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1. Introduction

In the present paper, A/ will denote a right near-ring with the multiplicative center Z(N\/).
A near-ring N is called zero-symmetric if x.0 = 0 for all x € A/ (recall that right distributive
gives 0.x = 0). Recall that V'is 3-prime, that is, For all x,y € N, xA\/y = {0} implies x = 0 or
y = 0. N is said to be 2-torsion free if whenever 2x = 0, with x € \V, then x = 0. A non empty
subset Z of A is said to be a semigroup left ideal (resp. semigroup right ideal) ideal of A/ if
NZICT (resp. ZN CT); and if I is both a semigroup left ideal and a semigroup right ideal, it is
called a semigroup ideal of \. An additive mapping H : A" — A is a multiplier, if H(xy) = xH
(y) = H(x)y for all x, y € N A derivation on  is an additive endomorphism & of A/ satisfying
the Leibnitz identity §(xy) = x5(y) + 6(x)y for all x, y € N; equivalently, §(xy) = x5(y) + 5(x)y,
as noted by Wang (1994). An additive mapping d : N” — A is said to be a left derivation (resp.
Jordan left derivation) if d(xy) = xd(y) + yd(x) (resp. d(r*) = 2rd(r)) holds for all x, y € N. It is
important to note that, in general, the notion of a derivation is not equivalent to that of a left
derivation (see, for instance, [[1], Example 3.3]), also a Jordan left derivation need not be a left
derivation (see [[2], Example 1.1]).
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The notions of left derivation and Jordan left derivation were introduced by Bresar et al. in Arab Journal of
Ref. [3], where it was established that if a prime ring R of characteristic different from 2 and 3 Mathematical
admits a nonzero Jordan left derivation, then R is necessarily commutative. Later, Ashraf et al. Sciences
[4] proved that the converse holds when the ring is prime and 2-torsion-free.

Further developments were made by Zaidi et al. in Ref. [2], where they considered a Jordan
ideal J of a 2-torsion-free prime ring R admitting both a nonzero Jordan left derivation d and an
automorphism 7, satisfying d(r®) = 2T(r)d(r) for all r € J. Under these assumptions, they
showed that either J C Z(R) or d(J) = {0}. Given that every ring is, in particular, a near-ring,
Lemma 3 of Boua et al. [5] shows that the first condition ensures that R is commutative.

A normal subgroup P of (A, +) called a left ideal (resp. a right ideal) if PA'CP (resp.
y(x +p) —yxe€ Pforallx,y € N, p € P), and if Pis both a left ideal and a right ideal, then Pis
said to be an ideal of A, As defined by Groenewald [6], an ideal P is said to be 3-prime if, for
all x,y € NV, the inclusion xA'yCP implies that x€ P or y € P.

We denote by A/ P the quotient near-ring and Z (N /P) its multiplicative center. Clearly, if
P is 3-prime, then A//P is a 3-prime near-ring. In Ref. [7], the authors defined a special
derivation don A/Pby d(x) = d(x) for all x € N/ P, where d is a derivation on \. Motivated
by this concept, we define a multiplier # and a left derivation d on A /P as follows:
H(X) = H(x) and d(%) = d(x) for all x € NV, respectively.

In the literature, numerous studies have examined the commutativity of 3-prime and
semiprime near-rings admitting derivations, generalized derivations, or multiplicative
derivations that satisfy appropriate algebraic constraints on certain subsets. Further related
results can be found in Refs. [8-18]. This work continues this line of investigation by
considering quotient near-rings equipped with a left derivation 4 and a multiplier A that satisfy
specific differential identities ensuring the commutativity of the structure.
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2. Preliminary results
We begin by stating several key lemmas that are instrumental in proving our main results.

Lemmal. LetN beanear-ring, P a3-prime ideal of N, and T a nonzero semigroup ideal
of N such that T £P. Then,

i. fxeN/PandxZ = {0} or Zx = {0}, thenx = 0.
ii. Ifx,yeN/PandxZy = {0}, thenx=0ory=0.

Proof. Since P is 3-prime, the quotient A//P inherits the structure of a 3-prime near-ring.
Consequently, the arguments for (i) and (ii) proceed analogously to those in [[19], Lemmas 1.3
(i) & 1.4(i)], respectively.

Lemma 2. Let N be a near-ring and P be a 3-prime ideal of N.

i. [[7], Lemma 2(b)] If Z(N'/P) contains a nonzero element z for which
Z+z€ Z(N/P), then (N'/P,+) is abelian.

ii. [[7], Lemma 2(c)] If 7€ Z(N'/P)\{0} and X€ N /P such that xz€ Z(N'/P) or
ZX€ Z(N/P), thenxe Z(N/P).

iii. If Z(N/P) contains a nonzero semigroup left ideal or semigroup right ideal, then
N /P is a commutative ring.

Remark 1. With P 3-prime, the quotient N' /P is a 3-prime near-ring, and the proof of (iii)
parallels that of [[20], Lemma 1.5].
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AJMS Lemma 3. [[21], Theorem 3.1] Let N be a 3-prime right near-ring. If N" admits a nonzero
32,2 left derivation d, then the following properties hold true:

i. If there exists a nonzero element a such that d(a) = 0 then a € Z(N).

ii. (N, +) is abelian, if and only if N is a commutative ring.
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3. Main results

This section is devoted to investigating the structural behavior of a right near-ring A/ under the
action of certain algebraic identities, with the analysis restricted to two distinguished subsets of
N a 3-prime ideal P and a semigroup ideal Z, rather than the entire near-ring. The results
obtained include, on the one hand, the commutativity of A\, and on the other, the nonexistence
of a non-P-trivial left derivation d on , thereby highlighting the significance of the imposed
assumptions. The main findings are summarized below.

Theorem1. Let N be anear-ring, P a 3-prime ideal of N, and I a nonzero semigroup ideal of

N such that T EP. If N admits a non-P-trivial left derivation d such that d(Z)CZ(N /P),
then N /P is a commutative ring.

Proof. Let i € T. By hypotheses, we have d(i*) = (2i) d(i) € Z(N'/P). In virtue of Lemma 2
(ii), we find that

d(i) =0or2i€ Z(N/P) forallieZ. )

Suppose that there exists an element k € Z such that 2k  Z (./\/ /P). From Ref. [4] it follows
that d(k) = d(k) = 0. Since d is additive, we conclude that d(2k) = d(2k) = 0. By Lemma 3
(i), we infer that 2k € Z(N/P); a contradiction. Therefore [4], reduces to 2i € Z(N/P) for all
i € T.Taking i = i” in the last relation and using Lemma 2(ii), we obtain 2i = Oori € Z(N/P)
forall i € Z. Assume that there exists iy € Z such that iy & Z(N/P), so that, iy = —i,. Now, for
all n e N, we have

a(ﬂOio) = d(ﬂlo -+ lol’l)
= 7d(iy) + iod(n) 17( n) + 7nd(ip)
= g(lo) 7+ (io + io)d(n) + d(io)n

and thus by Lemma 3(i), we deduce that noi, € Z(N/P) for all n € N. Putting n = ni, in
the last relation and using Lemma 2(ii), we get noiy = 0 for all n €N which means that
iy = —iynforalln € V. Replacing n by nt, where ¢t € V, in the previous equation and using it
again, we arrive at [72, — iy ] N/P = {0} foralln € /. In view of Lemma 1(i), the above result
yields iy € Z(N/P), which contradicts our assumption. Therefore, we conclude that
i€ Z(N/P) for all i € Z, which implies that ZCZ (N /P). Hence, N'/P is a commutative
ring by Lemma [20](iii). O
Theorem 2. Let N be anear-ring, P a 3-prime ideal of N/, and Z a nonzero semigroup ideal of
N such that T £ P. Suppose that N admits a left derivation d and a multiplier H satisfying
dN)ZEPand HN)EZP. If Z(N /P) satisfies one of the following conditions:

i. [d(xy)+ H([x,y]),flor€ ZN/P) for all x,y,t€Z,reN,
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ii. [(d(xy) + H([x,y]))ot,r]€ Z(N/P) forall x,y,reZ,teN, Arab Journal of

. Mathematical
iii. ((d(xy) + H([x,y]))ot)ore Z(N/P) forall x,y €L, t,r €N, Sciences
then \//P is a commutative ring.
Proof. (i) Assume that
[d(xy) + H([x,y]),tlore Z(N/P) forallx,y,treZ,reN. ) 199

Substituting r[d(xy) + H([x,y]), #] for r in Ref. [20], and noting that monm = (mon)m, we find
that ([d(xy) +H(lx, ), t]or) ([d(xy) +H([x ), t]) € Z(N/P)forallx,y,t€T,reN.In
view of Lemma 2(ii) together with [20], we deduce that

[d(xy) + H([x,y]), flor = Oor [d(xy) + H([x,y]),] € Z(N/P) forallx,y,t€Z,reN.
3)

Let x,y,t€Z, and suppose that [d(xy) + H([x,y]),#Jor = 0 for all r € A/, which means that
(—[d(xy) + H([x,y]), t}) 7 =T7[d(xy) + H(|x,y]), 1] forall r € N'. Putting r = nr, wheren € N,

in the last expression, we arrive at (—[d(xy) + H([x,y]), t])ﬁ? = ﬁ(—[d(xy) + H([x,]), t])?
which implies that [—[d(xy) + H([x,y]), 1], ﬁ} N /P = {0} forallx,y, t € Z. By Lemma 1(i), it
follows that —[d(xy) + H([x,]), f] € Z(N'/P). Consequently [19], reduces to the following

[d(xy) + H([x,y]), 1] € ZWN/P)or — [d(xy) + H([x,y]),f] € Z(N/P) forallx,y,t€Z.
“

Suppose that there are xo, Yy, fo €N such that [d(xoy,) + H([x0,¥,]), 0] € Z(N/P). From
Ref. [8], it necessarily follows that —[d(xoy,) + H([x0,Y,]), to] € Z(N/P)\{0}. Substituting r
with —[d(xoy,) + H([x0,¥]); to] in Ref. [20] and applying Lemma 2(ii), we deduce that
2[d(xy) + H([x,y]),f] € Z(N'/P) for all x,y,t€Z. Once again, choosing r = [d(xy)+
H([x,y]),#] in Ref. [20] and in the light of Lemma 2(ii), we conclude that

2[d(xy) + H([x,y]),f] = 0or [d(xy) + H([x,y]),1] € ZN/P) forallx,y,t€Z. (5

Let us now assume that there exist elements x;, y,, #; € A such that
2[d(x1y;) + H([x1,%,]), 1] = 0. Taking x = x1, ¥y = y1, t = t; and r = r[d(x1y,) + H([x1,
v1]), t1] in Ref. [20], we obtain

[d(x1y,) + H([x1,y]), t1]or [d(x1y,) + H([x1,y]), 1] € ZN/P)  forallreN.

By combining Lemma 2(ii) with equation (2), the preceding result leads to
[d(xiyy) + H(lx1,31]), tilor =0 or [d(xiy,) + H([x1,y,]),n] € ZN/P) for all reN.
Assume that [d(x,y,) + H([x;,y,]),t:]Jor = 0 for all r € NV, it follows that

r [d(xlyl) +H([x17yl])7t1] = (_[d(xlyl) +H([x17yl])7t1}) r= [d(xlyl) +H([x17yl])7tl}7

for all r € N, implying that [d(x;y,) + H([x1,,]), 1] € Z(N /P). From Ref. [9], we conclude
that [d(xy) + H([x,y]),#] € Z(N/P) for all x,y,r€Z. In particular, for x = Xo, y = y, and
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AJMS t = to, we have [d(xoy,) + H([%0,Y,]), to] € Z(N'/P) thereby contradicting the assumption
32,2 that [d(xoy,) + H([X0, ¥o)), fo] € Z(N/P) and therefore

[d(xy) + H([x,y]),1] € ZN/P) forallx,y,teZ. (6)

Which leads to [[d(xy) + H([x,y]),],s] =0 for all x,y,t€Z,s€N. Replacing t by

200 #(d(xy) + H([x,y])) in the latter relation and using [10], we obtain [d(xy) + H([x,]), ]
[d(xy) + H([x,y]),s] = 0 for all x,y,t, €Z,s€N. On the other hand, by left-multiplying
the above equation by me& Z(N/P) and using [10], we obtain [d(xy) + H([x,y]), | m
[d(xy) + H([x,y]),s] = {0} for all x,y,r€Z,s,meN which mean that [d(xy)+H([x,y]),1]
N /P d(xy) + H([x,y]),s] = {0} for all x,y,t€Z,s€N. By 3-primeness of N/P, the
previous relation forces

[d(xy) + H([x,y]),f] = Oor[d(xy) + H([x,y]),s] =0 forallx,y,t€Z,s€N.
In both cases, we get

d(xy) + H([x,y]) € Z(N/P) forallx,yeZ. @)

Taking y = x, where x €Z, in Ref. [5], we find that d(x?) € Z(N/P) for all x € Z. Putting
y=x in Ref. [5], we obtaind(x*) = (2%%) d(x?) € Z(N/P) for all x € Z. By Lemma 2(ii), we
obtain 2x2 € Z(N/P) or d(x*) =0 for all x€Z. Invoking Lemma 3(i), it follows that
2@ € ZN/P)or¥ € Z(N/P) forall xe T.

(1) Suppose there exists an element x, € Z such that X;> # 0. Then, by Lemma 2(i), the

additive group (N'/P, +) is abelian. Moreover, using Lemma 3(ii), we conclude that
N /P is a commutative ring.

(2) Assume thatx* = Ofor all x € Z. Replacing x by xy, where y € Z, in Ref. [5], we obtain

H(—y)xy€ Z(N/P)forall x,y € Z. Putting x = txand y = ty, where t € Z in the last

relation, we get H(—t) yixty € Z(N /P)forall x,y, t € Z. In virtue of Lemma 2(ii), it
follows that

—H(t)yt=0orxtye Z(N/P) forallx,y,teT. ®
Suppose that H(—t) ¥ = 0 for y, t € Z, which can be written as H(—¢)Z¢ = {0} for all t € Z.
Using Lemma 1(ii), we find that H(N)CP, contradicting the assumption that H is not
P-trivial. Then, from Ref. [3], there exist y,,to€Z such that —H(tyy,) % #0 and
X1y, € Z(N/P) for all x€Z. Substituting zx for x, where z€ N, in the last relation, we
obtain X7y, € Z(N/P) for all x€Z,z€N. In view of Lemma 2(ii), the previous result
shows that X7, ¥, = 0 orz€ Z(N/P) for all x € T,z € N. If the first condition holds, in this
case we can conclude that Z 7, 7, = {0} which, in virtue of Lemma 1(i), implies that 7, ¥, = 0
and hence —H (t,y,) o = 0; a contradiction. Accordingly, z€ Z(N/P) for all z€ A and thus
N /P is a commutative ring by Lemma 2(iii).

(ii) Suppose that

[(d(xy) + H([x,y]))ot,rl€ ZN/P) forallx,y,reZ,teN. 9)

Replacing rby r((d(xy) + H([x,y]))ot)in Ref. [11] and invoking Lemma 2(ii), we find that for
all x,y,reZ,teN, [(d(xy) + H([x,y]))ot, 1] = 0 or (d(xy) + H([x,)]))or € Z(N'/P). By
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expanding the first condition, we reach the same conclusion as in the second one, thereby Arab Journal of
reinforcing the result Mathematical
Sciences

(d(xy) + H([x,y]))or€ Z(N/P) forallx,yeZ,teN. (10)

(1) In the next step, our objective is to show that Z(A'/P) # {0}. Indeed, suppose that
Z(N/P) = {0}. From Ref. [1], it follows that (d(xy) + H([x,y]))ot = 0 for all 201
x,y€Z,t€N which leads to (— (d(xy) + H([x,y]))) t=1(d(xy) + H([x,y])) for
all x,yeZ,teN. Taking t = ts, where s€N, in the previous equation and
applying it again, we get forall x,y€Z and 7, s € N, <— (m)) is=1

(— (d(xy) T H(x, y]))) 5. So that, [- (d(xy) T H(, y])),i} N/P = {0} for all
x,y€ZI,teN. By applying Lemma 1(i) and under the assumption that
Z(N/P) = {0}, we obtain d(xy) + H([x,y]) =0 for all x,y€Z. In particular,
putting x = y in the last relation, we get d(y?) = 0 for all y € Z which, in view of
Lemma 3(i), implies that 3* € Z(N/P). Using the same arguments as those used in
the first part, we arrive at the conclusion that A//P is a commutative ring. Hence,
N /P = Z(N/P) = {0}, which contradicts the fact that d and H are not P-trivial.

(2) Now, letting 0#7,€ Z(M/P) and replacing t by z, in Ref. [1], we obtain
Z(d(xy) + H(|x, y])) % € Z(N/P) for all x,y €Z. In view of Lemma 2(ii) and the

fact that Zg # 0, we deduce that 2 (d(xy) + H([x,y] )) € Z(N/P)forallx,y € Z. Once
again, replacing t by d(xy) + H([x, y]) in Ref. [1] and invoking Lemma 2(ii), we get

Z(d(xy)—i—H([x,y])):6ord(xy)+H([x,y})€Z(./\/'/P) forallx,yeZ. (11)

Suppose that there exist x;,y, €Z such that 2(d(x1yl) + H([xl,yl])) =0, it follows that

d(xiy,) + H(pxr,y,]) = =(d(xiyy) + H([x1,v,])). Taking x = x4,y = y1 and t = t(d(xwy1) + H
([x1, y1D)) in Ref. [1], we get (d(x1y,) + H([x1,y,])o1) (d(x1y,) + H([x1,y,])) € ZWN/P) for
all t€N which, in view of Lemma 2(ii), implies that (d(x;y,) + H([x;,y,]))ot =0 or
d(x1y,) + H([x1,y,] € Z(N/P) for all t € . Assume that (d(x,y,) + H([x;,y,]))ot = 0 for
allre N, thatis, 7 (d(xy,) + H(lx, 1)) = (=(d(niy) + H(lxa,p])) 7 = (dlayy) + H(ba, ) 7
for all € N which leads to d(x,y,) + H([x1,y,]) € Z(N/P) and therefore [21] reduces to
d(xy) + H([x,y]) € Z(N/P) for all x,y € . The rest of the proof follows the same steps as
those used after relation [5] in the proof of (i), we can establish that A//P is a
commutative ring.
To prove (iii), we assume that

((d(xy) + H([x,y]))ot)ore Z(N/P) forallx,yeZ,t,reN. (12)

Suppose that Z(A/P) = {0}. It follows that 7((d(xy) + H([x, ]))ot) = (—({d(xy) + H([x, y]))o?)) 7
forall x,y € Z,t,r € N. Putting r = rs, where s € NV, in the previous equation and using it again,
we find that 7(—((d(xy) + H([x,y]))ot)) 5 = (—((d(xy) + H([x,y]))ot)) Fsforallx,y €L, r,¢,
s € N, which implies that [F, — ((d(xy) + H([x,y]))ot)] N'/P = {0} forallx,y€Z,t,s € N.In
view of the Lemma 1(i), we obtain —((d(xy) + H([x,y]))ot) € Z(N/P) = {0} which implies
that (d(xy) + H(|x,y]))or =0 forallx,y€Z,r€ N. Since this result coincides with relation
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AJMS [1], a contradiction follows, and hence Z(N'/P) # {0}. Let 0 #Z, € Z(N/P). Substituting r = z,

32,2 into [6] and invoking Lemma 2(ii), we obtain 2(d(xy) + H([x,y]))ot) € Z(N/P) for all
x,y€Z,r€N. Replacing r by (d(xy) + H([x,y])or in Ref. [6], and applying Lemma 2(ii), we
obtain

2((d(xy) + H([x,y])ot) = Oor (d(xy) + H([x,y])ot€ Z(N'/P) forallx,yeZ,teN. (13)
202

Suppose that there exist xo,y, € Z, ty € N such that 2((d(xoy,) + H([x0,,]))0to) = 0. Our

main in the following is to chow that (d(xoy,) + H([x0,,]))0to € Z(N/P). Putting x = xo,
¥ = Yo, t = toand r = r((d(xqyo) + H([x0, Yo]))oto) in Ref. [6], and using Lemma 2(ii), we get

((d(x0yo) + H([x0, o)) )oto)or = O or (d(xoy,) + H([x0, o]))oto € Z(N/P)  forallreN.

Assume that the first condition holds for all » € A, then

7 ((d(xoyo) + H([x0,¥0]))ot0) = (=((d(x0yo) + H([x0,¥0]))ot0)) 7
= ((d(xoyo) + H([x0, yo]))ot0) 7

which implies that (d(xoy,) + H([x0,¥o)))oto € Z(N/P). Thus [12], yields (d(xy) + H([x,y]))ot
€ Z(N/P) forall x,y € Z,t € N. Since this condition is similar to Ref. [1], it follows by the
same reasoning that A//P is a commutative ring. U

Theorem 3. Let N be a near-ring and P a 3-prime ideal of N. Assume that N admits a left
derivation d and a multiplier H such that d(N') € Pand H(N') € P.If Z(N / P) satisfies one of
the following conditions:

i [dx)y+H([x,y]),1]€ ZN/P)forall x,y,teN,
ii. [d(x)y+ H(]x,y]),flore Z(N/P) for all x,y,t,reN,
iii. [(d(x)y + H([x,y]))ot,r| € Z(N/P) for all x,y,t,r €N,

then A/P is a commutative ring.

Proof. (i) By hypothesis, we have

dx)y +H(lx,y]), 1] € ZN/P) forallx,y,teN. (14)

Substituting t(d(x)y + H([x, y])) for t in Ref. [13] and applying Lemma 2(ii), it follows that

either [d(x)y + H([x,y]),7] = 0 or d(x)y + H([x,y]) € Z(N/P) for all x,y,t€N. In both
cases, we arrive at the conclusion

d(x)y + H([x,y]) € Z(N/P) forallx,yeN. (15)

Substituting yx for y in Ref. [14] and using Lemma 2(ii), we conclude that either
d(x)y + H([x,y]) = 0 orx€ Z(N/P) for all x,y € N. Suppose that

d(x)y + H([x,y]) =0 forallx,yeN. (16)
One hand, taking y = x in Ref. [15], we get d(x)x = 0 for all x € . On the other hand, putting
y = yd(x) in Ref. [15], where y€ N, and using the previous result, we arrive at

(d(x) + H(x)) N'/Pd(x) = {0} for all x€ . By 3-primeness of A//P, it follows that
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either d(x) + H(x) = 0 or d(x) = 0 for all x€N. Given that d# — H then there exists an  Arab Journal of
element xo € NV\P such that d(x,) =0 and thus, in view Lemma 3(i), X, € Z(N/P). Mathematical

ane eV o
Replacing y by xo in Ref. [15], we find that d(x) N'/P X = {0} for all x € N. The 3-primeness clences

of /P together with X # 0 imply that d(x) = 0 for all x € A/, which yields a contradiction.
Hence, there exist x;,y, €N such that d(x,)y, + H([x;,y,]) #0 and ¥ € Z(N/P)\{0}.
Setting y = x; in Ref. [14] and using Lemma 2(ii), we obtain d(x) € Z(N /P)forallx e N, i.e., 203

d(N)CZ(N/P). Consequently, by Theorem 1, N'/P is a commutative ring.

(ii) Assume that

[d(x)y + H([x,y]),flore Z(N'/P) forallx,y,t,reN. 17

This implies that [[d(x)y + H([x,y]), f]or, m} = Oforall x,y,t,r,m€N. Replacing r by r[d
(x)y + H([x, y]), t] in the above relation and applying [16], we obtain, for all x,y,z,r,m €N,

(G + H{Ex ), dor ) [[d0e)y + H(»]). 1. 7] = 0.
Left-multiplying both sides of the preceding equation by k, where k € AV, and applying [16], we
get ([0)y + H(Ex]), Jor ) k [y + H{E»]), ] = {0} for all x,y,1,r,m ke N

which means that ([d(x)y + H([x,]), t]or) N/P [[d(x)y TH), t],m] = {0} for all
x,y,t,r,m€N. By 3-primeness of N'/P, we deduce that

[d(x)y + H([x,y]),f]or = Oor [[d(x)y +H([x7y]),t]7m] =0 forallx,y,t,r,meN.
(18)

Let x,y,tr€N. If the second condition of [17] holds for all me N, then [d(x)y + H([x,
y]), 1] € Z(N/P). Now, suppose that the first condition holds for all reN, i.e,

[d(x)y + H([x,y]),f]or =0 for all r€N. It follows that (—[d(x)y + H([)gy]),t]) F=T
[d(x)y + H([x,y]), #] for all r € . Putting r = nr, where n € N, in the preceding relation and

applying it again, we thereby obtaining —[d(x)y + H([x,y]),#]) 7 = ﬁ(—[d(x)y + H([x,y]), t]) T
for all n€ N which leads to [—[d(x)y +H([x,y]),t],ﬁ} N /P = {0} for all ne N. Using

Lemma 1(i), we conclude that —[d(x)y+ H([x,y]),?] € Z(N/P). Consequently [17],
reduces to

[dx)y + H([x,y]), 1] € ZWN/P)or — [d(x)y + H([x,y]),1] € Z(N/P) forallx,y,r eN.
19

Assume that there exist xo, vy, fo € N such that [d(xo)y, + H([x0,¥,]), o] € Z(N/P). In virtue
of [7], necessarily —[d(x0)y, + H([X0,,]); to] € Z(N /P){0}. Replacing r by —[d(xo)yo + H
([x0, Yol), to] in Ref. [16] and applying Lemma 2(ii), we obtain 2([d(x)y + H([x, y})7t])

€ Z(N/P) forall x,y,t €N. So, in particular for r = [d(x)y + H([x, y]), t] in Ref. [16] and in
view of Lemma 2(ii), we find that
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2[d(x)y + H([x,y]), 1] = 0or [d(x)y + H([x,y]),f] € ZN/P) forallx,y,teN. (20)

32,2
Assume now there exists x;,y,,#; €N such that 2[d(x;)y, + H([x;,y,]), 1] = 0 Taking
X=X,y =Yy, t =tyandr = r[d(x,)y; + H([x1, y1]), t;] in Ref. [16] and invoking Lemma 2(ii),
we obtain

204 [d(x)y, + H(fxr,y)), nlor = 0or [d(x)y, + H([xi,y,)). 0] € Z(N/P)  forall re N

Suppose that [d(x,)y, + H([xi,y,]),t:Jor =0 for all r€N. Developing this expression
and using the fact that [d(x;)y, + H([x1, 1), t1] = —=[d(x1)y, + H([x1,y,]), 1], we get
[d(x1)y; + H([x1,y]), 1] € Z(N/P) and therefore [2] gives [d(x)y + H([x,y]), ] € Z(N/P) for all
x,y,t€ N In particular, for x = xo, y = ypand t = t, we obtain [d(x)y, + H ([0, Yo)), o] € Z(N/P)
which contradicts our assumption that [d(xe)y, + H([x0,¥)),%] € Z(N/P) and therefore
[d(x)y + H([x,y]), 1] € Z(N/P) for all x,y,t €N, which is identical to Ref. [13]. We thus
conclude that /P is a commutative ring.
(iii) By hypothesis given, we have [(d(x)y+ H(|x,y]))ot,r]€ Z(N/P) for all
x,y,t,r € N. Taking r = r((d(x)y + H(|x,y]))ot) and invoking Lemma 2(ii), we infer that

(d(x)y + H([x,y]))ot€ Z(N'/P) forallx,y,teN. ©2))

In the next step, our goal is to show that Z(A/P) is nonzero. Suppose, to the contrary, that
Z(N/P) = {0}. Then, by Ref. [18], we have 7 (d(x)y + H([x,y])) = (—=(d(x)y + H([x,"])))
t forallx,y,reN. For t = tm, where me N, we find that I‘(—(d(x)y + H([x, y])))

m= (—(d(x)y + H([x, y])))% for all x, y, m,t € N. Accordingly, [E, — (d(x)y + H([x, y]))]
N/P = {0} for all x,y,t€N. Invoking Lemma 1(i) and using our assumption that
Z(N/P) = {0}, we obtain (d(x)y + H([x,y])) = Oforall x,y € . As this result is the same
as [15], we conclude that Z(N /P) # {0}. Letting 0 #7, € Z(N/P) and replacing t by z, in
Ref. [18] and using Lemma 2(ii), we get 2(d(x)y + H([x,y])) € Z(N/P) for all x,y EN.
Putting t = d(x)y + H([x, y]) in Ref. [18] and invoking Lemma 2(ii), we obtain

2(d(x)y + H([x,y])) = Oord(x)y + H([x,y]) € Z(N/P) forallx,y e N. (22)

Suppose that there exist x,, y, €A such that 2(d(xo)y, + H([xo,¥,])) = 0. More specifically
taking x = xo,y = yoand t = t(d(xo)yo + H([xo, Yo])) in Ref. [18] and applying Lemma 2(ii), we
find that

(d(x0)y, + H([x0,Y,]))ot =0 forallt€ N ord(xo)y, + H([xo,y,]) € Z(N/P).

Let us note that verifying the first condition also brings us to the same result as the second
condition. Consequently, (22) reduces to d(x)y + H(|x, y]) € Z(N /P) for all x,y € N which
is identical to Ref. [14], and therefore A/P is a commutative ring. O

Theorem4. Let N be anear-ring, P a 3-prime ideal of N, and T a nonzero semigroup ideal of
N such that T & P. Then, N admits no non-P-trivial left derivations d; and d, satisfying one of
the following assertions:

i. di([x,i]) =dy(x)iforalli€T, xeN;

ii. di([x,i]) = da(ix)forallieZ, xeN.
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Proof. (i) Suppose N admits two left derivations d; and d, which are not P-trivial such that Arab Journal of
Mathematical
di([x,i]) = dy(x)i forallieZ,xeN. (23) Sciences

Obviously, we can see that d,(i)i = 0 for all i € Z. Now, replacing x by xi in (23) and applying

the definition of d; and do, we get [x,i]d,(i) +id,([x,i]) =Xd,(i)i+idy(x)i for all
i€Z,xeN. After simplifying, we get Xid, (i) = ixd, (i) for all i€ Z,x€ N Putting xy 205
instead of x, where y€ N, in the above equation and applying it again, we may write

[x,i] N'/Pd,(i) = {0} for all i € T,x € . By 3-primeness of A/ /P, we arrive at [x,i] = 0 or
d,(i) = Oforalli e Z,x€ N. If there exists iy € Z such that d, (iy) = 0, then i, € Z(N/P) by
Lemma 3(i). Then both cases force that ZCZ(N/P). So, N'/P is a commutative ring by
Lemma 2(iii). In this case, our hypothesis becomes d,(x) Z = {0} for all x € /. By Lemma 1

(i), it follows that d, (N')CP but this contradicts our initial assumption that d, (N) & P.

(ii) Suppose there exist two non-P-trivial left derivations d; and d, such that

di([x,i]) = dy(ix) forallieZ,xeN. (24)
Replacing x by i in (24), we get d,(i*) = 0 for all i € T which, in view of Lemma 3(i), implies
thati’ € Z(N /P). Also, taking i = i in (24) and using Lemma 3(i), we get Pxez (N/P) for
all ie Z,x € N. By Lemma 2(ii), we infer that

~

7 =0 forallieZTorx€Z(N/P) forallx€N (25)

but each condition leads to a contradiction. In fact, suppose that i = 0forallie . Replacing x
by ix in (24) and invoking Lemma 3(i), we find thatixi € Z(N /P) foralli€ Z,x € N. On the
other hand, putting iti instead of i in (24), where € NV, and using Lemma 3(i), we obtain
itixe Z(N/P)foralli € Z,x,t € N.In the light of Lemma 2(ii), the previous relation shows
thati7i = 0orx€ Z(N/P) foralli€Z,x,t€N. Since N'/P is 3-prime, the first condition
gives ZCP which contradicts our assumption that Z & P. To complete the proof, it remains to
discuss the case where x € Z(N) for all x € NV. If this holds, then A/ P is a commutative ring
by Lemma 2(iii), and hence (24) becomes d, (ix) = Ofor all i € Z,x € \. Putting i = ti in the
previous result, we obtain ixd,(¢) = 0 for all i € Z,x,t € N. By the 3-primeness of N'/7P, it
follows that either ZCP or d,(N')CP, which leads to a contradiction. O

The following example clearly shows that the assumption of 3-primeness for P, as required
in the hypotheses of all the preceding theorems, is essential and cannot be omitted.

Example 1. Let S be a zero-symmetric noncommutative right near-ring. Define

N, PandZ by:
0 0 «x 0 0 O
N = 0 0 y||0xyzeSy, P= 0 0 y||l0,xeSy,
0 0 0 0 0 O
0 0 x
7={(0 0 o]loyes
0 0 O

It is straightforward to verify that A forms a right near-ring. Moreover, P constitutes an
ideal of N; however, it does not satisfy the 3-primeness condition and hence fails to be a
3-prime ideal. In contrast, Z is a nonzero semigroup ideal of . We now define the mappings
d;, do, and H on N as follows:
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0 0 «x 00 O 0 0 «x 0 0 x+2
32,2 alo o y|l=(00 x+y]|, &[0 0 y|=[00 o
00 0 00 0 00 0 00 0

0 0 x 0 0 x

and H| 0O O y| =10 0 0

206 000 0 00

It can be readily verified that d; and d, are nonzero left derivations of A/, and H is a nonzero
multiplier of A satisfying all the identities required in our theorems. However, N'/P is a
noncommutative ring.
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