condition [, 75|, = 0 gives the compatibility condition for 7, and 7.

Thus (L, 71, 5, ) is a compatible G-Hom-Leibniz algebra.
O

Theorem 3.2. [22] Let (xy, @,) be a Maurer-Cartan element of the b-dgLa (g, [., .], 1, 52).
Define dy:=68, + [x1, _] and d»:= 68, + [75, _]. Then (g, ., .],d,,d,) is a b-dgLa.

Further, for any 7,,7, €q,, (#; + 71,72 + &) is a Maurer-Cartan element of the b-dgLa
(a,[.,.],61,6,) iff (71, 7,) is a Maurer-Cartan element of the b-dgLa (g, [., .], d1, d>).

Let (L, 71, @y, ) be a compatible G-Hom-Leibniz algebra. From theorems 3.1 and 3.2, we
conclude the following important results:

*
Theorem 3.3. (Cg,(L,L),[., ], d\,d,)is a b-dgLa where d\ =[x\, ]y and d»:=[r,,_],

Theorem 3.4. For any 7ty,7, € (1326‘0[(L7 L), (Lym; + 7t,,m, + ) is a compatible G-Hom-
Leibniz algebra iff (m, + 7y, my + 7,) is a Maurer Cartan element of the b-dgLa

(C:,a (L7 L)v ['7 '}B’ dlvdZ)-

3.2 Equivariant cohomology of compatible G-Hom-Leibniz algebra with coefficients in

itself
Let (L, [.,.], {., .}, @) be a compatible G-Hom-Leibniz algebra with 71(x, y) = [x, y] and m»(x,
y) = {x, y}. By theorem 3.1, (7, ) is a Maurer-Cartan element of the

b-dgLa (C,, (L, L), ., ], 0,0).
We define the n-cochains for n > 1 as

LC; (L, L):=Cg (L, L)®Cf (L,L)... ® C’é,a(L7 L), ntimes

and d" : LC,,,(L,L) — LCy (L, L) by
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d'f = ([m1,f1p, [72.f15), Vf €LCG (L, L) Mathematical

Sciences

dn(flvaa s 7fn) = (_l)n_l([”l 7f1]37 ] [”2afi—1]B+ [”l 7fi]3’ M) [”zi.fn}[?)’

where(f,,f,,....f,) €LCE (L,L) and 2<i<n.

Note: The G-invariance of the Balavoine bracket gives that if (f,,f,, .. .,f,) € LC; ,(L,L) 187
then d"(f\,f5, ... .f,) ELCH) (L, L).

Now d defined as above gives the following theorem.

Theorem 3.5. We have d""t-d" = 0.

Proof. We first note that since (1, 7,) is a Maurer-Cartan element of (C:‘a(L, L),[.,]s0,0)
we have [z, 7;] = 0, [71, 7] = 0 and [7,, 7] = 0.

For convenience we put [7,f,]; =g; and [72,f,]; = k. Then for any (fi,...,f,)
€LC;,(L,L), 2 <i<nwehave,

dn+ldn(lfl7f2a~"7fn)
(=1)"'d" gy, by + 85 ) (2<i<n) 3)
_([7[1781]37 [”2781}3 + [”lvhl]B + [7[1,82]37

(72, hizalp + (72, 811 ]p + [0 hicalp + [0, 8, - - -
[7[27hn—1}3 + [”27gn]B) + [ﬂlvhn}gv [ﬂ27hn]3) (3 SlSI’l)

C))
1 1
= = (3l D [l 5l e
1 1
E[[”Za ”2}37][1‘—2]3 + Hﬁl ) EZ]Bafi—l]B + E[[”l’ﬂl]Bafi]B’ )
1 1
LW A WAN. PRSWAN ®
= (0,0,...,0).
O

Hence we have a cochain complex, (LCZ_’(,(L, L), d*) = (@ renLCy (L, L), d*). We call
this the equivariant cochain complex of (L, [., .], {., .}, ). We have the following definition.

Definition 3.9. Let (L, [., .], {., .}, @) be a comgatlble G-yom-Lelbnlz algebra. The
cohomology of the equivariant cochain complex (LC (L,L),d ) is called the equ1varzant
cohomology of the compatible G-Hom-Leibniz algebra (L, [., .], {., .}, a). We denote the n™
equivariant cohomology group of (L, [., .1, {., .}, a) over itself by H,, (L,L).

4. Equivariant one-parameter formal deformation of compatible Hom-Leibniz algebra
In this section, we introduce the formal deformation of a compatible Hom-Leibniz algebra
along with a group action. In particular, we see how Nijenhuis operators generate trivial linear
deformations. We also study some aspects of formal deformation theory. We begin by defining
an equivariant formal one-parameter deformation of a compatible G-Hom-Leibniz algebra.

Definition4.1. Let(L,[.,.], {.,.}, @) be a compatible G-Hom-Leibniz algebra. An equivariant
formal one-parameter deformation of L is a pair of K[[t]]-linear maps
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32,2 #, < L{[f)] @ L[[1]] > L[[7]] and

m, : L[] ® L[[1]]  L[[f]] such that :

(1) ﬂt(av b) = Zzoﬂi(av b)ti’ mf(a7 b) = Zzomi(avb)ti
forall a,b € L, where u;, mi: L ® L — L are K-linear and uo(a, b) = [a, b] and mq(a,
188 b) = {a, b}.

(2) For any t, (L[[t]], #;, m, @) is a compatible G-Hom-Leibniz algebra.

Note that (b) is equivalent to.
o (LI[t]], 4y @) is a G-Hom-Leibniz algebra.
o (LI[t]], m, a) is a G-Hom-Leibniz algebra.
o pda(x), my, 2)) + mda(x), pdy, 2)) = pdmdx, y), a(z)) + mludx, y), a(2)) +
o uday), mdx, 2)) + m{a(y), pdx, 2))

Equivalently, by theorem 3.1, we have that (L, u,, m,, a) is a compatible G-Hom-Leibniz
algebra < (u,, m,) is a Maurer Cartan element of.

(CoulLsL). [ 15 0.0)=
@) [upls=0
@ [m,m)y=0
3 [u;,m]z=0.
We now define the equivalence of two deformations.

Definition 4.2. Two equivariant one-parameter formal deformations (L, u,, m,, a) and
(L,u,,m;,a) of a compatible G-Hom-Leibniz algebra (L, [., .1, {., .}, @) are said to be
equivalent if there exists K-linear maps ¢'s from L — L such that

¢, = Z¢iti S(Lypg,myp,a) = (L,/,t£7m;,a)

i=0
is a compatible G-Hom-Leibniz algebra homomorphism.

4.1 Extension of finite order deformation and obstruction
Here, we define a finite order equivariant deformation of a compatible G-Hom-Leibniz
algebra L. Subsequently, we study the extensibility of the deformation of a finite order.

Definition 4.3.  An equivariant one parameter formal deformation of a compatible G-Hom-
Leibniz algebra L of order n is a pair of K[[t]]

#: LA @ L{[1] - L{[#] and
my + L[] ® L[]  L[[f] such that :
1) y,(a, b) = Z?:()ﬂi(av b)ti’ mr(“v b) = Z?:()mi(avb)ti

foralla,b € L, where u;, mi: L ® L — L are K-linear and uo(a, b) = [a, b] and mq(a,
b) = {aq, b}.

(2) Foranyt, (L[], e, m,, @) is a compatible G-Hom-Leibniz algebra taken modulo ™.
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We say that an equivariant deformation of order n, given by (4, m,), of a compatible G-Hom- Arab Journal of
Leibniz algebra is extendable to a deformation of order n + 1 if there exists an element Mathematical

(Hyiy»Mus1) €LCE, (L, L) such that g, = p, + p, """ and m] = m, 4 m, """ satisfies all Sciences
the conditions of formal deformation. This implies that (u;, m,) satisfies the conditions

W), =0,  [u,m],=0, [m,m], =0.
189

The above is the same as the following conditions:
® [/‘07/‘n+1]3 = _%Zi+j=n+1 [ﬂi:/"j]g
@) [uos mui1]p + [mo, p ], = _ZiJrj:nJrl i, mj]
() [mo,musi]y = _%Zi+j=n+l [m;, my] .

Now, if (4, m,) defines an order n deformation of a compatible G-Hom-Leibniz algebra L, we
define an element Obs, , € LC, (L, L) by

Obsts, = (-% > fwen] - 3 beml— [mnmf]g)-

i+j=n+1 i+j=n+1 i+j=n+1

Here we note that for i, j > 0, x, y € L and g € G, we have ui(gx, gy) = gui(x, y), mi(gx,
gy) = gmi(x, y) and a(gx) = ga(x). Hence gObsy; ,(x,y,z) = Obs (g, 8y, 82)-

We call this the equivariant obstruction cochain and the corresponding equivariant
cohomology class as the obstruction class to extend the deformation (y,, m,) of order n, to a
deformation of order n + 1.

We have the following theorem:

Theorem 4.1. A deformation of order n given by (u,, m,) of a compatible G-Hom-Leibniz
algebra is extendable to a deformation of order n + 1 iff the corresponding obstruction class is
trivial.

Proof. Suppose (4, m,) is extendable to a deformation of ordern + 1 givenby yi, = p, + p,,, "™
and m, = m, + m,.,"*'. Then, by considering the obstruction cochain defined in the previous
paragraph, we have,

Obs}éva = ([ﬂo:/’tnﬂ]gv [,an mnH}B + [mOaﬂn+l]Ba [m07 mn+l]3)
= d(ﬂn+1amn+1)-

Conversely, suppose the obstruction class of Obs¢; , vanishes. Then there exists a cochain.
(M 115 Mni1) € LCE, , such that Obsg, , = d(u,, 1, M)
Define yi, = p, + p,., "™ and m, = m, + m,,"*". Then (u], m}) defines a deformation of

order n + 1 extending the deformation (x,, m,).
|

4.2 Equivariant infinitesimal deformation and Nijenhuis operator

We now study in a little more detail the equivariant deformations of order 1 on a compatible G-
Hom-Leibniz algebra. This is known as the equivariant infinitesimal deformation. We then
explore equivariant Nijenhuis operators, some results on these operators and establish a
relation between equivariant Nijenhuis operators and infinitesimal deformations.
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AIMS Definition 4.4. Let (L, [., .], {., .}, a) be a compatible G-Hom-Leibniz algebra. Let
32,2 py,m € C (L, L). Define

(X, y) = [, y] + 1y (x,y),  my(x,y) = [x,y] + oy (x,y), Vx,y€eL.

If for any t, (L, u,, m,, @) is a compatible G-Hom-Leibniz algebra, we say that (L, u,, m;, @)

190 defines an equivariant infinitesimal deformation of (L, [., .], {., .}, ).
We also say that (41, m;) generates an equivariant infinitesimal deformation of (L, [., .],
{..} o).

For convenience, like earlier, we write [x, y] = po(x, y) and {x, y} = mo(x, y).
(L, yu, my, ) is a compatible G-Hom-Leibniz algebra gives us.

(1) [/407/40]3:07 [/10,/,{1]3:07 U’tlaﬂl]BZO
(@) [mo,moly =0, [mo,myly =0, [m,m];=0
(3) [/407’”0}3:07 U‘O’ml]BJr [ﬂlamO]B:Ov [/"hml}b’:o'

Reordering the terms and excluding the trivial equations, we get that (L, y,, m,, &) defines an
equivariant infinitesimal deformation of (L, [., .1, {., .}, @) iff

[,l«lo,/«ll}B:O, [movml]Bzov Wovml}B_._[/‘lva]B =0

[/417/4118203 [/’tlaml}B:Oa U’llvml}B:O'

Note that the first line above implies dz(,ul, my) = 01i.e (41, my) is a 2-cocycle and the second
line implies that (L, 1, my, @) is a compatible G-Hom-Leibniz algebra.
Hence, we have the following theorem.

Theorem 4.2. Let (L, [., .], {., .}, @) be a compatible G-Hom-Leibniz algebra. If
(py, 1) eLCzG?a(L,L) generates an infinitesimal deformation then (i, m;) is a cocycle.

Definition 4.5. Two equivariant infinitesimal deformations (L, yi,, m,, @) and (L, y,, m,, &) of
compatible G-Hom-Leibniz algebra (L, [., .], {., .}, a) are said to be equivalent if there exists a
linear map N: L — L such that

Id+ N : (L,,u,?m[,a) - (Lal't;am;7a)

is a compatible G-Hom-Leibniz algebra G-homomorphism.

Observe that, Id + tN being a compatible G-Hom-Leibniz algebra G-homomorphism implies
thatVx,ye L, g € G.

D) [xy] =[xyl

(2 py(xy) = (x,y) =[x, NO)] + [N(x), y] = N[x, )]

() Npy(x,y) = pi(x, N(y)) + #i (N(x),y) + [N(x),N(y)]
@) W (N(x),N(y) =0

G) {xyr={xyV

(6) mi(x,y) —mi(x,y) = {x, N(v)} + {N(x), y} = N{x,y}
(7) Nmi(x,y) = mi(x,N(y)) +m(N(x),y) + {N(x),N(»)}
(8) m|(N(x),N(y)) =0
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(9) Ng =gN Arab Journal of

(10) Na = aN. Math;gggcci
Now 2 and 6 give
(= pyomi —m)(x,y) = (b, NO)]+ [N(x), 5] = N, y], {x, N(»)} + {N(x), 5} = N{x,})
= ([:u()vN]Bv [mOﬂN]B) =d'N. 191

Thus, we have the following theorem.

Theorem4.3. Iftwo equivariant infinitesimal deformations (L, pt,, m,, @) and (L, u;, m,, a) of a
compatible G-Hom-Leibniz algebra (L, yo, mo, a) are equivalent then, (u,, ) and (my, m})
are in the same cohomology class.

Definition 4.6. Let(L,[.,.], @) be a G-Hom-Leibniz algebra. A linear map N: L — L is said to
be a G-Rota-Baxter operator on L if

N([x, N(y)] + [N(x),5]) = [N(x),N(y)] Vx,y€Land
Ng = gNandaN = Na.

Definition4.7. Let(L,[.,.], @) be a G-Hom-Leibniz algebra. A linear map N: L — L is said to
be a G-Nijenhuis operator on L if

N(e, N3]+ [N(x), 5] = N, y]) = [N(x), N(y)] Vx,yeL

Ng = gNandaN = Na.

We define a linear map [.,.]Jy: L ® L — L as
[, vy = % N)] + [N(x),y] = Nlx,y].

It is straightforward to see g[x,yly = [gx,gyln. Further, using the multiplicativity of @ and the
fact that Na = aN, we get

a[x’ y]N = [a(x), a(y)}N'
T;.1N: L ® L — L denotes the Nijenhuis torsion of N defined as
T N(oy) = N(lxyly) = IN(),NB)], Vx y €L

When N is a Nijenhuis operator, we get that Ty ;N = 0.
Example 4.1. The identity map I: L — L is a Nijenhuis operator on any G-Hom-Leibniz
algebra (L, [., .], ).

Proposition 4.1. If N: L — L is a G-Nijenhuis operator on G-Hom-Leibniz algebra (L, [., .],
a), then (L, [.,.In, @) is also a G-Hom-Leibniz algebra. Further, N is a Leibniz algebra G-
homomorphism from (L, [.,.]In, @) to (L, [., .1, @) and (L, [., .1, [.,.]n, @) forms a compatible G-
Hom-Leibniz algebra.

Proof. For every x, y € L put [x,yly = 7n(x, ) and [x, y] = 7(x, ).
Using the Balavoine bracket, we get,
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AIMS [, (3, 2) = 2(an (6, y), @(2) — 2 (alx), 2n(y,2)) + 2 (aly), 2n(x,2))

32,2
and gny = 7ng Thus 7y = [.,.]y defines a G-Hom-Leibniz algebra structure on L.
Further, N([x,y]y) = [N(x), N(y)],gN = NgV x,y € L, g € G and Na = aN follows from the
definition of G-Nijenhuis operator and [.,.]y-
To show (L, [., .], [.,.]n, @) is a compatible G-Hom-Leibniz algebras we first note that
192 iy = [#,N]p. For any k; and k; € K,
ki + kg, ki + kanty], = kike([7, 7iv)g + [7in, 7))
= 2k1k2[7[,7[N]B
= 2k1k2[ﬂ', [JT?N]B}B
= 0.

O

Definition4.8. Suppose (L, ., .], {., .}, @) is a compatible G-Hom-Leibniz algebra. A G-linear
map N: L — L is said to be a G-Rota-Baxter operator on (L, [., .1, {., .}, @) if N is a G-Rota-
Baxter operator on the G-Hom-Leibniz algebras (L, [., .], @) and (L, {., .}, ).

On similar lines, we have the definition of a G-Nijenhuis operator on a compatible G-Hom-
Leibniz algebra.

Definition 4.9. Let (L, [., .], {., .}, a) be a compatible G-Hom-Leibniz algebra. The G-linear
map N: L — L is said to be a G-Nijenhuis operator on (L, [., .], {., .}, @) if N is a G-Nijenhuis
operator on the G-Hom-Leibniz algebras (L, [., .], @) and (L, {., .}, a).

The following proposition establishes a simple relation between the Nijenhuis operators and
Rota-Baxter operators on the compatible G-Hom-Leibniz algebra given by (L, [., .], {., .}, @).

Proposition4.2. Let N: L — L be a G-linear map satisfying N* = 0. Then N is a G-Nijenhuis
operator iff N is a G-Rota-Baxter operator on (L, [., .], {., .}, @).

Proof. Suppose N is a G-Nijenhuis operatoron (L, [., .], {., .}, @). Then gN = Ng, aN = Na and

Vx,y €L,
IN@x),Ny)] = N([x, N»)]+[N(x),y] = N[x,y])
= N(x,N(y)] + [N(x),y]) — N*[x, ]
= N(xNO) +[N(x),y]) and
{Nx),Ny)} = N{x,Ny)}+{N(x),y} = N{x,y})
= N{x, Ny} +{N(x),y}) — N*{x,y}
= N{xNy)}+{NXx),y}).

Thus N is a G-Rota-Baxter operator on (L, [., .], {., .}, a). The converse is similar. O
We now establish a couple of interesting results on Nijenhuis operators.

Proposition4.3. Let(L,[.,.], {., .}, @) be a compatible G-Hom-Leibniz algebra. The G-linear
map N: L — L is a G-Nijenhuis operator on (L, [., .1, {., .}, @) iff for any ky, k, in K, N is a G-

Nijenhuis operator on the G-Hom-Leibniz algebra (L, [ ||, a), where [[x,y]] = ki[x,y] + k2
{x,y}, Vx,yeL.

Proof. We have
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kilx,y] + ka{x,y}) — ki[N(x), N(y)] — k2 {N(x), N(y)} Sciences
= ki(N([x,yly) = IN(x),NO)]) + ka(N({x,y}y) — {N(x),N(»)})
kT )N(x,y) + kT yN(x,y)

Hence, we have, 193

TH ”N =0 iff T[W]N = T{‘P}N =0.

Proposition4.4. Let(L,[.,.], {.,.}, @) be a compatible G-Hom-Leibniz algebra and N: L — L
a G-Nijenhuis operatoron (L, [., .1, {., .}, @). Then (L, [.,.In, {.,-}n, @) is a compatible G-Hom-
Leibniz algebra and N is a compatible G-Hom-Leibniz algebra homomorphism from (L, [.,.]x,

{otwma)yto (L, [, .1, {. .}, @)

Proof. Let N: L - L be a G-Nijenhuis operator on (L, [., .], {., .}, @). Then by the previous
theorem N is a G-Nijenhuis operator on the G-Hom-Leibniz algebra (L, [ ]], a) for any ki, ko
in K.

Using proposition 4.1 we get that (L, [ ]], @) is a G-Hom-Leibniz algebra and N is a G-
Leibniz algebra G-homomorphism from (L, [[ ], ) to (L,[[ ]], ).

Hence we get that (L, [.,.]1n, {.,-}n, @) is a compatible G-Hom-Leibniz algebra. Further, we
also get that N is a compatible G-Hom-Leibniz algebra homomorphism from (L, [.,.1n, {.,-}n,

a)to (L, [, .1, {., .}, a).

Definition 4.10. An equivariant infinitesimal deformation (L, u,, m,, a) of compatible G-
Hom-Leibniz algebra (L, yo, mo) generated by (41, my) is trivial if there exists a G-linear N: L
— L such that Id + tN: (L, y,, my, @) = (L, po, Mo, @) is a compatible Hom-Leibniz algebra G-
homomorphism.

Now, Id + tN is a compatible Hom-Leibniz algebra homomorphism iff Vx,y € L, g € G.
(1) pax, y) = [x, N1 + [N(x), y] = NIx, y]
(2) mi(x,y) = {x, NO)} + {N(x), y} — N{x, y}
(3) Nui(x,y) = [N(x), N(y)]
(4) Nmy(x,y) = {N(x), N(y)}
(5) Na =aN
(6) Ng =gN.

Note that 1,3,5 and 6 give that N is a G-Nijenhuis operator on (L, to, @). Also, note that 2,4,5
and 6 give that N is a G-Nijenhuis operator on (L, mg, a).
Thus, we have the following theorem.

Theorem4.4. Atrivial equivariant infinitesimal deformation of a compatible G-Hom-Leibniz
algebra gives rise to a G-Nijenhuis operator.

Theorem 4.5. A G-Nijenhuis operator on a compatible G-Hom-Leibniz algebra (L, [., .],
{., .}, @) gives rise to a trivial deformation.

Proof. Let N be a G-Nijenhuis operator on a compatible G-Hom-Leibniz algebra (L, [., .], {., .},
a). Take
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32, Hi (%) = [x, N(y)] + [N(x),y] — N[x,y]
mi(x,y) = {x,N(y)} + {N(x),y} — N{x,}

for any x, y € L. Then

194 le(x,y) = ([/407 Ny, [mo, }B)( x,y)
= ([, NO)] + [N(x),y] = N[x, 3], {x, N(»)} + {N(x), y} — N{x,y})
= (1 (x,y),m(x,)).

i.e., (11, my) is a 2-cocycle. Further, since N is a G-Nijenhuis operator on (L, [., .], {., .}, @)
and y; = [.,.]y and m; = {.,.}n, by proposition (4.4) we get that (L, [.,.]n, {.,-}n, @) is a
compatible G-Hom-Leibniz algebra. These two statements imply that (1, m;) give rise to an
infinitesimal deformation of L. Showing that the deformation is trivial is straightforward.
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