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Abstract
Purpose – This paper aims to determine the Roman domination number of the complement of sum annihilating 
ideal graph of a reduced ring with the assumption that its domination number is finite. We have studied in a 
previous work the domination number of the complement of sum annihilating ideal graph of a commutative ring. 
As the Roman domination number is of historical importance, we wish to find out the Roman domination 
number of the mentioned graph in this paper.
Design/methodology/approach – We use techniques and methods from commutative ring theory regarding the 
minimal prime ideals. We use the graph-theoretic properties of the sum annihilating ideal graph of a 
commutative ring and its complement.
Findings – We have noted that if the number of minimal prime ideals of a reduced ring R that is not an integral 
domain is finite, then the domination number of the complement of sum annihilating ideal graph of a reduced 
ring is finite and in such a case, if the number of minimal prime ideals equals 2, then the Roman domination 
number of this graph is either 2 or 4 and we are able to characterize R such that the Roman domination number of 
this graph equals 2 (respectively, 4). If the number of minimal prime ideals of R equals 3, then it is determined 
that the Roman domination number of this graph is either 4 or 5. If the number of minimal prime ideals of R 
equals n and if n exceeds 4, then the Roman domination number of this graph is 2n or 2n �1. We are able to 
characterize R, according to the Roman domination number of the considered graph.
Research limitations/implications – We do not know any necessary and sufficient condition such that the 
domination number of the complement of sum annihilating ideal graph of a reduced ring is finite. If the number 
of minimal prime ideals of a reduced ring is finite, then the domination number of the considered graph is finite 
and in such cases, we have computed the Roman domination number of the considered graph. We have not 
considered non-reduced rings. The study helps to understand the structure of reduced rings with the desired 
Roman domination number of the considered graph.
Practical implications – The problem discussed in this work helps that there is an interplay between the graph 
parameter Roman domination number of a graph and the algebraic structure for which this graph parameter is 
considered.
Social implications – This paper will help researchers working in Algebra to understand algebraic structures by 
associating suitable graphs with algebraic structures and study the graph parameter Roman domination number.
Researchers working in other fields of Mathematics can also try to undertake such an investigation.
Originality/value – The results mentioned in this paper are original. We first studied some known results proved 
by Cockayne et al. on the Roman domination number of a graph and i also studied similar work on comaximal 
ideal graphs of rings and determined the Roman domination number of the complement of sum annihilating 
ideal graph of a reduced ring. The work undertaken in this paper was not considered earlier by others.
Keywords Complement of sum annihilating ideal graph, Minimal prime ideal, Reduced ring,
Domination number, Roman domination number
Paper type Research article

1. Introduction
The rings considered in this paper are commutative with identity that admit at least one 
nonzero zero-divisor. Let R be a ring. Let ZðRÞ denote the set of all zero-divisors of R, and let us
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denote ZðRÞn f0g by ZðRÞ * . Motivated by the work of Beck [1], several researchers have 
introduced graphs with algebraic structures and studied the interplay between the algebraic 
properties of the algebraic structures and the graph-theoretic properties of the graphs 
associated with them. The graphs considered in this article are undirected and simple. For a 
graph G, we denote the vertex set of G by VðGÞ and the edge set of G by EðGÞ. In this paper, we 
allow graphs to admit an infinite number of vertices. Recall that the zero-divisor graph of R,
denoted by ΓðRÞ, is an undirected graph with VðΓðRÞÞ ¼ ZðRÞ * and distinct vertices x and y are 
adjacent in ΓðRÞ if and only if xy ¼ 0 [2]. For an excellent and inspiring survey on the zero-
divisor graphs of commutative rings, one can refer to Ref. [3].

With any commutative ring R, Anderson and Badawi [4] have introduced and investigated 
an undirected graph called the total graph of R, denoted by TðΓðRÞÞ with VðTðΓðRÞÞÞ ¼ R and 
distinct vertices x and y are adjacent in TðΓðRÞÞ if and only if x þ y ∈ ZðRÞ. For several 
interesting theorems which illustrate the interplay between the graph-theoretic properties of 
TðΓðRÞÞ and the ring-theoretic properties of R, see Ref. [4]. For an excellent, interesting, and 
inspiring book on graphs associated with commutative rings, one can refer to Ref. [5]. 
Anderson et al. [5] have characterized commutative rings according to the properties of graphs 
constructed over them. They have investigated in detail several graphs such as zero-divisor 
graphs, generalized zero-divisor graphs, total graphs, generalized total graphs, annihilator 
graphs, dot product graphs, and more.

Recall that an ideal I of a ring R is said to be an annihilating ideal of R if there exists 
r ∈ Rn f0g such that Ir ¼ ð0Þ [6]. We denote the set of all annihilating ideals of R by 𝔸ðRÞ and
𝔸ðRÞn fð0Þg by 𝔸ðRÞ * . Recall that the annihilating-ideal graph of R, denoted by 𝔸𝔾ðRÞ, is
an undirected graph with Vð𝔸𝔾ðRÞÞ ¼ 𝔸ðRÞ * and distinct vertices I and J are adjacent in 
𝔸𝔾ðRÞ if and only if IJ ¼ ð0Þ [6]. For several interesting and inspiring results on 𝔸𝔾ðRÞ, the 
reader is referred to Refs. [6, 7].

Motivated by the research work of Anderson and Badawi [4] on the total graph of a 
commutative ring and the research work of Behboodi and Rakeei [6, 7] on the annihilating-
ideal graph of a commutative ring, with R, we have introduced and investigated an undirected
graph, denoted by ΩðRÞ such that VðΩðRÞÞ ¼ 𝔸ðRÞ * and distinct vertices I and J are adjacent 
in ΩðRÞ if and only if I þ J ∈ 𝔸ðRÞ [8]. The graph ΩðRÞ was also investigated in Ref. [9], and 
the authors of [9] called ΩðRÞ, the sum annihilating ideal graph of R. Let G ¼ ðV; EÞ be a 
simple graph. Recall that the complement of G, denoted by G c , is a graph with vertex set V and 
distinct vertices u and v are adjacent in G c if and only if they are not adjacent in G [10, 
Definition 1.2.13]. We [11] studied the interplay between the graph-theoretic properties of
ðΩðRÞÞ c and the ring-theoretic properties of R.

Let R be a ring (R can be an integral domain). We denote the set of all prime ideals of R by 
SpecðRÞ, the set of all maximal ideals of R by MaxðRÞ, and the set of all minimal prime ideals of 
R by MinðRÞ. For a subset E of R, we denote the set f𝔭 ∈ SpecðRÞj 𝔭⊇Eg by VðEÞ. For any
subset A of R, we denote the set An f0g by A * . For an element x ∈ R, the annihilator of x in R, 
denoted by Ann R ðxÞ or AnnðxÞ, is defined as AnnðxÞ ¼ fr ∈ Rj rx ¼ 0g. We denote the set of all
proper ideals of R by 𝕀ðRÞ and 𝕀ðRÞn fð0Þg by 𝕀ðRÞ * . We denote the nilradical of R by NilðRÞ. 
We say that R is reduced if NilðRÞ ¼ ð0Þ. If A is a proper subset of a set B, then we denote it by 
A ⊂ B. For any n ∈ ℕn f1g, we denote the ring of integers modulo n by ℤ n . For definitions and 
standard results from commutative ring theory, one can refer to Refs. [12–14].

Let G ¼ ðV; EÞ be a graph. Let us recall the following definitions. A set S⊆V is called a 
dominating set of G if every vertex u ∈ Vn S has a neighbor v ∈ S [10, Definition 10.2.1]. A γ-set of 
G is a minimum dominating set of G; that is, a dominating set of G whose cardinality is minimum 
[10, Definition 10.2.2]. The domination number of G is the cardinalty of a minimum dominating set 
of G and it is denoted by γðGÞ [10, Definition 10.2.3]. The domination number of graphs associated 
with commutative rings has been studied by several authors, for example, see Refs. [15–20].

AJMS

Downloaded from http://ftp.nowpublishers.com/ajms/article-pdf/doi/10.1108/AJMS-01-2026-0003/11763723/ajms-01-2026-0003en.pdf by guest on 27 July 2026



The graph-theoretic properties of Roman domination number of a graph G ¼ ðV; EÞ was 
investigated by Cockayne et al., see Ref. [21]. For a clear motivation for the concept of Roman 
domination number of a graph, see [21, p. 12], where Cockayne et al. mentioned that the 
definition of a Roman dominating function was given implicitly in Refs. [22, 23]. Recall that a 
Roman dominating function (RDF) on a graph G ¼ ðV; EÞ is a function f : V → f0; 1; 2g such 
that every vertex u for which f ðuÞ ¼ 0 is adjacent to at least one vertex v for which f ðvÞ ¼ 2 
[21, p. 12]. Let i ∈ f0; 1; 2g. Let us denote fv ∈ Vj f ðvÞ ¼ ig by V i . Observe that V ¼ 

S 2
i¼0 V i

with V i \ V j ¼ ∅ for all distinct i; j ∈ f0; 1; 2g. We denote f by f ¼ ðV 0 ; V 1 ; V 2 Þ. The 
domination number of ΩðRÞ (respectively, ðΩðRÞÞ c ) was determined in Ref. [19], where we 
had proved that γðΩðRÞÞ < ∞, but there are several reduced rings such that ðΩðRÞÞ c does not 
admit any finite dominating set, and if jMinðRÞj < ∞, then γððΩðRÞÞ c Þ < ∞. If R is not 
reduced and ZðRÞ is an ideal of R, then we were able to characterize R such that 
γððΩðRÞÞ c Þ < ∞. However, if R is not reduced and ZðRÞ is not an ideal of R, the problem of 
characterizing R such that γððΩðRÞÞ c Þ < ∞ was left open, see [19, Section 3]. As R can have an
infinite number of nonzero annihilating ideals and the vertex set of ðΩðRÞÞ c is 𝔸ðRÞ * , in this 
paper, we consider graphs G ¼ ðV; EÞ which admit at least one Roman dominating function 
f ¼ ðV 0 ; V 1 ; V 2 Þ such that both V 1 and V 2 are finite. Note that a graph G ¼ ðV; EÞ admits a 
Roman dominating function f ¼ ðV 0 ; V 1 ; V 2 Þ such that both V 1 and V 2 are finite if and only if 
γðGÞ < ∞. Hence in this paper, we restrict ourselves to reduced rings R such that 
γððΩðRÞÞ c Þ < ∞ and determine γ R ððΩðRÞÞ 

c 
Þ. We use RDF to denote Roman dominating 

function. We denote the cardinality of a set A by jAj.
Let G ¼ ðV; EÞ be a graph such that γðGÞ < ∞. Let f ¼ ðV 0 ; V 1 ; V 2 Þ be an RDF on G such 

that both V 1 and V 2 are finite. Then, the weight of f is the value f ðVÞ ¼ 
P 

v∈V f ðvÞ. The 
minimum weight of a Roman dominating function on G is called the Roman domination 
number of G, denoted by γ R ðGÞ. We say that an RDF f ¼ ðV 0 ; V 1 ; V 2 Þ on G is a γ R -function if 
f ðVÞ ¼ γ R ðGÞ, see [21, p. 13].

Throughout this paper, we use R to denote a ring. Unless otherwise specified, we assume
that R is reduced, 𝔸ðRÞ * ≠ ∅ and γððΩðRÞÞ c Þ < ∞. This paper aims to compute γ R ððΩðRÞÞ 

c 
Þ. 

This paper consists of three sections including the introduction. In Section 2, we state and 
prove some preliminary results that are used in proving the main results of this paper. In 
Section 3, we try to compute γ R ððΩðRÞÞ 

c 
Þ. As jMinðRÞj < ∞ is a sufficient condition for the 

domination number of ðΩðRÞÞ c to be finite, see [19, Section 3], we assume that jMinðRÞj < ∞, 
and try to determine γ R ððΩðRÞÞ 

c 
Þ. If jMinðRÞj ¼ 2, then γ R ððΩðRÞÞ 

c 
Þ ∈ f2; 3; 4g (Proposition 

3.2); γ R ððΩðRÞÞ 
c 
Þ ¼ 2 if and only if R is ring-isomorphic to R 1 3R 2 , where R i is an integral 

domain for each i ∈ f1; 2g with R i is a field for at least one i ∈ f1; 2g (Proposition 3.3);
γ R ððΩðRÞÞ 

c 
Þ ≠ 3 (Proposition 3.4); γ R ððΩðRÞÞ 

c 
Þ ¼ 4 if and only if MinðRÞ \ MaxðRÞ ¼ ∅ 

(Remark 3.5). Let jMinðRÞj ¼ n for some n ∈ ℕ with n ≥ 3. If MinðRÞ \ MaxðRÞ ¼ ∅, then
γ R ððΩðRÞÞ 

c 
Þ ¼ 2n. If n ¼ 3, and if jMinðRÞ \ MaxðRÞj ≥ 2, then γ R ððΩðRÞÞ 

c 
Þ ¼ 4 and R is 

ring-isomorphic to D3F 1 3F 2 , where D is an integral domain (D can be a field) and F i is a field 
for each i ∈ f1; 2g. If n ¼ 3, and if jMinðRÞ \ MaxðRÞj ¼ 1, then γ R ððΩðRÞÞ 

c 
Þ ¼ 5, and R is 

ring-isomorphic to T3F, where T is a reduced ring with jMinðTÞj ¼ 2, MinðTÞ \ MaxðTÞ
¼ ∅, and F is a field. If n ≥ 4, and jMinðRÞ \ MaxðRÞj ≥ 1, then γ R ððΩðRÞÞ 

c 
Þ ¼ 2n − 1, and R 

is ring-isomorphic to T3F, where T is a reduced ring with jMinðTÞj ¼ n − 1, 
MinðTÞ \ MaxðTÞ can be nonempty, and F is a field (Theorem 3.22). Examples 3.7 and 
3.23 illustrate the results proved in this section.

2. Some preliminary results
In this paper, we consider graphs G ¼ ðV; EÞ with no restriction on jVj and such that they admit 
at least one Roman dominating function f ¼ ðV 0 ; V 1 ; V 2 Þ with both V 1 and V 2 are finite. The 
graph G satisfies the property that it admits at least one Roman dominating function
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f ¼ ðV 0 ; V 1 ; V 2 Þ with both V 1 and V 2 are finite if and only if γðGÞ < ∞. In this section, we state 
and prove some preliminary results that are used for proving the main results of this paper.

Remark 2.1. Assume that G ¼ ðV; EÞ is a graph such that γðGÞ < ∞. Let f ¼ ðV 0 ; V 1 ; V 2 Þ be 
a γ R -function on G. Then, V 1 ∪ V 2 is a dominating set of G. So, γðGÞ ≤ jV 1 j þ jV 2 j ≤
jV 1 j þ 2jV 2 j ¼ f ðVÞ ¼ γ R ðGÞ [21, Proposition 1].

Remark 2.2. Let G ¼ ðV; EÞ be a graph such that γðGÞ < ∞. Let S⊆V be such that 
γðGÞ ¼ jSj. Then, f ¼ ðVn S; ∅; SÞ is an RDF on G. As f ðVÞ ¼ 2jSj ¼ 2γðGÞ, it follows that
γ R ðGÞ ≤ 2jSj ¼ 2γðGÞ [21, Proposition 1].

Remark 2.3. If G has at least one edge, then γ R ðGÞ ≥ γðGÞ þ 1 by [21, Proposition 2]. For 
completeness and easy reference, we include a proof. If γ R ðGÞ ¼ γðGÞ, then there exists a
γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on G such that the weight of f equals γðGÞ. Thus, γðGÞ ¼ γ R
ðGÞ ¼ jV 1 j þ 2jV 2 j. By Remark 2.1, γðGÞ ≤ jV 1 j þ jV 2 j ≤ jV 1 j þ 2jV 2 j. Therefore, jV 1 j
þjV 2 j ¼ jV 1 j þ 2jV 2 j. Hence, V 2 ¼ ∅, so V 0 ¼ ∅. Therefore, VðGÞ ¼ V 1 is a minimum 
dominating set of G. So, G has no edges, a contradiction to the assumption that G has at least 
one edge. Therefore, γ R ðGÞ ≥ γðGÞ þ 1.

Remark 2.4. Let G ¼ ðV; EÞ be a complete bipartite graph with vertex partition V ¼ A 1 ∪ A 2 . 
Then, γ R ðGÞ ¼ 4 if jA i j ≥ 3 for each i ∈ f1; 2g, γ R ðGÞ ¼ 3 if jA i j ≥ 2 for each i ∈ f1; 2g and
jA j j ¼ 2 for some j ∈ f1; 2g, and γ R ðGÞ ¼ 2 if jA i j ¼ 1 for some i ∈ f1; 2g [21, Proposition 8].

Lemma 2.5. Let G ¼ ðV; EÞ be a graph such that jVj ≥ 3. If γðGÞ ¼ 2, then 3 ≤ γ R ðGÞ ≤ 4.
Proof. Assume that γðGÞ ¼ 2. We obtain from Remark 2.1 that 2 ≤ γ R ðGÞ. By Remark 2.2,
γ R ðGÞ ≤ 4. Let D ¼ fv 1 ; v 2 g be a dominating set of G. As jVj ≥ 3 by assumption, there exists 
v ∈ Vn D. Hence, v and v i are adjacent in G for some i ∈ f1; 2g. Thus, G admits at least one 
edge. So, γ R ðGÞ ≥ γðGÞ þ 1 ¼ 3 by Remark 2.3. Therefore, 3 ≤ γ R ðGÞ ≤ 4. □

Lemma 2.6. Let G ¼ ðV; EÞ be a graph such that jVj ≥ 3. If γðGÞ ¼ 2, then γ R ðGÞ ¼ 3 if 
and only if there exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on G such that either V 2 ¼ V 0 ¼ ∅, and
jV 1 j ¼ 3 or jV 1 j ¼ jV 2 j ¼ 1, and V 0 ¼ Vn ðV 1 ∪ V 2 Þ.

Proof. Assume that jVj ≥ 3 and γðGÞ ¼ 2. By Lemma 2.5, 3 ≤ γ R ðGÞ ≤ 4. Note that γ R ðGÞ ¼ 3 
if and only if there exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on G such that the weight of f equals 3, 
if and only if jV 1 j þ 2jV 2 j ¼ 3, if and only if either V 2 ¼ ∅ ¼ V 0 , and jV 1 j ¼ 3 or
jV 1 j ¼ jV 2 j ¼ 1, and V 0 ¼ Vn ðV 1 ∪ V 2 Þ. □

For a graph G, we denote the degree of a vertex v in G by degðvÞ.

Corollary 2.7. Let G ¼ ðV; EÞ be a graph such that jVj ≥ 4. If γðGÞ ¼ 2, then the following 
statements are equivalent:

(1) γ R ðGÞ ¼ 3.

(2) There exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on G such that jV 1 j ¼ jV 2 j ¼ 1, and 
V 0 ¼ Vn ðV 1 ∪ V 2 Þ.

(3) There exists x ∈ V such that degðxÞ ¼ 1 in G c.

Proof. By hypothesis, jVj ≥ 4 and γðGÞ ¼ 2.
ð1Þ⇔ð2Þ If there exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on G such that V 2 ¼ V 0 ¼ ∅, and

jV 1 j ¼ 3, then jVj ¼ 3, since V ¼ 
S2

i¼0V i , contradicting the assumption that jVj ≥ 4.
Therefore, we obtain from Lemma 2.6 that γ R ðGÞ ¼ 3 if and only if there exists a
γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on G such that jV 1 j ¼ jV 2 j ¼ 1, and V 0 ¼ Vn ðV 1 ∪ V 2 Þ.
ð2Þ⇒ð3Þ Assume that there exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on G such that

jV 1 j ¼ jV 2 j ¼ 1, and V 0 ¼ Vn ðV 1 ∪ V 2 Þ. Let V 2 ¼ fxg, and let V 1 ¼ fyg. As y and x are not 
adjacent in G by [21, Proposition 3ðbÞ], it follows that y and x are adjacent in G c . Since f is a
γ R -function on G, each element of V 0 is adjacent to x in G. Therefore, degðxÞ ¼ 1 in G c .
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ð3Þ⇒ð1Þ Assume that there exists x ∈ V such that degðxÞ ¼ 1 in G c . Hence, there exists 
y ∈ V such that y and x are adjacent in G c , but z and x are adjacent in G for all z ∈ Vn fx; yg. Let 
V 1 ¼ fyg, V 2 ¼ fxg, and let V 0 ¼ Vn ðV 1 ∪ V 2 Þ. Then, f ¼ ðV 0 ; V 1 ; V 2 Þ is an RDF on G and 
the weight of f equals jV 1 j þ 2jV 2 j ¼ 3. Therefore, γ R ðGÞ ≤ 3. As γ R ðGÞ ≥ 3 by Lemma 2.5, 
we obtain that γ R ðGÞ ¼ 3. □

Lemma 2.8. Let R be a reduced ring. If I ∈ 𝔸ðRÞ * , then I⊆𝔭 for some 𝔭 ∈ MinðRÞ. 

Proof. By hypothesis, R is a reduced ring. We obtain from [12, Proposition 1.8] and [14, 
Theorem 10] that 

T 
𝔭∈MinðRÞ 𝔭 ¼ ð0Þ. Let I ∈ 𝔸ðRÞ * . Then, Ir ¼ ð0Þ for some r ∈ Rn f0g. As 

r ≠ 0, we obtain that r ∉ 𝔭 for some 𝔭 ∈ MinðRÞ. From Ir ¼ ð0Þ ⊂ 𝔭, it follows that I⊆𝔭. □

Lemma 2.9. Let R be reduced with jMinðRÞj ¼ n for some n ∈ ℕn f1g. Then, 𝔭 ∈ 𝔸ðRÞ * 

for each 𝔭 ∈ MinðRÞ, and for any 𝔭 ∈ MinðRÞ, there exists x ∈ R * (x depends on 𝔭) such 
that 𝔭 ¼ AnnðxÞ.

Proof. By hypothesis, R is a reduced ring with jMinðRÞj ¼ n for some n ∈ ℕn f1g. Let
MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; . . . ; ngg. Then, 

Tn
i¼1𝔭 i ¼ ð0Þ and ZðRÞ ¼ 

Sn
i¼1 𝔭 i .

Let i ∈ f1; 2; . . . ; ng. Let us denote f1; 2; . . . ; ngn fig by A i . Since distinct minimal prime 
ideals of a ring are not comparable under inclusion, it follows that 𝔭 i � 

T 
j∈A i 𝔭 j . Hence, we can 

find x i ∈ ð 
T 

j∈A i 𝔭 j Þn 𝔭 i . Observe that x i ≠ 0 and 𝔭 i x i ¼ ð0Þ. Thus, 𝔭 i ∈ 𝔸ðRÞ. As 𝔭 i ≠ ð0Þ, we get 

that 𝔭 i ∈ 𝔸ðRÞ 
* . From 𝔭 i x i ¼ ð0Þ, it follows that 𝔭 i ⊆Annðx i Þ. If r ∈ Annðx i Þ, then rx i ¼ 0. From 

x i ∉ 𝔭 i , we obtain that that r ∈ 𝔭 i . Therefore, Annðx i Þ⊆𝔭 i . So, 𝔭 i ¼ Annðx i Þ. □

Lemma 2.10. Let R; n be as in the statement of Lemma 2.9. If W is a nonempty proper 
subset of MinðRÞ such that jfI ∈ 𝔸ðRÞ * j VðIÞ \ MinðRÞ ¼ Wgj < ∞, then 𝔮 ∈ MaxðRÞ for 
each 𝔮 ∈ MinðRÞn W.

Proof. By hypothesis, R is a reduced ring with jMinðRÞj ¼ n for some n ∈ ℕn f1g. Let 
MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; . . . ; ngg. Let W be a nonempty proper subset of MinðRÞ such that
jfI ∈ 𝔸ðRÞ * j VðIÞ \ MinðRÞ ¼ Wgj < ∞. Let jWj ¼ t. Then, 1 ≤ t < n. Without loss of 
generality, we can assume that W ¼ f𝔭 k j k ∈ f1; . . . ; tgg. Note that MinðRÞn W ¼
f𝔭 tþj j j ∈ f1; . . . ; n − tgg. Since distinct minimal prime ideals of a ring are not comparable
under inclusion, it follows that 

Tt
k¼1𝔭 k ⊈ 

Sn−t
j¼1𝔭 tþj by [12, Proposition 1.11ðiÞ]. Let

x ∈ ð 
Tt

k¼1𝔭 k Þn ð 
Sn−t

j¼1𝔭 tþj Þ. Let j ∈ f1; . . . ; n − tg. We claim that 𝔭 tþj ∈ MaxðRÞ. Since
𝔭 tþj ≠ R, there exists 𝔪 tþj ∈ MaxðRÞ such that 𝔭 tþj ⊆𝔪 tþj by [12, Corollary 1.4]. Suppose
that 𝔭 tþj ≠ 𝔪 tþj . Then, 𝔭 tþj ⊂ 𝔪 tþj . Observe that 𝔪 tþj ⊈ 

S n
i¼1𝔭 i by [12, Proposition 1.11ðiÞ]. Let

y ∈ 𝔪 tþj n ð 
Sn

i¼1𝔭 i Þ. From ZðRÞ ¼ 
S n

i¼1𝔭 i , we get that y ∉ ZðRÞ. So, y m ∉ ZðRÞ for all m ∈ ℕ.
By the choice of x and y, it follows that Rxy m ∈ 𝔸ðRÞ * and VðRxy m Þ \ MinðRÞ ¼ W for all 
m ∈ ℕ. As jfI ∈ 𝔸ðRÞ * j VðIÞ \ MinðRÞ ¼ Wgj < ∞ by assumption, we can find m 1 ; m 2 ∈ ℕ 
with m 1 < m 2 such that Rxy m 1 ¼ Rxy m 2 . So, xy m 1 ¼ rxy m 2 for some r ∈ R. Hence, 
xy m 1 ð1 − ry m 2 −m 1 Þ ¼ 0 ∈ 𝔭 tþj . As xy m 1 ∉ 𝔭 tþj , we obtain that 1 − ry m 2 −m 1 ∈ 𝔭 tþj ⊂ 𝔪 tþj . Thus, 
ry m 2 −m 1 ; 1 − ry m 2 −m 1 ∈ 𝔪 tþj , so 1 ¼ 1 − ry m 2 −m 1 þ ry m 2 −m 1 ∈ 𝔪 tþj , a contradiction, since 
𝔪 tþj ≠ R. Therefore, 𝔭 tþj ¼ 𝔪 tþj ∈ MaxðRÞ for each j ∈ f1; . . . ; n − tg. □ 

Corollary 2.11. If R is reduced, then j𝔸ðRÞ * j ¼ 2 if and only if R is ring-isomorphic to 
F 1 3F 2 , where F i is a field for each i ∈ f1; 2g.

Proof. By hypothesis, R is reduced. As 
T 

𝔭∈MinðRÞ 𝔭 ¼ ð0Þ and R is not an integral domain, we get 
that jMinðRÞj ≥ 2.

Assume that j𝔸ðRÞ * j ¼ 2. Then, we obtain from [6, Theorem 1.1] that R is Artinian. By 
[12, Proposition 8.1], we get that SpecðRÞ ¼ MaxðRÞ ¼ MinðRÞ and jMaxðRÞj < ∞ by [12,
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Proposition 8.3]. As each member of MaxðRÞ belongs to 𝔸ðRÞ * by Lemma 2.9 and
j𝔸ðRÞ * j ¼ 2 by assumption, we obtain that jMaxðRÞj ¼ 2. Let MaxðRÞ ¼ f𝔪 i j i ∈ f1; 2gg. 
From 𝔪 1 þ 𝔪 2 ¼ R and 

T2
i¼1 𝔪 i ¼ ð0Þ, it follows that the mapping ϕ : R → R

𝔪 1
3 R

𝔪2 
given by

ϕðrÞ ¼ ðr þ 𝔪 1 ; r þ 𝔪 2 Þ is an isomorphism of rings by [12, Proposition 1.10ðiiÞ and ðiiiÞ]. Let 
i ∈ f1; 2g. Let us denote R

𝔪i 
by F i . Then, F 1 and F 2 are fields and R is ring-isomorphic to F 1 3F 2 .

Conversely, assume that R is ring-isomorphic to F 1 3F 2 , where F i is a field for each i ∈
f1; 2g. Let us denote F 1 3F 2 by T. Since (0) and F are the only ideals of any field F, it follows 
that 𝕀ðTÞ * ¼ 𝔸ðTÞ * ¼ fð0Þ3F 2 ; F 1 3ð0Þg. Therefore, j𝔸ðTÞ * j ¼ 2, so j𝔸ðRÞ * j ¼ 2. □

Lemma 2.12. If R is a reduced ring with jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 2Þ, and if
jMinðRÞ \ MaxðRÞj ≥ 1, then R is ring-isomorphic to T3F, where T is a reduced ring with
jMinðTÞj ¼ n − 1 and F is a field.

Proof. By hypothesis, R is a reduced ring with jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 2Þ. Assume 
that jMinðRÞ \ MaxðRÞj ≥ 1. Let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; . . . ; ngg. We can assume without
loss of generality that 𝔭 n ∈ MaxðRÞ. Note that 

T n
i¼1𝔭 i ¼ ð0Þ. Since distinct minimal prime

ideals of a ring are not comparable under inclusion, it follows that 
Tn−1

k¼1𝔭 k ⊈𝔭 n . So,
ð 
T n−1

k¼1𝔭 k Þ þ 𝔭 n ¼ R. Since ð 
T n−1

k¼1𝔭 k Þ \ 𝔭 n ¼ ð0Þ, we obtain that the mapping ϕ : R →
RTn−1 

k¼1 
𝔭 k

3 R
𝔭 n

given by ϕðrÞ ¼ ðr þ 
Tn−1

k¼1𝔭 k ; r þ 𝔭 n Þ is an isomorphism of rings by [12,

Proposition 1.10ðiiÞ and ðiiiÞ]. Let us denote 
Tn−1

k¼1𝔭 k by I, R
I by T, and R

𝔭 n
by F. Thus, R is ring-

isomorphic to T3F. Since I is a radical ideal of R, we get that T is a reduced ring. As
MinðTÞ ¼ 

n 
𝔭 k 
I j k ∈ f1; . . . ; n − 1g 

o 
, it follows that jMinðTÞj ¼ n − 1. Observe that F is a field,

since 𝔭 n ∈ MaxðRÞ. □

3. Some results on γ R ððΩðRÞÞ 
c 
Þ, where R is reduced

As mentioned in Section 1, we use R to denote a ring that is not an integral domain. Unless 
otherwise specified, we assume that R is reduced and try to determine γ R ððΩðRÞÞ 

c 
Þ with the 

assumption that γððΩðRÞÞ c Þ < ∞.
Observe that we obtain from [12, Proposition 1.8] and [14, Theorem 10] that T 

𝔭∈MinðRÞ 𝔭 ¼ ð0Þ. Hence, jMinðRÞj ≥ 2, and ZðRÞ ¼ 
S 

𝔭∈MinðRÞ 𝔭.

Remark 3.1. We do not know any necessary and sufficient condition such that 
γððΩðRÞÞ c Þ < ∞. If jMinðRÞj < ∞, then it is known that γððΩðRÞÞ c Þ < ∞, see [19, Section
3]. Let jMinðRÞj ¼ n for some n ∈ ℕn f1g. Let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; . . . ; ngg. Then, 
Tn

i¼1𝔭 i ¼ ð0Þ. Let i ∈ f1; 2; . . . ; ng. By Lemma 2.9, 𝔭 i ∈ 𝔸ðRÞ 
* for each i ∈ f1; 2; . . . ; ng. If

n ¼ 2, then ðΩðRÞÞ c is a complete bipartite graph with vertex partition 𝔸ðRÞ * ¼ V 1 ∪ V 2 , 
where V i ¼ fI ∈ 𝔸ðRÞ * j I⊆𝔭 i g for each i ∈ f1; 2g by the proof of [11, Proposition 2.10
ððiiÞ⇒ðiÞÞ]. Hence, γððΩðRÞÞ c Þ ∈ f1; 2g. If n ≥ 3, then we obtain from [19, Lemma 3.11 and 
Theorem 3.13] that γððΩðRÞÞ c Þ ¼ jMinðRÞj ¼ n.

Proposition 3.2. If jMinðRÞj ¼ 2, then γ R ððΩðRÞÞ 
c 
Þ ∈ f2; 3; 4g.

Proof. By hypothesis, R is reduced with jMinðRÞj ¼ 2. Let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2gg. We 
know that ðΩðRÞÞ c is a complete bipartite graph with vertex partition 𝔸ðRÞ * ¼ V 1 ∪ V 2 , where 
V i ¼ fI ∈ 𝔸ðRÞ * j I⊆𝔭 i g for each i ∈ f1; 2g, see the proof of [11, Proposition 2.10 ððiiÞ⇒ðiÞÞ]. 
So, γððΩðRÞÞ c Þ ∈ f1; 2g. As ðΩðRÞÞ c has at least one edge, γ R ððΩðRÞÞ 

c 
Þ ≥ γððΩðRÞÞ c Þ þ 1 by 

Remark 2.3. By Remark 2.2, γ R ððΩðRÞÞ 
c 
Þ ≤ 2γððΩðRÞÞ c Þ. Thus, if γððΩðRÞÞ c Þ ¼ 1, then
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γ R ððΩðRÞÞ 
c 
Þ ¼ 2. If γððΩðRÞÞ c Þ ¼ 2, then γ R ððΩðRÞÞ 

c 
Þ ∈ f3; 4g. Therefore, γ R ððΩðRÞÞ 

c 
Þ

∈ f2; 3; 4g. □

Proposition 3.3. If jMinðRÞj ¼ 2, then γ R ððΩðRÞÞ 
c 
Þ ¼ 2 if and only if R is ring-isomorphic to 

R 1 3R 2 , where R i is an integral domain for each i ∈ f1; 2g with R i is a field for at least one i ∈ f1; 2g.
Proof. By hypothesis, jMinðRÞj ¼ 2. Let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2gg. We obtain from the proof 
of Proposition 3.2 that γ R ððΩðRÞÞ 

c 
Þ ¼ 2 if and only if γððΩðRÞÞ c Þ ¼ 1, if and only if ðΩðRÞÞ c is

a star graph. We know from Corollary 2.11 that j𝔸ðRÞ * j ¼ 2 if and only if R is ring-isomorphic
to F 1 3F 2 , where F i is a field for each i ∈ f1; 2g. If j𝔸ðRÞ * j ≥ 3, then ðΩðRÞÞ c is a star graph if 
and only if R is ring-isomorphic to D3F, where F is a field and D is an integral domain that is 
not a field by [11, Proposition 2.12 ððiÞ⇔ðiiÞÞ]. Therefore, γ R ððΩðRÞÞ 

c 
Þ ¼ 2 if and only if R is 

ring-isomorphic to R 1 3R 2 , where R i is an integral domain for each i ∈ f1; 2g with R i is a field 
for at least one i ∈ f1; 2g. □

Proposition 3.4. If jMinðRÞj ¼ 2, then γ R ððΩðRÞÞ 
c 
Þ ≠ 3.

Proof. By hypothesis, jMinðRÞj ¼ 2. Let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2gg. Note that ðΩðRÞÞ c is a 
complete bipartite graph with vertex partition 𝔸ðRÞ * ¼ V 1 ∪ V 2 , where V i ¼ fI ∈
𝔸ðRÞ * j I⊆𝔭 i g for each i ∈ f1; 2g. Suppose that γ R ððΩðRÞÞ 

c 
Þ ¼ 3. Then, jV i j ≥ 2 for each 

i ∈ f1; 2g, and one between V 1 and V 2 contains exactly two elements by Remark 2.4. Without 
loss of generality, we can assume that jV 1 j ¼ 2 and jV 2 j ≥ 2. As V 1 ¼ fI ∈ 𝔸
ðRÞ * j VðIÞ \ MinðRÞ ¼ f𝔭 1 gg and jV 1 j < ∞, we obtain from Lemma 2.10 that 𝔭 2 ∈ 
MaxðRÞ. Therefore, jMinðRÞ \ MaxðRÞj ≥ 1. Observe that a reduced ring with only one 
minimal prime ideal is an integral domain. So, we obtain from Lemma 2.12 that R is ring-
isomorphic to D3F, where D is an integral domain and F is a field. Hence, γ R ððΩðRÞÞ 

c 
Þ ¼ 2 

by Proposition 3.3, a contradiction to the assumption that γ R ððΩðRÞÞ 
c 
Þ ¼ 3. Therefore,

γ R ððΩðRÞÞ 
c 
Þ ≠ 3. □

Remark 3.5. Let jMinðRÞj ¼ 2, and let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2gg. Then, we obtain from 
Propositions 3.2-3.4 that γ R ððΩðRÞÞ 

c 
Þ ∈ f2; 3; 4g and γ R ððΩðRÞÞ 

c 
Þ ¼ 2 if and only if 

𝔭 i ∈ MaxðRÞ at least one i ∈ f1; 2g. By Proposition 3.4, γ R ððΩðRÞÞ 
c 
Þ cannot be equal to 3, so

γ R ððΩðRÞÞ 
c 
Þ ¼ 4 if and only if 𝔭 i ∉ MaxðRÞ for each i ∈ f1; 2g.

We use the following lemma in the proof of some examples of this paper.

Lemma 3.6. Let T ¼ K½X 1 ; X 2 ; . . . ; X n � ðn ≥ 2Þ be the polynomial ring in n variables 
X 1 ; X 2 ; . . . ; X n over a field K. Let I be the ideal of T given by I ¼ Tð 

Qn
i¼1 X iÞ, and let R ¼ TI . 

Then, R is a reduced ring, jMinðRÞj ¼ n, and R cannot be expressed as the direct product of two 
non-trivial rings.

Proof. As X 1 ; X 2 ; . . . ; X n are pairwise non-associate prime elements of T, TX i ∈ SpecðTÞ for 
each i ∈ f1; 2; . . . ; ng, and TX i ≠ TX j for all distinct i; j ∈ f1; 2; . . . ; ng. Therefore, 
I ¼ Tð 

Q n
i¼1TX i Þ ¼ 

Tn
i¼1 TX i is a radical ideal of T. So, R ¼ TI is a reduced ring. For each 

i ∈ f1; 2; . . . ; ng, let us denote X i þ I by x i . Observe that Rx i ∈ MinðRÞ for each 
i ∈ f1; 2; . . . ; ng and Rx i ≠ Rx j for all distinct i; j ∈ f1; 2; . . . ; ng. Therefore, MinðRÞ 
¼ fRx i j i ∈ f1; 2; . . . ; ngg. So, jMinðRÞj ¼ n. We next verify that R has no non-trivial 
idempotent element. Let t ∈ T be such that t þ I is an idempotent element of T with 
t þ I ≠ 0 þ I. Then, t 2 − t ∈ I and t ∉ I. Hence, t ∉ TX i for some i ∈ f1; 2; . . . ; ng. As 
tðt − 1Þ ∈ I ⊂ TX i , it follows that t − 1 ∈ TX i . Let j ∈ f1; 2; . . . ; ngn fig. Since TX i þ TX j ≠ T, 
we obtain that t ∉ TX j . Hence, from tðt − 1Þ ∈ TX j , it follows that t − 1 ∈ TX j . Therefore,
t − 1 ∈ 

T n
k¼1TX k ¼ I. Therefore, t þ I ¼ 1 þ I. Thus, R has no non-trivial idempotent element.

So, R cannot be expressed as the direct product of two non-trivial rings. □
The following example illustrates Propositions 3.2-3.4.
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Example 3.7.

(1) If R ¼ F 1 3F 2 , where F i is a field for each i ∈ f1; 2g, then γ R ððΩðRÞÞ 
c 
Þ ¼ 2.

(2) If R ¼ ℤ3F, where F is a field, then γ R ððΩðRÞÞ 
c 
Þ ¼ 2.

(3) If R ¼ ℤ3ℤ, then γ R ððΩðRÞÞ 
c 
Þ ¼ 4.

(4) Let n ¼ 2, and let T; R be as in the statement of Lemma 3.6. Then, γ R ððΩðRÞÞ 
c 
Þ ¼ 4. 

Proof.

(1) We obtain from Proposition 3.3 that γ R ððΩðRÞÞ 
c 
Þ ¼ 2.

(2) If R ¼ ℤ3F, where F is a field, then γ R ððΩðRÞÞ 
c 
Þ ¼ 2 by Proposition 3.3.

(3) By hypothesis, R ¼ ℤ3ℤ. Note that MinðRÞ ¼ f𝔭 1 ¼ ð0Þ3ℤ; 𝔭 2 ¼ ℤ3ð0Þg. Since ℤ 
is an integral domain but not a field, we obtain that 𝔭 i ∉ MaxðRÞ for each i ∈ f1; 2g. 
Hence, γ R ððΩðRÞÞ 

c 
Þ ¼ 4 by Remark 3.5.

(4) Using the same notations as in the statement and proof of Lemma 3.6, R ¼ TI, where
T ¼ K½X 1 ; X 2 � and I ¼ TðX 1 X 2 Þ. We know from the proof of Lemma 3.6 that R is a 
reduced ring, MinðRÞ ¼ fRx i j i ∈ f1; 2gg, where x i ¼ X i þ I for each i ∈ f1; 2g, and R 
has no non-trivial idempotent element. As Rx i ⊂ Rx 1 þ Rx 2 ⊂ R for each i ∈ f1; 2g, we 
obtain that 𝔭 i ∉ MaxðRÞ for each i ∈ f1; 2g. Therefore, γ R ððΩðRÞÞ 

c 
Þ ¼ 4 by Remark 

3.5. □

Remark 3.8. Assume that jMinðRÞj ¼ n for some n ∈ ℕ with n ≥ 3. Let MinðRÞ ¼
f𝔭 i j i ∈ f1; 2; 3; . . . ; ngg. We have noted in Remark 3.1 that γððΩðRÞÞ c Þ ¼ n. We next try to 
determine γ R ððΩðRÞÞ 

c 
Þ. We obtain from Remark 2.2 that γ R ððΩðRÞÞ 

c 
Þ ≤ 2n. We know from

Lemma 2.9 that 𝔭 i ∈ 𝔸ðRÞ 
* for each i ∈ f1; 2; 3; . . . ; ng. Let i; j ∈ f1; 2; 3; . . . ; ng be distinct. 

Since 𝔭 i þ 𝔭 j cannot be a subset of any member of MinðRÞ, 𝔭 i þ 𝔭 j ∉ 𝔸ðRÞ by Lemma 2.8. 
Hence, 𝔭 i − 𝔭 j is an edge of ðΩðRÞÞ 

c . Thus, ðΩðRÞÞ c has at least one edge. Therefore,
γ R ððΩðRÞÞ 

c 
Þ ≥ γððΩðRÞÞ c Þ þ 1 ¼ n þ 1 by Remark 2.3.

If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ, then we determine γ R ððΩðRÞÞ 
c 
Þ in Theorem 3.22. We 

first state and prove some results that are used in the proof of Theorem 3.22. Khojasteh and 
Heydari [24] have computed the Roman domination number of the comaximal ideal graph of a 
commutative ring. The following proposition is motivated by [24, Theorem 1.6ðiÞ and ðiiÞ].

Proposition 3.9. Let n ∈ ℕ be such that n ≥ 3. If jMinðRÞj ¼ n, and if f ¼ ðV 0 ; V 1 ; V 2 Þ is a
γ R -function on ðΩðRÞÞ 

c , then the following statements hold.

(1) If I and J are distinct members of V 2 , then I and J are not comparable under inclusion.

(2) If 𝔭 ∈ MinðRÞ, then 𝔭 can contain at most one member of V 2 . 

Proof.

(1) Let I and J be distinct members of V 2 . Suppose that I and J are comparable under
inclusion. We can assume without loss of generality that I ⊂ J. If A ∈ 𝔸ðRÞ * is such 
that A þ I ∉ 𝔸ðRÞ, then A þ J ∉ 𝔸ðRÞ. Hence, g ¼ ðV 0 ; V 1 ∪ fIg; V 2 n fIgÞ is an RDF 
on ðΩðRÞÞ c . As the weight of g equals jV 1 j þ 1 þ 2ðjV 2 j − 1Þ ¼ jV 1 j þ 2jV 2 j − 1 < 
the weight of f , we arrive at a contradiction, since f is a γ R -function on ðΩðRÞÞ 

c by 
hypothesis. Therefore, I and J are not comparable under inclusion.

(2) Since jMinðRÞj < ∞, MinðRÞ⊆𝔸ðRÞ * by Lemma 2.9. Let 𝔭 ∈ MinðRÞ. We claim that 
𝔭 can contain at most one member of V 2 .

AJMS

Downloaded from http://ftp.nowpublishers.com/ajms/article-pdf/doi/10.1108/AJMS-01-2026-0003/11763723/ajms-01-2026-0003en.pdf by guest on 27 July 2026



First, we verify that 𝔭 can contain at most two members of V 2 . Suppose that 𝔭 contains at least 
three members of V 2 . Let I 1 ; I 2 ; I 3 be three pairwise distinct members of V 2 such that I i ⊆𝔭 for
each i ∈ f1; 2; 3g. We obtain from (1) that 𝔭 ∉ V 2 . As 𝔸ðRÞ * ¼ 

S 2
i¼0V i , we get that 𝔭 ∈ V 0 ∪

V 1 . If 𝔭 ∈ V 0 , then g ¼ ðV 0 n f𝔭g; V 1 ∪ fI i j i ∈ f1; 2; 3gg; ðV 2 ∪ f𝔭gÞn fI i j i ∈ f1; 2; 3ggÞ is 
an RDF on ðΩðRÞÞ c with the weight of g equals jV 1 j þ 3 þ 2ðjV 2 j þ 1 − 3Þ ¼ jV 1 jþ 
2jV 2 j − 1 < the weight of f , a contradiction, since f is a γ R -function on ðΩðRÞÞ 

c by hypothesis. 
Hence, 𝔭 ∉ V 0 . If 𝔭 ∈ V 1 , then g 0 ¼ ðV 0 ; ðV 1 ∪ fI i j i ∈ f1; 2; 3ggÞn f𝔭g; ðV 2 ∪ f𝔭gÞ n fI i j 
i ∈ f1; 2; 3ggÞ is an RDF on ðΩðRÞÞ c with the weight of g 0 equals jV 1 j þ 2 þ 2 ðjV 2 j
þ1 − 3Þ ¼ jV 1 j þ 2jV 2 j − 2 < the weight of f , a contradiction, since f is a γ R -function on
ðΩðRÞÞ c . Therefore, 𝔭 can contain at most two members of V 2 .

We next show that 𝔭 can contain at most one member of V 2 . Suppose that 𝔭 contains exactly 
two members of V 2 . Let I; J ∈ V 2 be distinct such that 𝔭 contains both I and J but 𝔭 does not 
contain any other member of V 2 . We obtain from (1) that 𝔭 ∉ V 2 . Thus, 𝔭 ∈ V 0 ∪ V 1 . Either
jV 2 j ¼ 2 or jV 2 j > 2. If jV 2 j ¼ 2, then V 2 ¼ fI; Jg. As 𝔭 þ I ¼ 𝔭 ¼ 𝔭 þ J ∈ 𝔸ðRÞ, 𝔭 is not 
adjacent to I (respectively, J) in ðΩðRÞÞ c . Hence, 𝔭 cannot be in V 0 , so 𝔭 ∈ V 1 . Observe that 
g 00 ¼ ðV 0 ; ðV 1 ∪ fI; JgÞn f𝔭g; f𝔭gÞ is an RDF on ðΩðRÞÞ c with the weight of g 00 equals
jV 1 j þ 1 þ 2 < jV 1 j þ 4. As the weight of f equals jV 1 j þ 4, we obtain that the weight of g 00 < 
the weight of f , contradicting the hypothesis that f is a γ R -function on ðΩðRÞÞ 

c . Suppose that
jV 2 j ≥ 3. Let A ∈ V 2 n fI; Jg. There exists 𝔭 0 ∈ MinðRÞ such that A⊆𝔭 0 by Lemma 2.8. Note that 
𝔭 ≠ 𝔭 0 . As any member of MinðRÞ can contain at most two members of V 2 , we get that either 
I⊈𝔭 0 or J⊈𝔭 0 . Without loss of generality, we can assume that J⊈𝔭 0 . Since 𝔭 0 ∈ MinðRÞ and
J⊈𝔭 0 , it follows from Lemma 2.8 that J þ 𝔭 0 ∉ 𝔸ðRÞ. So, J and 𝔭 0 are adjacent in ðΩðRÞÞ c .
Hence, 𝔭 0 cannot belong to V 1 by [21, Proposition 3ðbÞ]. Either A ¼ 𝔭 0 or A ≠ 𝔭 0 . Assume that 
A ≠ 𝔭 0 . Then, 𝔭 0 cannot belong to V 2 by (1). Therefore, 𝔭 0 ∈ V 0 . Since any two distinct members 
of V 2 are not comparable under inclusion, we get that 𝔭 cannot belong to V 2 . As A⊈𝔭, A and 𝔭 
are adjacent in ðΩðRÞÞ c . Hence, 𝔭 cannot belong to V 1 by [21, Proposition 3ðbÞ]. Therefore, 
𝔭 ∈ V 0 . Let g 000 ¼ ððV 0 ∪ fJ; AgÞn f𝔭; 𝔭 0 g; V 1 ∪ fIg; ðV 2 ∪ f𝔭; 𝔭 0 gÞn fI; J; AgÞ. Observe that 
g 000 is an RDF on ðΩðRÞÞ c and the weight of g 000 equals jV 1 j þ 1 þ 2 ðjV 2 jþ 2 − 3Þ
¼ jV 1 j þ 2jV 2 j − 1. As the weight of g 000 is strictly less than the weight of f , we arrive at a 
contradiction to the hypothesis that f is a γ R -function on ðΩðRÞÞ 

c . Suppose that A ¼ 𝔭 0 . If 
g 0000 ¼ ððV 0 ∪ fJgÞn f𝔭g; V 1 ∪ fIg; ðV 2 ∪ f𝔭gÞn fI; JgÞ, then g 

0000 is an RDF on ðΩðRÞÞ c and the 
weight of g 0000 equals jV 1 j þ 1 þ 2ðjV 2 j − 1Þ ¼ jV 1 j þ 2jV 2 j − 1. Thus, the weight of g 0000 is 
strictly less than the weight of f , a contradiction to the hypothesis that f is a γ R -function
on ðΩðRÞÞ c .

Therefore, if 𝔭 is any element of MinðRÞ, then 𝔭 can contain at most one member of V 2 . □ 
If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ, then each 𝔭 ∈ MinðRÞ has degree at least two in

ðΩðRÞÞ c . Hence, if f ¼ ðV 0 ; V 1 ; V 2 Þ is any γ R -function on ðΩðRÞÞ 
c , then V 2 ≠ ∅ by [21, 

Proposition 3ðaÞ]. The following corollary is motivated by [24, Theorem 1.6 ðiiiÞ].

Corollary 3.10. If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ, then there exists a γ R -function 
f ¼ ðV 0 ; V 1 ; V 2 Þ on ðΩðRÞÞ c such that jV 1 j is minimum and V 2 ⊆MinðRÞ.

Proof. Let f ¼ ðV 0 ; V 1 ; V 2 Þ be a γ R -function on ðΩðRÞÞ 
c with jV 1 j is minimum. Note that

V 2 ≠ ∅. Let V 2 ¼ fI i j i ∈ f1; . . . ; tgg. Let i ∈ f1; . . . ; tg. As I i ∈ 𝔸ðRÞ * , there exists 
𝔭 i ∈ MinðRÞ such that I i ⊆𝔭 i by Lemma 2.8. As any member of MinðRÞ can contain at most 
one member of V 2 by Proposition 3.9(2), we get that 𝔭 i ≠ 𝔭 j for all distinct i; j ∈ f1; . . . ; tg. 
Thus, for each i ∈ f1; . . . ; tg, I i ⊆𝔭 i but I i ⊈𝔭 j for all j ∈ f1; . . . ; tgn fig. We consider the 
following cases.

Case(1). t ¼ 1.

If I 1 ¼ 𝔭 1 , then f ¼ ðV 0 ; V 1 ; V 2 ¼ f𝔭 1 gÞ is a γ R -function on ðΩðRÞÞ 
c with jV 1 j is minimum 

and V 2 ⊂ MinðRÞ. Suppose that I 1 ≠ 𝔭 1 . As 𝔭 1 þ I 1 ¼ 𝔭 1 ∈ 𝔸ðRÞ and each member of V 0 must
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be adjacent to I 1 in ðΩðRÞÞ c , we obtain that 𝔭 1 ∈ V 1 . Let f 0 ¼ ðV 0 ; ðV 1 ∪ fI 1 gÞn f𝔭 1 g; f𝔭 1 gÞ is 
an RDF on ðΩðRÞÞ c with the weight of f 0 equals the weight of f . Note that jðV 1
∪ fI 1 gÞn f𝔭 1 gj ¼ jV 1 j.
Case(2). t ≥ 2.

If I i ¼ 𝔭 i for each i ∈ f1; 2; . . . ; tg, then f ¼ ðV 0 ; V 1 ; V 2 Þ is a γ R -function on ðΩðRÞÞ 
c with 

V 2 ⊆MinðRÞ. So, we can assume that I i ≠ 𝔭 i for at least one i ∈ f1; 2; . . . ; tg. Suppose that I i ≠ 𝔭 i 
for each i ∈ f1; 2; . . . ; tg. Let i ∈ f1; 2; . . . ; tg. As 𝔭 i and I j are adjacent in ðΩðRÞÞ 

c for all 
j ∈ f1; 2; . . . ; tgn fig, 𝔭 i cannot belong to V 1 by [21, Proposition 3ðbÞ]. Therefore, 𝔭 i ∈ V 0 . Let 
f 
00 

¼ ðV 0 ∪ fI i j i ∈ f1; 2; . . . ; tgg; V 1 ; f𝔭 i j i ∈ f1; 2; . . . ; tggÞ is an RDF on ðΩðRÞÞ c and the 
weight of f 

00 

equals the weight of f . Suppose that there exists at least one i ∈ f1; 2; . . . ; tg such 
that I i ¼ 𝔭 i and there exists at least one j ∈ f1; 2; . . . ; tg such that I j ≠ 𝔭 j . We can assume 
without loss of generality that there exists s with 1 ≤ s < t such that I i ¼ 𝔭 i for each 
i ∈ f1; . . . ; sg and I j ⊂ 𝔭 j for each j ∈ fs þ 1; . . . ; tg. Observe that 𝔭 j cannot be in V 1 for each 
j ∈ fs þ 1; . . . ; tg. Therefore, 𝔭 j ∈ V 0 for each j ∈ fs þ 1; . . . ; tg. If f 000 ¼ ððV 0 ∪ fI sþ1 ; . . . ; 
I t gÞn f𝔭 j j j ∈ fs þ 1; . . . ; tgg; V 1 ; f𝔭 i j i ∈ f1; 2; . . . ; tggÞ, then f 000 is an RDF on ðΩðRÞÞ c and 
the weight of f 000 equals the weight of f .

Therefore, there exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ on ðΩðRÞÞ 
c such that jV 1 j is 

minimum and V 2 ⊆MinðRÞ. □

Lemma 3.11. Let jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ. If f ¼ ðV 0 ; V 1 ; V 2 Þ is a
γ R -function on ðΩðRÞÞ c with V 2 ⊆MinðRÞ, and if jV 2 j ¼ t < n, then 𝔭 ∈ MaxðRÞ for 
any 𝔭 ∈ MinðRÞn V 2 .

Proof. Let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; 3; . . . ; ngg. Assume that f ¼ ðV 0 ; V 1 ; V 2 Þ is a γ R -function 
on ðΩðRÞÞ c with V 2 ⊆MinðRÞ and jV 2 j ¼ t < n. Observe that t ≥ 1. Without loss of generality, 
we can assume that V 2 ¼ f𝔭 k j k ∈ f1; . . . ; tgg. Then, MinðRÞn V 2 ¼ f𝔭 tþj j j ∈ f1; . . . ; 

n − tgg. Either t ¼ 1 or t ≥ 2. If t ¼ 1, then, V 2 ¼ f𝔭 1 g. Let I ∈ 𝔸ðRÞ * be such that 
VðIÞ \ MinðRÞ ¼ f𝔭 1 g and I ≠ 𝔭 1 . As I and 𝔭 1 are adjacent in ΩðRÞ and each member of V 0 is 
adjacent to 𝔭 1 in ðΩðRÞÞ c , it follows that I ∈ V 1 . As V 1 is finite, we get that
jfA ∈ 𝔸ðRÞ * j VðAÞ \ MinðRÞ ¼ f𝔭 1 ggj ≤ jV 1 j þ 1 < ∞. Let t ≥ 2, and let I ∈ 𝔸ðRÞ * be 
such that VðIÞ \ MinðRÞ ¼ f𝔭 k j k ∈ f1; 2; . . . ; tgg. As t ≥ 2, it follows that I cannot belong to
V 2 . Since I is adjacent to each member of V 2 in ΩðRÞ, it follows that I cannot belong to V 0 .
Hence, I ∈ V 1 . Therefore, I ∈ 𝔸ðRÞ * j VðIÞ \ MinðRÞ ¼ f𝔭 k j k ∈ f1; 2; . . . ; tgg⊆V 1

n 
, so

j I ∈ 𝔸ðRÞ * j VðIÞ \ MinðRÞ ¼ f𝔭 kj k ∈ f1; 2; . . . ; tgg 
� 
� 
� < ∞ 

n
. Therefore, 𝔭 tþj ∈ MaxðRÞ for

each j ∈ f1; . . . ; n − tg by Lemma 2.10. □ 

Corollary 3.12. If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ, and if MinðRÞ \ MaxðRÞ ¼ ∅, 
then γ R ððΩðRÞÞ 

c 
Þ ¼ 2n.

Proof. By hypothesis, jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ and MinðRÞ \ MaxðRÞ ¼ ∅. We 
know from Corollary 3.10 that there exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ such that 
V 2 ⊆MinðRÞ. Let jV 2 j ¼ t. Note that t ≥ 1. Since MinðRÞ \ MaxðRÞ ¼ ∅ by assumption, t ¼ n 
by Lemma 3.11. As γ R ððΩðRÞÞ 

c 
Þ ≤ 2n by Remark 3.8, we obtain that V 1 ¼ ∅ and the weight of 

f equals 2jV 2 j ¼ 2n. Therefore, γ R ððΩðRÞÞ 
c 
Þ ¼ 2n. □

Lemma 3.13. If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ, and if f ¼ ðV 0 ; V 1 ; V 2 Þ is a
γ R -function on ðΩðRÞÞ 

c with jV 1 j is minimum and V 2 ⊆MinðRÞ, then jV 2 j ≥ n − 2.

Proof. Let MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; 3; . . . ; ngg. Assume that f ¼ ðV 0 ; V 1 ; V 2 Þ is a γ R -function 
on ðΩðRÞÞ c with jV 1 j is minimum and V 2 ⊆MinðRÞ. Let jV 2 j ¼ t. Then, t ≥ 1. Thus, if n ¼ 3, 
then jV 2 j ≥ n − 2. Assume that n ≥ 4. Without loss of generality, we can assume that
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V 2 ¼ f𝔭 k j k ∈ f1; . . . ; tgg. Suppose that t < n − 2. Then, n − t ≥ 3. Observe that I 1 ¼ 
Ttþ1

k¼1𝔭 k ; I 2 ¼ I 1 \ 𝔭 tþ2 are distinct members of 𝔸ðRÞ * , and I j is adjacent to each member of
V 2 in ΩðRÞ for each j ∈ f1; 2g. Hence, I j must belong to V 1 for each j ∈ f1; 2g. Observe that 
𝔭 tþ3 ∈ 𝔸ðRÞ 

* and 𝔭 tþ3 − 𝔭 1 is an edge of ðΩðRÞÞ 
c . Since there cannot be any edge of ðΩðRÞÞ c 

which joins one vertex in V 1 and the other in V 2 by [21, Proposition 3ðbÞ], we obtain that 𝔭 tþ3 
must belong to V 0 . As 𝔭 tþ3 is adjacent to I j in ðΩðRÞÞ 

c for each j ∈ f1; 2g, we arrive at a 
contradiction, since any member of V 0 can be adjacent to at most one member of V 1 in ðΩðRÞÞ c 
by [21, Proposition 4ðcÞ]. Hence, t ≥ n − 2. □ 

Corollary 3.14. If jMinðRÞj ¼ n for some n ∈ ℕ with n ≥ 4, then γ R ððΩðRÞÞ 
c 
Þ ≥ 2n − 1. 

Proof. By hypothesis, jMinðRÞj ¼ n for some n ∈ ℕ with n ≥ 4. We know from Corollary 3.10 
that there exists a γ R -function f ¼ ðV 0 ; V 1 ; V 2 Þ with jV 1 j is minimum and V 2 ⊆MinðRÞ. Let 
MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; 3; 4; . . . ; ngg. Let jV 2 j ¼ t. Then, t ≥ n − 2 by Lemma 3.13. Without 
loss of generality, we can assume that V 2 ¼ f𝔭 k j k ∈ f1; . . . ; tgg. Assume that t ¼ n. Then,
γ R ððΩðRÞÞ 

c 
Þ ¼ 2n follows as in the proof of Corollary 3.12. Thus, if t ¼ n, then

γ R ððΩðRÞÞ 
c 
Þ > 2n − 1. Suppose that t ¼ n − 1. As 

T n−1
j¼1 𝔭 j ∈ 𝔸ðRÞ 

* is adjacent to each
member of V 2 in ΩðRÞ, 

T n−1
j¼1 𝔭 j must belong to V 1 . Therefore, γ R ððΩðRÞÞ 

c 
Þ 5 the weight of

f ¼ jV 1 j þ 2jV 2 j ≥ 1 þ 2ðn − 1Þ ¼ 2n − 1. Suppose that t ¼ n − 2. By hypothesis, n ≥ 4. So,
t ¼ n − 2 ≥ 2. Observe that I 1 ¼ 

T n−2
k¼1𝔭 k ; I 2 ¼ I 1 \ 𝔭 n−1 , and I 3 ¼ I 1 \ 𝔭 n are pairwise distinct

members of 𝔸ðRÞ * . Since I j is adjacent to each member of V 2 in ΩðRÞ for each j ∈ f1; 2; 3g, we 
get that I j must belong to V 1 for each j ∈ f1; 2; 3g. Hence, γ R ððΩðRÞÞ 

c 
Þ 5 the weight of

f ¼ jV 1 j þ 2jV 2 j ≥ 3 þ 2ðn − 2Þ ¼ 2n − 1. Thus, if n ≥ 4, then γ R ððΩðRÞÞ 
c 
Þ ≥ 2n − 1. □ 

Lemma 3.15. If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ, and if jMinðRÞ \ MaxðRÞj ≥ 2, then
R is ring-isomorphic to T3F 1 3F 2 , where T is a reduced ring with jMinðTÞj ¼ n − 2 and F i is a 
field for each i ∈ f1; 2g.

Proof. By hypothesis, jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ and jMinðRÞ \ MaxðRÞj ≥ 2. We 
obtain from Lemma 2.12 that R is ring-isomorphic to R 1 3F 1 , where R 1 is a reduced ring with
jMinðR 1 Þj ¼ n − 1 and F 1 is a field. As jMinðRÞ \ MaxðRÞj ≥ 2, it follows that jMinðR 1 Þ
\MaxðR 1 Þj ≥ 1. Hence, R 1 is ring-isomorphic to R 2 3F 2 , where R 2 is a reduced ring with
jMinðR 2 Þj ¼ n − 2 and F 2 is a field by Lemma 2.12. Thus, R is ring-isomorphic to R 2 3F 2 3F 1 . 
Let us denote R 2 by T. Therefore, R is ring-isomorphic to T3F 1 3F 2 , where T is a reduced ring
with jMinðTÞj ¼ n − 2 and F i is a field for each i ∈ f1; 2g. □

Lemma 3.16. If R ¼ D3F 1 3F 2 , where D is an integral domain (D can be a field) and F i is
a field for each i ∈ f1; 2g, then γ R ððΩðRÞÞ 

c 
Þ ¼ 4.

Proof. The ring R ¼ D3F 1 3F 2 , where D is an integral domain and F i is a field for each
i ∈ f1; 2g is reduced with MinðRÞ ¼ f𝔭 1 ¼ ð0Þ3F 1 3F 2 ; 𝔭 2 ¼ D3ð0Þ3F 2 ; 𝔭 3 ¼ D3

F 1 3ð0Þg. Thus, jMinðRÞj ¼ 3. We obtain from Remark 3.8 that γ R ððΩðRÞÞ 
c 
Þ ≥ 4. Let

V 2 ¼ f𝔭 1 g, V 1 ¼ f𝔭 1 \ 𝔭 2 ¼ ð0Þ3ð0Þ3F 2 ; 𝔭 1 \ 𝔭 3 ¼ ð0Þ3F 1 3ð0Þg, and V 0 ¼ 𝔸ðRÞ * n
ðV 1 ∪ V 2 Þ. Let f ¼ ðV 0 ; V 1 ; V 2 Þ. If J ∈ V 0 , then J⊈𝔭 1 . So, J is adjacent to 𝔭 1 in ðΩðRÞÞ 

c.
Hence, f is an RDF on ðΩðRÞÞ c and the weight of f equals jV 1 j þ 2jV 2 j ¼ 4. Therefore,
γ R ððΩðRÞÞ 

c 
Þ ≤ 4, so γ R ððΩðRÞÞ 

c 
Þ ¼ 4. □ 

Corollary 3.17. If jMinðRÞj ¼ 3, and if jMinðRÞ \ MaxðRÞj ≥ 2, then γ R ððΩðRÞÞ 
c 
Þ ¼ 4. 

Proof. By hypothesis, jMinðRÞj ¼ 3 and jMinðRÞ \ MaxðRÞj ≥ 2. As any reduced ring T with
jMinðTÞj ¼ 1 is an integral domain, we obtain from Lemma 3.15 that R is ring-isomorphic to 
D3F 1 3F 2 , where D is an integral domain (D can be a field) and F i is a field for each i ∈ f1; 2g. 
Hence, γ R ððΩðRÞÞ 

c 
Þ ¼ 4 by Lemma 3.16. □
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Lemma 3.18. If R ¼ T3F, where T is a reduced ring such that jMinðTÞj ¼ 2 and 
MinðTÞ \ MaxðTÞ ¼ ∅, and F is a field, then γ R ððΩðRÞÞ 

c 
Þ ¼ 5.

Proof. By hypothesis, R ¼ T3F, where T is a reduced ring such that jMinðTÞj ¼ 2 and 
MinðTÞ \ MaxðTÞ ¼ ∅, and F is a field. Let MinðTÞ ¼ f𝔭 k j k ∈ f1; 2gg. By assumption, 
𝔭 k ∉ MaxðTÞ for each k ∈ f1; 2g. As MinðRÞ ¼ f𝕻 k ¼ 𝔭 k 3Fj k ∈ f1; 2gg ∪ f𝕻 3 ¼ T3ð0Þg, 
we obtain that jMinðRÞj ¼ 3 and 𝕻 k ∉ MaxðRÞ for each k ∈ f1; 2g. If f ¼ ðV 0 ; V 1 ; V 2 Þ is any
γ R -function on ðΩðRÞÞ 

c with V 2 ⊆MinðRÞ, then f𝕻 k j k ∈ f1; 2gg⊆V 2 by Lemma 3.11. Note
that 

T 2
k¼1𝕻 k ¼ ð0Þ3F is a simple R-module and ð0Þ3F ∉ V 2 . We know from Remark 3.8 that

γ R ððΩðRÞÞ 
c 
Þ ≥ 4. If γ R ððΩðRÞÞ 

c 
Þ ¼ 4, then V 2 ¼ f𝕻 k j k ∈ f1; 2gg and V 1 ¼ ∅. So, ð0Þ3F

must be in V 0 , a contradiction, since ð0Þ3F is not adjacent to any member of V 2 in ðΩðRÞÞ c .
Hence, γ R ððΩðRÞÞ 

c 
Þ ≥ 5. If f 0 ¼ ðV 0 ; V 1 ; V 2 Þ is given by V 2 ¼ f𝕻 k j k ∈ f1; 2gg, V 1 ¼

f 
T 2

k¼1𝕻 k ¼ ð0Þ3Fg, and V 0 ¼ 𝔸ðRÞ * n ðV 1 ∪ V 2 Þ, then for any A ∈ V 0 is adjacent to 𝕻 k in
ðΩðRÞÞ c for some k ∈ f1; 2g. So, f 0 is an RDF on ðΩðRÞÞ c . Since the weight of f 0 equals 5, we 
get that γ R ððΩðRÞÞ 

c 
Þ ≤ 5. Therefore, γ R ððΩðRÞÞ 

c 
Þ ¼ 5. □

Corollary 3.19. If jMinðRÞj ¼ 3, and if jMinðRÞ \ MaxðRÞj ¼ 1, then γ R ððΩðRÞÞ 
c 
Þ ¼ 5.

Proof. By hypothesis, jMinðRÞj ¼ 3 and jMinðRÞ \ MaxðRÞj ¼ 1. We obtain from Lemma 
2.12 that R is ring-isomorphic to T3F, where T is a reduced ring with jMinðTÞj ¼ 2 and F is a 
field. As jMinðRÞ \ MaxðRÞj ¼ 1, MinðTÞ \ MaxðTÞ ¼ ∅. Therefore, we obtain from Lemma 
3.18 that γ R ððΩðRÞÞ 

c 
Þ ¼ 5. □

Lemma 3.20. Let n ∈ ℕ be such that n ≥ 4. If R ¼ T3F, where T is a reduced ring with 
MinðTÞ ¼ n − 1 and F is a field, then γ R ððΩðRÞÞ 

c 
Þ ¼ 2n − 1.

Proof. Assume that R ¼ T3F, where T is a reduced ring with jMinðTÞj ¼ n − 1 for some 
n ∈ ℕ with n ≥ 4 and F is a field. Note that R is reduced. Let MinðTÞ ¼ f𝔭 k j 
k ∈ f1; 2; 3; . . . ; n − 1gg. Then, MinðRÞ ¼ f𝕻 k ¼ 𝔭 k 3Fj k ∈ f1; 2; 3; . . . ; n − 1gg ∪ f𝕻 n
¼ T3ð0Þg. Thus, jMinðRÞj ¼ n. Let V 2 ¼ f𝕻 k j k ∈ f1; 2; . . . ; n − 1gg, V 1 ¼ f 

Tn−1
k¼1𝕻 k g, and

V 0 ¼ 𝔸ðRÞ * n ðV 1 ∪ V 2 Þ. Note that 
T n−1

k¼1𝕻 k ¼ ð0Þ3F and ð0Þ3F is a simple R-module. If
A ∈ 𝔸ðRÞ * is such that A ∈ V 0 , then A⊈𝕻 k for some k ∈ f1; 2; . . . ; n − 1g, so A and 𝕻 k are 
adjacent in ðΩðRÞÞ c . Therefore, f ¼ ðV 0 ; V 1 ; V 2 Þ is an RDF on ðΩðRÞÞ c and the weight of f 
equals jV 1 j þ 2jV 2 j ¼ 1 þ 2ðn − 1Þ ¼ 2n − 1. So, γ R ððΩðRÞÞ 

c 
Þ ≤ 2n − 1. As n ≥ 4 by 

hypothesis, γ R ððΩðRÞÞ 
c 
Þ ≥ 2n − 1 by Corollary 3.14. Therefore, γ R ððΩðRÞÞ 

c 
Þ ¼ 2n − 1. □

Corollary 3.21. If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 4Þ, and if jMinðRÞ \ MaxðRÞj ≥ 1, 
then γ R ððΩðRÞÞ 

c 
Þ ¼ 2n − 1.

Proof. By hypothesis, jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 4Þ and jMinðRÞ \ MaxðRÞj ≥ 1. We 
obtain from Lemma 2.12 that R is ring-isomorphic to T3F, where T is a reduced ring with
jMinðTÞj ¼ n − 1 and F is a field. From Lemma 3.20, we obtain that γ R ððΩðRÞÞ 

c 
Þ ¼ 2n − 1.□

Theorem 3.22. If jMinðRÞj ¼ n for some n ∈ ℕ ðn ≥ 3Þ, then the following statements hold.

(1) If MinðRÞ \ MaxðRÞ ¼ ∅, then γ R ððΩðRÞÞ 
c 
Þ ¼ 2n.

(2) If n ¼ 3, and if jMinðRÞ \ MaxðRÞj ≥ 2, then γ R ððΩðRÞÞ 
c 
Þ ¼ 4 and R is ring-

isomorphic to D3F 1 3F 2 , where D is an integral domain (D can be a field) and F i is a 
field for each i ∈ f1; 2g. If n ¼ 3, and if jMinðRÞ \ MaxðRÞj ¼ 1, then γ R
ððΩðRÞÞ c Þ ¼ 5, and R is ring-isomorphic to T3F, where T is a reduced ring with
jMinðTÞj ¼ 2, MinðTÞ \ MaxðTÞ ¼ ∅, and F is a field.

(3) If n ≥ 4, and jMinðRÞ \ MaxðRÞj ≥ 1, then γ R ððΩðRÞÞ 
c 
Þ ¼ 2n − 1, and R is ring-

isomorphic to T3F, where T is a reduced ring with jMinðTÞj ¼ n − 1, 
MinðTÞ \ MaxðTÞ can be nonempty, and F is a field.
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Proof. By hypothesis, jMinðRÞj ¼ n for some n ∈ ℕ with n ≥ 3. Let MinðRÞ ¼ f𝔭 i j i ∈
f1; 2; 3; . . . ; ngg. We have noted in Remark 3.1 that γððΩðRÞÞ c Þ ¼ n and observed in Remark 
3.8 that n þ 1 ≤ γ R ððΩðRÞÞ 

c 
Þ ≤ 2n.

(1) If MinðRÞ \ MaxðRÞ ¼ ∅, then γ R ððΩðRÞÞ 
c 
Þ ¼ 2n by Corollary 3.12.

(2) Assume that n ¼ 3. If jMinðRÞ \ MaxðRÞj ≥ 2, then we obtain from the proof of 
Corollary 3.17 that R is ring-isomorphic to D3F 1 3F 2 , where D is an integral domain 
(D can be a field) and F i is a field for each i ∈ f1; 2g, and γ R ððΩðRÞÞ 

c 
Þ ¼ 4. If

jMinðRÞ \ MaxðRÞj ¼ 1, then we know from the proof of Corollary 3.19 that R is ring-
isomorphic to T3F, where T is a reduced ring with jMinðTÞj ¼ 2, MinðTÞ\ 
MaxðTÞ ¼ ∅ and F is a field, and γ R ððΩðRÞÞ 

c 
Þ ¼ 5.

(3) Assume that n ≥ 4 and jMinðRÞ \ MaxðRÞj ≥ 1. Then, we know from the proof of 
Corollary 3.21 that R is ring-isomorphic to T3F, where T is a reduced ring with
jMinðTÞj ¼ n − 1 (MinðTÞ \ MaxðTÞ can be nonempty) and F is a field, and
γ R ððΩðRÞÞ 

c 
Þ ¼ 2n − 1. □

The following example illustrates the results proved in this section. 

Example 3.23.

(1) Let n ∈ ℕ be such that n ≥ 3. If R ¼ ℤ3ℤ3ℤ3 � � � 3ℤ (n times), then
γ R ððΩðRÞÞ 

c 
Þ ¼ 2n.

(2) Let n; T; R be as in the statement of Lemma 3.6 with n ≥ 3. Then, γ R ððΩðRÞÞ 
c 
Þ ¼ 2n 

and R cannot be expressed as the direct product of two non-trivial rings.

(3) Let n; T; R be as in (2) with n ≥ 3, and let F be a field. Then, γ R ððΩ ðR3FÞÞ c Þ
¼ 2ðn þ 1Þ − 1 ¼ 2n þ 1.

(4) If R ¼ ℤ3ℤ 3 3ℤ 5 , then γ R ððΩðRÞÞ 
c 
Þ ¼ 4.

(5) If R ¼ ℤ3ℤ3ℤ 3 , then γ R ððΩðRÞÞ 
c 
Þ ¼ 5. 

Proof.

(1) Note that R ¼ ℤ3ℤ3ℤ3 � � � 3ℤ (n times, n ≥ 3) is a reduced ring. Let i ∈
f1; 2; 3; . . . ; ng. Let 𝔭 i ¼ I 1i 3I 2i 3I 3i 3 � � �3I ni with I ii ¼ ð0Þ and I ji ¼ ℤ for all j ∈
f1; 2; 3; . . . ; ngn fig. Then, MinðRÞ ¼ f𝔭 i j i ∈ f1; 2; 3; . . . ; ngg. Thus, jMinðRÞ
j ¼ n. As ℤ is not a field, we get that 𝔭 i ∉ MaxðRÞ for each i ∈ f1; 2; 3; . . . ; ng.
Hence, γ R ððΩðRÞÞ 

c 
Þ ¼ 2n by Theorem 3.22(1).

(2) In the notation of the statement of Lemma 3.6, R ¼ TI, where T ¼ K½X 1 ; X 2 ;
X 3 ; . . . ; X n � and I ¼ Tð 

Qn
i¼1X i Þ. We have noted in the proof of Lemma 3.6 that R is

reduced with MinðRÞ ¼ f𝔭 i ¼ RðX i þ IÞj i ∈ f1; 2; 3; . . . ; ngg and R has no non-
trivial idempotent element. Thus, jMinðRÞj ¼ n and R cannot be expressed as the 
direct product of two non-trivial rings. As for each i ∈ f1; 2; 3; . . . ; ng,
𝔭 i ⊂ 

P n
k¼1RðX k þ IÞ ⊂ R, it follows that 𝔭 i ∉ MaxðRÞ. Hence, γ R ððΩðRÞÞ 

c 
Þ ¼ 2n by

Theorem 3.22(1).

(3) Let n; T; R be as in the statement of Lemma 3.6. Let F be a field. Observe that R3F is a 
reduced ring with jMinðR3FÞj ¼ n þ 1 ≥ 4. We obtain from Theorem 3.22(3) that
γ R ððΩðRÞÞ 

c 
Þ ¼ 2ðn þ 1Þ − 1 ¼ 2n þ 1.

(4) Assume that R ¼ ℤ3ℤ 3 3ℤ 5 . Since ℤ is an integral domain, and ℤ 3 (respectively, ℤ 5 ) 
is a field, we obtain from Lemma 3.16 that γ R ððΩðRÞÞ 

c 
Þ ¼ 4.

(5) Assume that R ¼ ℤ3ℤ3ℤ 3 . Note that T ¼ ℤ3ℤ is a reduced ring jMinðTÞj ¼ 2, 
MinðTÞ \ MaxðTÞ ¼ ∅, and ℤ 3 is a field. So, γ R ððΩðRÞÞ 

c 
Þ ¼ 5 by Lemma 3.18. □
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