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ABSTRACT With ever increasing penetration of distributed generation, voltage control has become a new challenge for distribution networks. 
Conventionally, to control the system, perturb-and-observe or Jacobian matrix inversion approaches are used to evaluate the impact of active 
and reactive power of distributed generators on voltage magnitudes. However, these approaches require constantly updating the Jacobian matrix 
or running several power flow simulations for different system states, which can be computationally cumbersome. In this work, we propose 
developing polynomial surrogates that approximate the voltage level as a function of power consumption, distributed power generation and 
power factor of distributed generators.  Polynomial surrogates can be efficiently used for probabilistic analysis and control of the distribution 
network. The effectiveness of the proposed surrogate-based method is demonstrated on the IEEE 33-bus system, in the presence of a large 
number of correlated random inputs.    
 

1. Introduction 

Future power distribution networks will involve large 
penetration of renewable distributed generation (DG) units 
(Alanne and Saari, 2006). The penetration of DG units can 
improve power system efficiency and reliability and reduce it’s 
vulnerability as a result of increase in power supply capacity 
and reduction in transmission loss (Hung and Mithulananthan, 
2013). However, along with all advantages of DG integration, 
it also causes major challenges. Voltage control is one of the 
main challenges that high penetration level of DGs imposes 
(Coster et al., 2011). To reliably control voltage, it is necessary 
to understand how changes in active and reactive power of DGs 
impact the voltage profile of the network. This can be viewed 
in the context of sensitivity analysis. 

Conventionally, local sensitivity analysis such as inverse of 
Jacobian matrix (Valverde and Van Cutsem, 2013), and 
perturb-and-observe approach (Tamp and Ciufo, 2014) are 
used to evaluate the change in voltage at a specific bus as a 
result of a change in active and/or reactive power at another 
bus. The main issue about these approaches is that they do not 
provide analytical insights on the impact of change in power 
on the voltage profile. Therefore, one has to constantly monitor 
the system and update the Jacobian matrix or run several power 
flow simulations for different system states during the 
operation. Recently, some studies have investigated the 
analytical approximation of voltage change. For instance, 
Weckx et al. (2015) used data to approximate voltage change 
as a linear function. Simplifying voltage profile as a linear 
function of system inputs, however, may not be accurate. 
Zhang et al. (2018) used a surface fitting approach to 
approximate voltage, which required a very large number of 
simulations. Additionally, power consumption was considered 
to be deterministic and not random. However, it is necessary to 

account for random behavior of consumers and renewable 
energy sources as it causes random fluctuations in voltage 
profile of distribution network. Jhala et al. (2017) derived an 
upperbound for change in voltage at a specific bus as a result 
of change in active and reactive power at other buses. Although 
the upperbound was verified using simulations, it may be 
substantially greater than the actual voltage change and result 
in misleading voltage analysis. 

In this work, we consider power consumption and distributed 
power generation at all buses to be correlated random 
variables. We propose a novel approach to approximate 
voltage as a polynomial function of power consumption, power 
generation from DGs, and power factor of DGs at each bus. We 
also consider a scenario, where not all the DGs can be 
controlled. In this scenario the percentages of generated active 
power from the DGs that can be controlled at each bus are also 
considered as explanatory variables in voltage approximation. 
This approximated function can then be considered as a 
computationally cheap surrogate for power flow model. 
Although recently polynomial surrogate has been successfully 
used in probabilistic power flow analysis (Ni et al., 2017; Ren 
et al., 2016), it has not yet been used for probabilistic analysis 
of distribution networks with DGs. We use compressive 
sampling to approximate the surrogate and show that, with a 
relatively small number of simulations, a polynomial surrogate 
can be accurately constructed. Not only does this surrogate 
give analytical insights on how changes in power at a given bus 
impact voltages at other buses, but it can also be used for global 
sensitivity analysis and calculating probability distributions of 
voltage. Therefore, it can be applied for model predictive 
control of a distribution network with DGs or for planning and 
evaluating effect of integrating DGs into a distribution 
network. We will demonstrate the validity and efficiency of our 
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proposed surrogate-based probabilistic and sensitivity analysis 
approach on the IEEE 33-bus system. 
This paper is organized as follows. Section 2 presents general 
concepts and theoretical background in polynomial 
approximation. In Section 3, we introduce our proposed 
surrogate-based probabilistic voltage sensitivity approach. 
Finally, Section 4 includes the tests results and discussion. 
 

2. Polynomial Surrogate 

This section introduces polynomial chaos expansion (PCE) and 
explains how compressive sampling can be applied to estimate 
the coefficients of a PCE. 

2.1 Polynomial chaos expansion 
To expedite the stochastic computation in the analysis and 
design of complex systems, analytical surrogates that 
approximate and replace full-scale simulation models have 
been extensively used. Polynomial chaos expansion is one of 
the most widely adopted surrogates, which approximates the 
system response by a polynomial function in the space of 
random parameters (Doostan and Owhadi, 2011; Xiu, 2010) . 

PC expansion is a spectral technique to approximate stochastic 
models using orthogonal polynomials of random inputs. Let 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿 
be a tensor-product domain that is the support of X, where 𝑿𝑿𝑿𝑿 =
(𝑋𝑋𝑋𝑋1,⋯ ,𝑋𝑋𝑋𝑋𝑑𝑑𝑑𝑑) is the vector of independent random variables, i.e.   
𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖 ∈  𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿𝒊𝒊𝒊𝒊  and  𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿 = ×𝑖𝑖𝑖𝑖=1

𝑑𝑑𝑑𝑑 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿𝒊𝒊𝒊𝒊 . Also, let 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖: 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿𝒊𝒊𝒊𝒊 →  ℝ+ be the 
probability measure for variable 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖 and let 𝜌𝜌𝜌𝜌 (𝑿𝑿𝑿𝑿) =
 ∏ 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖(𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖)𝒅𝒅𝒅𝒅

𝒊𝒊𝒊𝒊=𝟏𝟏𝟏𝟏 . Given this setting, the set of univariate 
orthonormal polynomials, {𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼,𝑖𝑖𝑖𝑖}α∈ℕ0 , satisfies 

∫ 𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼,𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝐼𝐼𝐼𝐼𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
)𝜓𝜓𝜓𝜓𝛽𝛽𝛽𝛽,𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖)𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖) 𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖 =  𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽,   𝛼𝛼𝛼𝛼,𝛽𝛽𝛽𝛽 ∈  ℕ0,               (1) 

where ℕ0 =  ℕ ∪  {0}, and 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽 is the Kronecker delta 
function. Therefore, the density function of 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖, 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖(𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖), 
determines the type of polynomial. For example, Gaussian and 
uniform probability distributions enforce Hermite and 
Legendre polynomials, respectively.  The d-dimensional 
orthonormal polynomials are then derived from the 
multiplication of one dimensional polynomials in all 
dimensions. For example, 

𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(𝒙𝒙𝒙𝒙) =  𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼1,1(𝑥𝑥𝑥𝑥1)𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼2,2(𝑥𝑥𝑥𝑥2)⋯𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼𝑑𝑑𝑑𝑑,𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥𝑑𝑑𝑑𝑑),                           (2) 

where 𝜶𝜶𝜶𝜶 =  (𝛼𝛼𝛼𝛼1,𝛼𝛼𝛼𝛼2, ⋯ ,𝛼𝛼𝛼𝛼𝑑𝑑𝑑𝑑). Consequently, we have 

∫ 𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(𝒙𝒙𝒙𝒙𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿
)𝜓𝜓𝜓𝜓𝜷𝜷𝜷𝜷(𝒙𝒙𝒙𝒙)𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥) 𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙 =  𝛿𝛿𝛿𝛿𝜶𝜶𝜶𝜶𝜷𝜷𝜷𝜷,    𝜶𝜶𝜶𝜶,𝜷𝜷𝜷𝜷 ∈  ℕ0

𝑑𝑑𝑑𝑑 .                    (3) 

Using this construction, any function u(X): 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿 →  ℝ that is 
square-integrable can be represented as 

𝑢𝑢𝑢𝑢(X) = ∑ 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝛂𝛂𝛂𝛂𝛂ℕ0
𝑑𝑑𝑑𝑑 𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(X),                                                            (4) 

where  {𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶}𝜶𝜶𝜶𝜶∈ ℕ0
𝑑𝑑𝑑𝑑   is the set of orthonormal basis functions  

satisfying Equation (3) (Xiu, 2010).  

However, for computation's sake, u(X) is approximated by a 
finite order truncation of PC expansion given by 

𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) = ∑ 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝛂𝛂𝛂𝛂𝛂ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼(X),                                                        (5) 

where k is the total order of the polynomial expansion and 
ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 is the set of multi-indices defined as 

ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 ≔ {𝜶𝜶𝜶𝜶 ∈ ℕ0
𝑑𝑑𝑑𝑑: ‖𝜶𝜶𝜶𝜶‖1 ≤  𝑘𝑘𝑘𝑘}.                                                 (6) 

The cardinality of  ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘, i.e. the number of expansion terms, 
here denoted by K, is a function of d and k according to 

K ≔ �ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘� =  (𝑘𝑘𝑘𝑘+𝑑𝑑𝑑𝑑)!
𝑘𝑘𝑘𝑘!𝑑𝑑𝑑𝑑!

.                                                            (7) 

Given this setting,  𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) approximates 𝑢𝑢𝑢𝑢(X) in a proper sense 
and is referred to as the k-th degree PC approximation of 𝑢𝑢𝑢𝑢(X). 
Regression is widely used to estimate PC coefficients (Shin 
and Xiu, 2016). For regression, the fundamentals of linear 
algebra require the number of samples (simulations) to be 
equal or greater than the number of unknown coefficients, K. 
Motivated by the fact that system response is sparse with 
respect to PC basis in many high-dimensional problems, 
compressive sampling has been employed to estimate PC 
coefficients with significantly smaller number of samples 
(simulations) than the coefficients (Doostan and Owhadi, 
2011). In what follows, a brief background on compressive 
sampling for PC  estimation is provided.   
 
2.2 PC estimation using compressive sampling 
Compressive sampling was first introduced in the field of 
signal processing where conventionally the Shannon-Nyquist 
sampling rate (Candes and Wakin, 2008) determined the 
number of samples required to recover a signal. Compressive 
sampling allows for successful signal recovery using 
significantly fewer samples when the signal of interest is 
sparse. Recently, compressive sampling has gained substantial 
attention in estimating PC coefficients (Doostan and Owhadi, 
2011). It is aimed to calculate the vector of unknown expansion 
coefficients c = (𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶1;⋯; 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝐾𝐾𝐾𝐾 ) in Equation (5), given M samples 
of  systems response, denoted by the data vector 𝒖𝒖𝒖𝒖 =
 (𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥(1)),⋯  ,𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥(𝑀𝑀𝑀𝑀)))T. These sampled outputs are evaluated 
at the M random realizations of the system input X. Requiring 
𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿) in Equation (5) to approximate u(𝑿𝑿𝑿𝑿) results in 
following system of question, 

𝛙𝛙𝛙𝛙𝒄𝒄𝒄𝒄 =  𝒖𝒖𝒖𝒖,                                                                                   (9) 

where 𝛙𝛙𝛙𝛙 is the model matrix, constructed according to   

𝛙𝛙𝛙𝛙 =  [𝜓𝜓𝜓𝜓𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖],   𝜓𝜓𝜓𝜓𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =   𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥
(𝑖𝑖𝑖𝑖)),  1≤ 𝑖𝑖𝑖𝑖 ≤ 𝑀𝑀𝑀𝑀, 1≤ 𝑖𝑖𝑖𝑖 ≤ 𝐾𝐾𝐾𝐾.  (10) 

  
We are interested in the underdetermined cases, where M≪ K, 
and infinitely many solutions for 𝒄𝒄𝒄𝒄 may exist. Compressive 
sampling approach can be readily borrowed to find the sparsest 
solution, by formulating the sparse recovery problem as 
 
min
𝒄𝒄𝒄𝒄
‖𝒄𝒄𝒄𝒄‖0  subject to  𝛙𝛙𝛙𝛙𝒄𝒄𝒄𝒄 =  𝒖𝒖𝒖𝒖;                                   (11) 

 

 
 

where ‖𝒄𝒄𝒄𝒄‖0indicates the ℓ0-norm, i.e. the number of non zero 
terms. However, since ℓ0-norm is non-convex and 
discontinuous, the above problem is NP-hard. Therefore, 
ℓ0 minimization is usually replaced by its convex relaxation 
where ℓ1-norm of the solution c is minimized instead, i.e. 
 
min
𝒄𝒄𝒄𝒄
‖𝒄𝒄𝒄𝒄‖1  subject to  𝛙𝛙𝛙𝛙𝒄𝒄𝒄𝒄 =  𝒖𝒖𝒖𝒖;                                   (12) 

 
When 𝛙𝛙𝛙𝛙 is sufficiently incoherent and 𝒄𝒄𝒄𝒄 is sufficiently sparse, 
the solution of  ℓ0 minimization is unique and is equal to the 
solution of ℓ1 minimization (Bruckstein et al, 2009). Several 
packages are available to solve minimization (12). In this work, 
we use the ‘ConstrainedL1.m’ code available by Lou (2017) 
for solving (12). In next section, we explain how compressive 
sampling can be applied to develop a surrogate for power flow 
model in a distribution network with DGs and facilitate 
probabilistic voltage sensitivity analysis. 
 
3. Surrogate-based Probabilistic Voltage 
Sensitivity Analysis Approach 

In this section, we discuss how to consider power factors of 
distributed generators as explanatory variables in the voltage 
estimation using PCE and how to address the correlation 
between random inputs. We also explain how to perform 
probabilistic voltage sensitivity analysis using the estimated 
polynomial surrogate. 
 
3.1 Power factor of distributed generators and 
correlated random inputs 
Power factors of distributed generators are one of the main 
control factors in distribution networks. Therefore, they appear 
in the optimization or control problems as decision variables 
whose optimal values are identified. We aim the developed 
polynomial surrogates to analytically evaluate the probabilistic 
system conditions given various choices of power factors. To 
this end, we include power factors as input variables of PC 
surrogates, in addition to random inputs. Specifically, we treat 
power factors as input variables uniformly distributed between 
a minimum and maximum allowable values. In other words, 
the samples used to construct the polynomial surrogates are 
uniformly distributed in the space of allowable power factors. 
It should be noted that once the PCE is trained, for probabilistic 
analysis, we treat these power factors as control variables, and 
perform probabilistic analysis at fixed values for power factors. 

We consider active power consumption at all buses to be 
normally distributed and positively correlated. Similarly, 
active power generation from distributed generators at all buses 
are considered to be normally distributed and positively 
correlated. To construct the PCE surrogate for correlated 
random inputs, common practice is to convert correlated 
variables to independent random variables using Cholesky 
decomposition or Copula (Ni et al, (2017), Ren et al, (2016)). 
However, we found this step in constructing PCE to be 
unnecessary. It should be noted that the reason for converting 
correlated input variables to uncorrelated variables is to 
maintain the orthogonality of PC basis functions. The 
orthogonality of PC basis is essential to have incoherent model 

matrix and consequently accurate PCE approximation. To 
achieve an incoherent model matrix, instead of converting 
input variables to uncorrelated variables, we generate input 
samples used in model matrix under the assumption that input 
variables are uncorrelated. Once the PCE surrogate is 
constructed, in order to calculate voltage probability 
distributions and perform sensitivity analysis we evaluate the 
constructed surrogate at correlated input samples obtained 
based on the correlation matrix. 

3.2 Sensitivity analysis  

Sensitivity analysis aims at determining how variability (or 
uncertainty) in each input impacts the variability (or 
uncertainty) in system’s response. One of the most widely used 
global sensitivity analysis approaches is the Sobol’ method 
(Sobol, 2001) in which the variance of system’s response is 
decomposed as summation of variances of different terms in 
the model and sensitivity is evaluated by Sobol’ indices. 
Traditionally, Sobol’ indices are calculated using Monte Carlo 
simulations. However, having constructed a PCE surrogate to 
replace expensive simulations, Sobol’ indices can be 
calculated with minimal computation cost (Sudret, 2008). To 
evaluate Sobol’ indices using PCE surrogate, we first need to 
decompose the PCE expansion based on the indices of its 
terms. Let us define 𝜈𝜈𝜈𝜈 to be a generic index set,  𝜈𝜈𝜈𝜈 ⊂{1, ⋯, d}. 
We also define ᴧ𝜈𝜈𝜈𝜈

𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 to be a set that contains all the multi-
indices within ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 that have non-zero terms 𝛼𝛼𝛼𝛼𝑝𝑝𝑝𝑝 ≠ 0 only and 
only if p ∈ 𝜈𝜈𝜈𝜈: 
 
ᴧ𝜈𝜈𝜈𝜈
𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 = { 𝛼𝛼𝛼𝛼 ∈  ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 ∶  𝑝𝑝𝑝𝑝 ∈ 𝜈𝜈𝜈𝜈 ↔  𝛼𝛼𝛼𝛼𝑝𝑝𝑝𝑝 ≠ 0, 𝑝𝑝𝑝𝑝 = 1; ⋯; d }.      (13) 

 
We can now rewrite PCE as the summation of terms that only 
depend on the input variables 𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈, where 𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈 is the subvector of 
X and includes the components in X that are labeled by the 
indices in 𝜈𝜈𝜈𝜈: 

𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) = 𝑐𝑐𝑐𝑐0 + ∑ 𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)𝜈𝜈𝜈𝜈⊂{1,⋯,𝑑𝑑𝑑𝑑} ,                                         (14) 

where,  

 𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)  =  ∑ 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝛂𝛂𝛂𝛂∈ᴧ𝜈𝜈𝜈𝜈
𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈).                                             (15) 

Even though the PCE in this work is built under the assumption 
that input variables are uncorrelated, one must account for 
correlation when Sobol’ indices are calculated. When X is a 
vector of correlated variables, the variance of 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) can be 
calculated as 

Var(𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X)) = ∑ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿)]𝜈𝜈𝜈𝜈⊂{1,⋯,𝑑𝑑𝑑𝑑} ,                  (16) 

where, 

 ∑ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿)]𝜈𝜈𝜈𝜈⊂{1,⋯,𝑑𝑑𝑑𝑑} = Var (𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)) + 
∑ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝜂𝜂𝜂𝜂𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜂𝜂𝜂𝜂)]𝜈𝜈𝜈𝜈 ≠ 𝜂𝜂𝜂𝜂 .                                            (17) 

To calculate total covariance-based sensitivity indices 𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 

structural (physical) sensitivity indices,  𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑆𝑆𝑆𝑆), and correlative 
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proposed surrogate-based probabilistic and sensitivity analysis 
approach on the IEEE 33-bus system. 
This paper is organized as follows. Section 2 presents general 
concepts and theoretical background in polynomial 
approximation. In Section 3, we introduce our proposed 
surrogate-based probabilistic voltage sensitivity approach. 
Finally, Section 4 includes the tests results and discussion. 
 

2. Polynomial Surrogate 

This section introduces polynomial chaos expansion (PCE) and 
explains how compressive sampling can be applied to estimate 
the coefficients of a PCE. 

2.1 Polynomial chaos expansion 
To expedite the stochastic computation in the analysis and 
design of complex systems, analytical surrogates that 
approximate and replace full-scale simulation models have 
been extensively used. Polynomial chaos expansion is one of 
the most widely adopted surrogates, which approximates the 
system response by a polynomial function in the space of 
random parameters (Doostan and Owhadi, 2011; Xiu, 2010) . 

PC expansion is a spectral technique to approximate stochastic 
models using orthogonal polynomials of random inputs. Let 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿 
be a tensor-product domain that is the support of X, where 𝑿𝑿𝑿𝑿 =
(𝑋𝑋𝑋𝑋1,⋯ ,𝑋𝑋𝑋𝑋𝑑𝑑𝑑𝑑) is the vector of independent random variables, i.e.   
𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖 ∈  𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿𝒊𝒊𝒊𝒊  and  𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿 = ×𝑖𝑖𝑖𝑖=1

𝑑𝑑𝑑𝑑 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿𝒊𝒊𝒊𝒊 . Also, let 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖: 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿𝒊𝒊𝒊𝒊 →  ℝ+ be the 
probability measure for variable 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖 and let 𝜌𝜌𝜌𝜌 (𝑿𝑿𝑿𝑿) =
 ∏ 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖(𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖)𝒅𝒅𝒅𝒅

𝒊𝒊𝒊𝒊=𝟏𝟏𝟏𝟏 . Given this setting, the set of univariate 
orthonormal polynomials, {𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼,𝑖𝑖𝑖𝑖}α∈ℕ0 , satisfies 

∫ 𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼,𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖𝐼𝐼𝐼𝐼𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖
)𝜓𝜓𝜓𝜓𝛽𝛽𝛽𝛽,𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖)𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖) 𝑑𝑑𝑑𝑑𝑥𝑥𝑥𝑥𝑖𝑖𝑖𝑖 =  𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽,   𝛼𝛼𝛼𝛼,𝛽𝛽𝛽𝛽 ∈  ℕ0,               (1) 

where ℕ0 =  ℕ ∪  {0}, and 𝛿𝛿𝛿𝛿𝛼𝛼𝛼𝛼𝛽𝛽𝛽𝛽 is the Kronecker delta 
function. Therefore, the density function of 𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖, 𝜌𝜌𝜌𝜌𝑖𝑖𝑖𝑖(𝑋𝑋𝑋𝑋𝑖𝑖𝑖𝑖), 
determines the type of polynomial. For example, Gaussian and 
uniform probability distributions enforce Hermite and 
Legendre polynomials, respectively.  The d-dimensional 
orthonormal polynomials are then derived from the 
multiplication of one dimensional polynomials in all 
dimensions. For example, 

𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(𝒙𝒙𝒙𝒙) =  𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼1,1(𝑥𝑥𝑥𝑥1)𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼2,2(𝑥𝑥𝑥𝑥2)⋯𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼𝑑𝑑𝑑𝑑,𝑑𝑑𝑑𝑑(𝑥𝑥𝑥𝑥𝑑𝑑𝑑𝑑),                           (2) 

where 𝜶𝜶𝜶𝜶 =  (𝛼𝛼𝛼𝛼1,𝛼𝛼𝛼𝛼2, ⋯ ,𝛼𝛼𝛼𝛼𝑑𝑑𝑑𝑑). Consequently, we have 

∫ 𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(𝒙𝒙𝒙𝒙𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿
)𝜓𝜓𝜓𝜓𝜷𝜷𝜷𝜷(𝒙𝒙𝒙𝒙)𝜌𝜌𝜌𝜌(𝑥𝑥𝑥𝑥) 𝑑𝑑𝑑𝑑𝒙𝒙𝒙𝒙 =  𝛿𝛿𝛿𝛿𝜶𝜶𝜶𝜶𝜷𝜷𝜷𝜷,    𝜶𝜶𝜶𝜶,𝜷𝜷𝜷𝜷 ∈  ℕ0

𝑑𝑑𝑑𝑑 .                    (3) 

Using this construction, any function u(X): 𝐼𝐼𝐼𝐼𝑿𝑿𝑿𝑿 →  ℝ that is 
square-integrable can be represented as 

𝑢𝑢𝑢𝑢(X) = ∑ 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝛂𝛂𝛂𝛂𝛂ℕ0
𝑑𝑑𝑑𝑑 𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(X),                                                            (4) 

where  {𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶}𝜶𝜶𝜶𝜶∈ ℕ0
𝑑𝑑𝑑𝑑   is the set of orthonormal basis functions  

satisfying Equation (3) (Xiu, 2010).  

However, for computation's sake, u(X) is approximated by a 
finite order truncation of PC expansion given by 

𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) = ∑ 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝛂𝛂𝛂𝛂𝛂ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 𝜓𝜓𝜓𝜓𝛼𝛼𝛼𝛼(X),                                                        (5) 

where k is the total order of the polynomial expansion and 
ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 is the set of multi-indices defined as 

ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 ≔ {𝜶𝜶𝜶𝜶 ∈ ℕ0
𝑑𝑑𝑑𝑑: ‖𝜶𝜶𝜶𝜶‖1 ≤  𝑘𝑘𝑘𝑘}.                                                 (6) 

The cardinality of  ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘, i.e. the number of expansion terms, 
here denoted by K, is a function of d and k according to 

K ≔ �ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘� =  (𝑘𝑘𝑘𝑘+𝑑𝑑𝑑𝑑)!
𝑘𝑘𝑘𝑘!𝑑𝑑𝑑𝑑!

.                                                            (7) 

Given this setting,  𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) approximates 𝑢𝑢𝑢𝑢(X) in a proper sense 
and is referred to as the k-th degree PC approximation of 𝑢𝑢𝑢𝑢(X). 
Regression is widely used to estimate PC coefficients (Shin 
and Xiu, 2016). For regression, the fundamentals of linear 
algebra require the number of samples (simulations) to be 
equal or greater than the number of unknown coefficients, K. 
Motivated by the fact that system response is sparse with 
respect to PC basis in many high-dimensional problems, 
compressive sampling has been employed to estimate PC 
coefficients with significantly smaller number of samples 
(simulations) than the coefficients (Doostan and Owhadi, 
2011). In what follows, a brief background on compressive 
sampling for PC  estimation is provided.   
 
2.2 PC estimation using compressive sampling 
Compressive sampling was first introduced in the field of 
signal processing where conventionally the Shannon-Nyquist 
sampling rate (Candes and Wakin, 2008) determined the 
number of samples required to recover a signal. Compressive 
sampling allows for successful signal recovery using 
significantly fewer samples when the signal of interest is 
sparse. Recently, compressive sampling has gained substantial 
attention in estimating PC coefficients (Doostan and Owhadi, 
2011). It is aimed to calculate the vector of unknown expansion 
coefficients c = (𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶1;⋯; 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝐾𝐾𝐾𝐾 ) in Equation (5), given M samples 
of  systems response, denoted by the data vector 𝒖𝒖𝒖𝒖 =
 (𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥(1)),⋯  ,𝑢𝑢𝑢𝑢(𝑥𝑥𝑥𝑥(𝑀𝑀𝑀𝑀)))T. These sampled outputs are evaluated 
at the M random realizations of the system input X. Requiring 
𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿) in Equation (5) to approximate u(𝑿𝑿𝑿𝑿) results in 
following system of question, 

𝛙𝛙𝛙𝛙𝒄𝒄𝒄𝒄 =  𝒖𝒖𝒖𝒖,                                                                                   (9) 

where 𝛙𝛙𝛙𝛙 is the model matrix, constructed according to   

𝛙𝛙𝛙𝛙 =  [𝜓𝜓𝜓𝜓𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖],   𝜓𝜓𝜓𝜓𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 =   𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶𝑖𝑖𝑖𝑖(𝑥𝑥𝑥𝑥
(𝑖𝑖𝑖𝑖)),  1≤ 𝑖𝑖𝑖𝑖 ≤ 𝑀𝑀𝑀𝑀, 1≤ 𝑖𝑖𝑖𝑖 ≤ 𝐾𝐾𝐾𝐾.  (10) 

  
We are interested in the underdetermined cases, where M≪ K, 
and infinitely many solutions for 𝒄𝒄𝒄𝒄 may exist. Compressive 
sampling approach can be readily borrowed to find the sparsest 
solution, by formulating the sparse recovery problem as 
 
min
𝒄𝒄𝒄𝒄
‖𝒄𝒄𝒄𝒄‖0  subject to  𝛙𝛙𝛙𝛙𝒄𝒄𝒄𝒄 =  𝒖𝒖𝒖𝒖;                                   (11) 

 

 
 

where ‖𝒄𝒄𝒄𝒄‖0indicates the ℓ0-norm, i.e. the number of non zero 
terms. However, since ℓ0-norm is non-convex and 
discontinuous, the above problem is NP-hard. Therefore, 
ℓ0 minimization is usually replaced by its convex relaxation 
where ℓ1-norm of the solution c is minimized instead, i.e. 
 
min
𝒄𝒄𝒄𝒄
‖𝒄𝒄𝒄𝒄‖1  subject to  𝛙𝛙𝛙𝛙𝒄𝒄𝒄𝒄 =  𝒖𝒖𝒖𝒖;                                   (12) 

 
When 𝛙𝛙𝛙𝛙 is sufficiently incoherent and 𝒄𝒄𝒄𝒄 is sufficiently sparse, 
the solution of  ℓ0 minimization is unique and is equal to the 
solution of ℓ1 minimization (Bruckstein et al, 2009). Several 
packages are available to solve minimization (12). In this work, 
we use the ‘ConstrainedL1.m’ code available by Lou (2017) 
for solving (12). In next section, we explain how compressive 
sampling can be applied to develop a surrogate for power flow 
model in a distribution network with DGs and facilitate 
probabilistic voltage sensitivity analysis. 
 
3. Surrogate-based Probabilistic Voltage 
Sensitivity Analysis Approach 

In this section, we discuss how to consider power factors of 
distributed generators as explanatory variables in the voltage 
estimation using PCE and how to address the correlation 
between random inputs. We also explain how to perform 
probabilistic voltage sensitivity analysis using the estimated 
polynomial surrogate. 
 
3.1 Power factor of distributed generators and 
correlated random inputs 
Power factors of distributed generators are one of the main 
control factors in distribution networks. Therefore, they appear 
in the optimization or control problems as decision variables 
whose optimal values are identified. We aim the developed 
polynomial surrogates to analytically evaluate the probabilistic 
system conditions given various choices of power factors. To 
this end, we include power factors as input variables of PC 
surrogates, in addition to random inputs. Specifically, we treat 
power factors as input variables uniformly distributed between 
a minimum and maximum allowable values. In other words, 
the samples used to construct the polynomial surrogates are 
uniformly distributed in the space of allowable power factors. 
It should be noted that once the PCE is trained, for probabilistic 
analysis, we treat these power factors as control variables, and 
perform probabilistic analysis at fixed values for power factors. 

We consider active power consumption at all buses to be 
normally distributed and positively correlated. Similarly, 
active power generation from distributed generators at all buses 
are considered to be normally distributed and positively 
correlated. To construct the PCE surrogate for correlated 
random inputs, common practice is to convert correlated 
variables to independent random variables using Cholesky 
decomposition or Copula (Ni et al, (2017), Ren et al, (2016)). 
However, we found this step in constructing PCE to be 
unnecessary. It should be noted that the reason for converting 
correlated input variables to uncorrelated variables is to 
maintain the orthogonality of PC basis functions. The 
orthogonality of PC basis is essential to have incoherent model 

matrix and consequently accurate PCE approximation. To 
achieve an incoherent model matrix, instead of converting 
input variables to uncorrelated variables, we generate input 
samples used in model matrix under the assumption that input 
variables are uncorrelated. Once the PCE surrogate is 
constructed, in order to calculate voltage probability 
distributions and perform sensitivity analysis we evaluate the 
constructed surrogate at correlated input samples obtained 
based on the correlation matrix. 

3.2 Sensitivity analysis  

Sensitivity analysis aims at determining how variability (or 
uncertainty) in each input impacts the variability (or 
uncertainty) in system’s response. One of the most widely used 
global sensitivity analysis approaches is the Sobol’ method 
(Sobol, 2001) in which the variance of system’s response is 
decomposed as summation of variances of different terms in 
the model and sensitivity is evaluated by Sobol’ indices. 
Traditionally, Sobol’ indices are calculated using Monte Carlo 
simulations. However, having constructed a PCE surrogate to 
replace expensive simulations, Sobol’ indices can be 
calculated with minimal computation cost (Sudret, 2008). To 
evaluate Sobol’ indices using PCE surrogate, we first need to 
decompose the PCE expansion based on the indices of its 
terms. Let us define 𝜈𝜈𝜈𝜈 to be a generic index set,  𝜈𝜈𝜈𝜈 ⊂{1, ⋯, d}. 
We also define ᴧ𝜈𝜈𝜈𝜈

𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 to be a set that contains all the multi-
indices within ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 that have non-zero terms 𝛼𝛼𝛼𝛼𝑝𝑝𝑝𝑝 ≠ 0 only and 
only if p ∈ 𝜈𝜈𝜈𝜈: 
 
ᴧ𝜈𝜈𝜈𝜈
𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 = { 𝛼𝛼𝛼𝛼 ∈  ᴧ𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 ∶  𝑝𝑝𝑝𝑝 ∈ 𝜈𝜈𝜈𝜈 ↔  𝛼𝛼𝛼𝛼𝑝𝑝𝑝𝑝 ≠ 0, 𝑝𝑝𝑝𝑝 = 1; ⋯; d }.      (13) 

 
We can now rewrite PCE as the summation of terms that only 
depend on the input variables 𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈, where 𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈 is the subvector of 
X and includes the components in X that are labeled by the 
indices in 𝜈𝜈𝜈𝜈: 

𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) = 𝑐𝑐𝑐𝑐0 + ∑ 𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)𝜈𝜈𝜈𝜈⊂{1,⋯,𝑑𝑑𝑑𝑑} ,                                         (14) 

where,  

 𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)  =  ∑ 𝑐𝑐𝑐𝑐𝜶𝜶𝜶𝜶𝛂𝛂𝛂𝛂∈ᴧ𝜈𝜈𝜈𝜈
𝑑𝑑𝑑𝑑,𝑘𝑘𝑘𝑘 𝜓𝜓𝜓𝜓𝜶𝜶𝜶𝜶(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈).                                             (15) 

Even though the PCE in this work is built under the assumption 
that input variables are uncorrelated, one must account for 
correlation when Sobol’ indices are calculated. When X is a 
vector of correlated variables, the variance of 𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X) can be 
calculated as 

Var(𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(X)) = ∑ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿)]𝜈𝜈𝜈𝜈⊂{1,⋯,𝑑𝑑𝑑𝑑} ,                  (16) 

where, 

 ∑ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿)]𝜈𝜈𝜈𝜈⊂{1,⋯,𝑑𝑑𝑑𝑑} = Var (𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)) + 
∑ 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝜂𝜂𝜂𝜂𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜂𝜂𝜂𝜂)]𝜈𝜈𝜈𝜈 ≠ 𝜂𝜂𝜂𝜂 .                                            (17) 

To calculate total covariance-based sensitivity indices 𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐), 

structural (physical) sensitivity indices,  𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑆𝑆𝑆𝑆), and correlative 
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sensitivity indices, 𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝐶𝐶𝐶𝐶), Equations (16) and (17) are 

normalized as follows (Sudret and Caniou, 2013): 

𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) =  𝐶𝐶𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿)]

Var(𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿))
,                                                   (18) 

𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(S) =  Var (𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)) 

Var(𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿))
,                                                              (19) 

 
𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈

(𝐶𝐶𝐶𝐶) =  𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) − 𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈

(𝑆𝑆𝑆𝑆) .                                                             
(20) 
 
It should be noted that these indices are calculated by merely 
evaluating the PCE surrogate at sample inputs, a task that 
incurs minimal computation cost. 
 
Limited research has been focused on global sensitivity 
analysis for power systems. In (Ni et al, 2018), active power 
at different buses are considered to be uncertain and global 
sensitivity analysis are used to rank buses at which active 
power most influentially impacts QoIs, e.g., voltage and 
branch currents. However, in distribution systems, voltage 
control often involves adjusting power factor of distributed 
generators (Zad et al, 2015). Therefore, it is vital to identify 
buses at which modifying the power factor has most influential 
impact on voltage. In this paper, we estimate voltage as a 
polynomial function of active power consumption and 
generation, and also power factors of distributed generators. 
We show that sensitivity analysis can be successfully used to 
determine at which buses the power factor of distributed 
generators must be modified to reduce the chance of voltage 
violation. 
 
4. Test Results and Discussion  

This section demonstrates the efficiency and validity of our 
proposed approach on the IEEE 33 bus test system (shown in 
Figure 1), and shows the surrogate-based analysis results 
compare with Monte Carlo simulation-based results. The 
nominal voltage of the system is 12.66 kV and the generator 
connected to node 1 is  set  to  a  voltage  of  1.04 per unit.  
 
Fig. 1 IEEE 33 bus distribution system 

 
We consider distributed generation to exist at all the buses, 
with mean active power generation of 0.15 MW  and a random 
power generation level following N(0.15, 0.04). We also set 
the correlation between active power generation at all buses to 
be 0.8. This is because distributed generators use renewable 
energy sources such as rooftop photovoltaic and wind 
generation, which are random and highly spatially correlated. 
We also consider power consumption at all buses to follow a 

normal distribution, with their means set to be the nominal 
values provided with the benchmark IEEE 33 bus system and 
their standard deviations set to be 10% of their mean values. 
Similar to the correlation in generation levels, we assume the 
correlation between active power consumption at all buses to 
be 0.8. We  also consider the allowable range  of power factor 
to be between 0.7 and 1.0 for all buses. It should be noted that 
these are illustrative assumptions that allows us to generate 
results and validate our approach without loss of generality. 
Actual power consumption and generation distributions 
together with their correlation characteristics can be estimated 
when data on generation and consumption, weather condition, 
proximity of buses, etc. are available. 
 
We show the results for two different scenarios. In the first 
scenario, all DGs can be fully controlled. In the second 
scenario, we consider a proportion of DGs to be 
uncontrollable. 
 
4.1 Scenario I: All DGs can be controlled  
To solve (12), the model matrix, 𝛙𝛙𝛙𝛙, and the observation vector 
𝒖𝒖𝒖𝒖, must be generated. To this end, polynomial order, 𝒌𝒌𝒌𝒌, and 
number of  simulation samples, M, must be specified. We set 
the order of polynomial to be 𝒌𝒌𝒌𝒌 = 𝟐𝟐𝟐𝟐, following studies 
showing that a second-order polynomial surrogate provides 
sufficient accuracy for estimating different quantity of interests 
in power systems (Ren et al, 2016).  In general, a cross-
validation approach can be always used to determine the 
number of simulation samples and polynomial order. Here, 
having specified 𝒌𝒌𝒌𝒌 = 𝟐𝟐𝟐𝟐, we seek to determine how many 
simulation samples are needed using cross-validation. In 
particular, we calculate the PCE coefficients using different 
sample sizes and compare the resulting average relative 
validation error. This relative validation error, given an exact 
(test) data and a PCE result, is calculated as 𝟏𝟏𝟏𝟏

𝒏𝒏𝒏𝒏
∑ {�𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊  −𝒏𝒏𝒏𝒏
𝒊𝒊𝒊𝒊=𝟏𝟏𝟏𝟏

 𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷�𝟐𝟐𝟐𝟐
𝟐𝟐𝟐𝟐/ ‖𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊‖𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐}, where 𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊 and 𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 are the vectors for exact 

and predicted voltage value at bus i, respectively, and n is the 
number of buses. For each sample size, we calculate the 
average of this relative validation error over 100 exact (test) 
data points, obtained independently. Figure 2 shows this error 
measure versus the number of simulation samples used to 
construct the PCE surrogate. It can be seen that using even one 
hundred simulation samples, i.e., deterministic power flow 
analysis, in the compressive sampling approach, a relatively 
accurate PCE surrogate can built with an average error of about 
0.01. This in fact confirms that voltage response is sparse or 
nearly sparse with respect to PCE basis function and that the 
second-order PCE provides sufficient accuracy. 

  

 

 
 

Figure 2 Average relative validation error vs. the 
number of simulation samples used to construct PCE 
surrogate 

 

In this work, we used 800 simulation samples to construct PCE 
surrogates as the rates of decay in the error measure gets 
noticeably smaller beyond this sample size.  The 2nd-order 
PCE surrogate that is constructed using 800 simulation 
samples can then be used for voltage prediction and sensitivity 
analysis. Specifically, Figure 3 compares the probability 
distributions of voltage at bus 33, as an example of model 
output, or quantity of interest. In these calculations, the power 
factors of all distributed generators are set to 0.95. As the 
reference case, 50,000 Monte Carlo (MC) simulation samples 
are used to generate the "exact" distribution. The PCE-based 
"approximate" voltage distribution is obtained by evaluating 
the surrogate's 2nd-order polynomial function at the same 
50,000 input samples that was used in the MC calculation. It 
can be seen the two distributions are in very close agreement.  

Furthermore, Figure 4 compares the voltage violation 
probabilities, i.e., the probability of voltage levels exceeding 
1.05 p.u. or being smaller than 0.95 p.u., for all buses. In this 
calculation, we still assume the power factor of all distributed 
generators are fixed at 0.95. Violation probabilities are 
evaluated based on voltage probability distributions generated 
using 500,000 MC simulation samples and PCE approximation 
at those sample points. It can be seen that PCE surrogates 
provide accurate estimation and the largest deviation from the 
exact violation probability is less than 1\%. 

 
 
 
 
 
 
 
 
 
 

Figure 3 Probability distribution of voltage at node 33 
generated by Monte Carlo simulations vs. approximated 
probability distribution using PCE surrogate 

 

Figure 4 Monte Carlo estimation of voltage violation 
probability vs. approximated probability of voltage 
violation using PCE surrogate 

 

Preventing voltage violation is usually done, in practice, by 
controlling the reactive power of DGs, i.e., by modifying the 
power factor of DGs. Therefore, it is critical to understand how 
such power factor modification can impact the probability of 
voltage violation. Figure 5 compares the change in 
probabilities of voltage violation calculated using MC 
simulations and PCE approximation when the power factor of 
DGs at bus 18 is arbitrarily  reduced to 0.75. It can be seen that 
PCE surrogate results in accurate estimation of change in 
probability of voltage violation. It should be noted that while 
only one set of 800 simulation samples is used to construct the 
PCE surrogate, each time that the power factors are changed a 
new set of MC simulations is used to analyze the system and 
evaluate voltage probability distributions. This highlights the 
computational benefit achieved by constructing a surrogate for 
distribution system. 
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sensitivity indices, 𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝐶𝐶𝐶𝐶), Equations (16) and (17) are 

normalized as follows (Sudret and Caniou, 2013): 

𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) =  𝐶𝐶𝐶𝐶𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 [𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈),𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿)]

Var(𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿))
,                                                   (18) 

𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(S) =  Var (𝑢𝑢𝑢𝑢𝜈𝜈𝜈𝜈𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿𝜈𝜈𝜈𝜈)) 

Var(𝑢𝑢𝑢𝑢𝑘𝑘𝑘𝑘(𝑿𝑿𝑿𝑿))
,                                                              (19) 

 
𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈

(𝐶𝐶𝐶𝐶) =  𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈
(𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐) − 𝑆𝑆𝑆𝑆𝜈𝜈𝜈𝜈

(𝑆𝑆𝑆𝑆) .                                                             
(20) 
 
It should be noted that these indices are calculated by merely 
evaluating the PCE surrogate at sample inputs, a task that 
incurs minimal computation cost. 
 
Limited research has been focused on global sensitivity 
analysis for power systems. In (Ni et al, 2018), active power 
at different buses are considered to be uncertain and global 
sensitivity analysis are used to rank buses at which active 
power most influentially impacts QoIs, e.g., voltage and 
branch currents. However, in distribution systems, voltage 
control often involves adjusting power factor of distributed 
generators (Zad et al, 2015). Therefore, it is vital to identify 
buses at which modifying the power factor has most influential 
impact on voltage. In this paper, we estimate voltage as a 
polynomial function of active power consumption and 
generation, and also power factors of distributed generators. 
We show that sensitivity analysis can be successfully used to 
determine at which buses the power factor of distributed 
generators must be modified to reduce the chance of voltage 
violation. 
 
4. Test Results and Discussion  

This section demonstrates the efficiency and validity of our 
proposed approach on the IEEE 33 bus test system (shown in 
Figure 1), and shows the surrogate-based analysis results 
compare with Monte Carlo simulation-based results. The 
nominal voltage of the system is 12.66 kV and the generator 
connected to node 1 is  set  to  a  voltage  of  1.04 per unit.  
 
Fig. 1 IEEE 33 bus distribution system 

 
We consider distributed generation to exist at all the buses, 
with mean active power generation of 0.15 MW  and a random 
power generation level following N(0.15, 0.04). We also set 
the correlation between active power generation at all buses to 
be 0.8. This is because distributed generators use renewable 
energy sources such as rooftop photovoltaic and wind 
generation, which are random and highly spatially correlated. 
We also consider power consumption at all buses to follow a 

normal distribution, with their means set to be the nominal 
values provided with the benchmark IEEE 33 bus system and 
their standard deviations set to be 10% of their mean values. 
Similar to the correlation in generation levels, we assume the 
correlation between active power consumption at all buses to 
be 0.8. We  also consider the allowable range  of power factor 
to be between 0.7 and 1.0 for all buses. It should be noted that 
these are illustrative assumptions that allows us to generate 
results and validate our approach without loss of generality. 
Actual power consumption and generation distributions 
together with their correlation characteristics can be estimated 
when data on generation and consumption, weather condition, 
proximity of buses, etc. are available. 
 
We show the results for two different scenarios. In the first 
scenario, all DGs can be fully controlled. In the second 
scenario, we consider a proportion of DGs to be 
uncontrollable. 
 
4.1 Scenario I: All DGs can be controlled  
To solve (12), the model matrix, 𝛙𝛙𝛙𝛙, and the observation vector 
𝒖𝒖𝒖𝒖, must be generated. To this end, polynomial order, 𝒌𝒌𝒌𝒌, and 
number of  simulation samples, M, must be specified. We set 
the order of polynomial to be 𝒌𝒌𝒌𝒌 = 𝟐𝟐𝟐𝟐, following studies 
showing that a second-order polynomial surrogate provides 
sufficient accuracy for estimating different quantity of interests 
in power systems (Ren et al, 2016).  In general, a cross-
validation approach can be always used to determine the 
number of simulation samples and polynomial order. Here, 
having specified 𝒌𝒌𝒌𝒌 = 𝟐𝟐𝟐𝟐, we seek to determine how many 
simulation samples are needed using cross-validation. In 
particular, we calculate the PCE coefficients using different 
sample sizes and compare the resulting average relative 
validation error. This relative validation error, given an exact 
(test) data and a PCE result, is calculated as 𝟏𝟏𝟏𝟏

𝒏𝒏𝒏𝒏
∑ {�𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊  −𝒏𝒏𝒏𝒏
𝒊𝒊𝒊𝒊=𝟏𝟏𝟏𝟏

 𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷�𝟐𝟐𝟐𝟐
𝟐𝟐𝟐𝟐/ ‖𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊‖𝟐𝟐𝟐𝟐𝟐𝟐𝟐𝟐}, where 𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊 and 𝒖𝒖𝒖𝒖𝒊𝒊𝒊𝒊𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 are the vectors for exact 

and predicted voltage value at bus i, respectively, and n is the 
number of buses. For each sample size, we calculate the 
average of this relative validation error over 100 exact (test) 
data points, obtained independently. Figure 2 shows this error 
measure versus the number of simulation samples used to 
construct the PCE surrogate. It can be seen that using even one 
hundred simulation samples, i.e., deterministic power flow 
analysis, in the compressive sampling approach, a relatively 
accurate PCE surrogate can built with an average error of about 
0.01. This in fact confirms that voltage response is sparse or 
nearly sparse with respect to PCE basis function and that the 
second-order PCE provides sufficient accuracy. 

  

 

 
 

Figure 2 Average relative validation error vs. the 
number of simulation samples used to construct PCE 
surrogate 

 

In this work, we used 800 simulation samples to construct PCE 
surrogates as the rates of decay in the error measure gets 
noticeably smaller beyond this sample size.  The 2nd-order 
PCE surrogate that is constructed using 800 simulation 
samples can then be used for voltage prediction and sensitivity 
analysis. Specifically, Figure 3 compares the probability 
distributions of voltage at bus 33, as an example of model 
output, or quantity of interest. In these calculations, the power 
factors of all distributed generators are set to 0.95. As the 
reference case, 50,000 Monte Carlo (MC) simulation samples 
are used to generate the "exact" distribution. The PCE-based 
"approximate" voltage distribution is obtained by evaluating 
the surrogate's 2nd-order polynomial function at the same 
50,000 input samples that was used in the MC calculation. It 
can be seen the two distributions are in very close agreement.  

Furthermore, Figure 4 compares the voltage violation 
probabilities, i.e., the probability of voltage levels exceeding 
1.05 p.u. or being smaller than 0.95 p.u., for all buses. In this 
calculation, we still assume the power factor of all distributed 
generators are fixed at 0.95. Violation probabilities are 
evaluated based on voltage probability distributions generated 
using 500,000 MC simulation samples and PCE approximation 
at those sample points. It can be seen that PCE surrogates 
provide accurate estimation and the largest deviation from the 
exact violation probability is less than 1\%. 

 
 
 
 
 
 
 
 
 
 

Figure 3 Probability distribution of voltage at node 33 
generated by Monte Carlo simulations vs. approximated 
probability distribution using PCE surrogate 

 

Figure 4 Monte Carlo estimation of voltage violation 
probability vs. approximated probability of voltage 
violation using PCE surrogate 

 

Preventing voltage violation is usually done, in practice, by 
controlling the reactive power of DGs, i.e., by modifying the 
power factor of DGs. Therefore, it is critical to understand how 
such power factor modification can impact the probability of 
voltage violation. Figure 5 compares the change in 
probabilities of voltage violation calculated using MC 
simulations and PCE approximation when the power factor of 
DGs at bus 18 is arbitrarily  reduced to 0.75. It can be seen that 
PCE surrogate results in accurate estimation of change in 
probability of voltage violation. It should be noted that while 
only one set of 800 simulation samples is used to construct the 
PCE surrogate, each time that the power factors are changed a 
new set of MC simulations is used to analyze the system and 
evaluate voltage probability distributions. This highlights the 
computational benefit achieved by constructing a surrogate for 
distribution system. 
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Figure 5 Estimated change in probability of voltage 
violation using Monte Carlo simulations vs. 
approximated change in probability of voltage violation 
using PCE surrogate 

 

In the case of high probability of voltage violation, it is critical 
to identify the consumption or generation buses that have the 
highest impact on voltage conditions. To this end, we propose 
to use a variance-based sensitivity analysis, discussed earlier. 
In this work, we calculate Sobol' indices in order to determine 
which  DG power factor(s) (at which bus) should be subject to 
control. In order to conduct the sensitivity analysis, we first 
identify the output of interest, that is the critical voltage 
condition, by revisiting Figure 4. It can be seen that Bus 18 has 
the highest risk of voltage violation. Therefore, we seek to rank 
all the buses based on the impact that their DG power factor 
modifications can have on reducing the voltage violation 
probability at Bus 18. The second column in Table 1 shows the 
ranking of top five buses obtained solely by calculating   Sobol' 
indices for the constructed PCE surrogate for Bus 18. Once the 
ranking is obtained, the PCE surrogates can be used with 
minimal computational cost to evaluate new distribution of 
voltage as a result of potential control actions suggested by the 
ranking. To evaluate the ranking obtained by PCE surrogate, 
MC simulations and PCE surrogates are used to calculate the 
change in violation probability at Bus 18 as a result of reducing 
the power factor of DGs at the target bus, listed in second 
column of Table 1, to 0.7. The result are shown in third and 
fourth column of Table 1. It can be seen that the ranking 
suggested by PCE surrogate is in agreement with the ranking 
obtained by MC simulation.  

Next, we consider the goal of always keeping voltage violation 
probability less than 0.05 at all buses. In order to do so, we 
focus on the bus with highest probability of voltage violation  
and its corresponding list of "influential" buses whose power 
factor modifications have highest impacts on the voltage 
violation condition. In order to ensure that voltage violation 
probability is smaller than 0.05 at all buses, the PC surrogate 
can be used to approximate new voltage distributions given 
different modifications. In this case, violation probability 
smaller than 0.05 at all buses can be achieved by reducing the 
power factor of DGs at Buses 18 and 17 to 0.7 and 0.85, 
respectively. These power factor modification levels are 
obtained using a trial and error scheme.  It should be, however, 
noted that this search is systematic and starts with reducing the 

power factor of most influential nodes. Moreover, it is 
computationally cheap as it only involves evaluating an 
analytical function. On the other hand, the search using MC 
sampling is not systematic as influential buses are not known 
and also a large set of samples are required for each trial. Figure 
6 shows the voltage violation probabilities (both 
"approximate" and "exact"), once power factors are reduced to 
0.7 and 0.85 at Buses 18 and 17, respectively. It can be seen 
that PCE surrogate results in a sufficiently accurate 
approximation of violation probabilities and can be efficiently 
used to inform decisions on required modification in power 
factors of DGs. 

Table 1 Sensitivity analysis results for Bus 18 when all 
DGs can be controlled 
 

 Bus 
number 

Change in 
violation 

probability by 
reducing PF to 

0.7 (MC) 

Change in 
violation 

probability by 
reducing PF to 

0.7 (PCE) 
1st 18 -0.076 -0.081 
2nd 17 -0.074 -0.080 
3rd 16 -0.063 -0.066 
4th 15 -0.058 -0.063 
5th 14 -0.053 -0.057 

 
Figure 6 Monte Carlo estimation of voltage violation 
probability after reducing the power factors of DGs at 
buses 18 and 17 vs. approximated voltage violation 
probability using PCE surrogate 

 
 

4.2 Scenario II: A subset of DGs can be controlled 
 
In this scenario we consider a more general case, where a 
proportion of active power generated at each bus comes from 
the DGs that are not controllable. We consider the power factor 
of DGs that are uncontrollable to be one and to be not 
adjustable. Since all DGs use renewable energy sources, we 
need to consider the fraction of active power that is generated 
from controllable DGs to be uncertain. Here as an illustrative 
assumption, we assign a uniform distribution between 0.5 and 
0.7 and a uniform distribution between 0.8 and 1 to the fraction 

 

 
 

of active power that is generated from controllable DGs at 
buses with odd and even numbers, respectively.  
 
Similar to Scenario I, as explained in Section 3.1, we generate 
input samples under the assumption that all variables are  
uncorrelated to construct the PCE surrogate. Cross-validation 
is used to select the size of simulation samples, and showed 
that the PCE surrogates constructed using 1000 samples 
provide sufficient prediction accuracy. Figure 7 compares the 
estimated violation probability using MC simulations and PCE 
surrogate, when power factor of controllable DGs are set to be 
0.95. As expected, it’s observed that violation probabilities 
have increased compared to the case when all DGs are 
controllable and their power factor are adjustable and set to be 
0.95 (Figure 4). 
 
To reduce violation probabilities, we first target bus 18, which 
has the highest violation probability. We then use Sobol’ 
indices to rank the buses based on the impact of the power 
factor of their controllable DGs on voltage distribution at bus 
18. Table 2 shows this ranking. To verify it, the change in 
violation probability at bus 18 as a result of reducing the power 
factor of controllable DGs at each bus in the second column to 
0.7 is calculated using MC simulations and PCE surrogate. It 
can be seen that the change in violation probability follows the 
ranking in the first column. This ranking shows that 
controllable DGs at which buses must be prioritized for 
reducing their power factor. PCE surrogate can be used to 
estimate the new violation probabilities as results of potential 
control actions. A voltage violation probability smaller than 
0.05 at bus 18 can be achieved by reducing power factor of 
controllable DGs at buses 18, 16, and 17 to 0.7. Figure 8 shows 
the voltage violation probabilities when power factor of 
controllable DGs at buses 18, 16, and 17 are reduced to 0.7. It 
can be seen that the PCE surrogate can accurately estimate 
violation probabilities. 
 
Figure 7 Monte Carlo estimation of voltage violation 
probability when a proportion of DGs are controllable 
vs. approximated probability of voltage violation using 
PCE surrogate 
 

 
 

Table 2 Sensitivity analysis results for Bus 18 when a 
proportion of DGs can be controlled 
 

 Bus 
number 

Change in 
violation 

probability by 
reducing PF to 

0.7 (MC) 

Change in 
violation 

probability by 
reducing PF to 

0.7 (PCE) 
1st 18 -0.096 -0.101 
2nd 16 -0.075 -0.074 
3rd 17 -0.068 -0.068 
4th 14 -0.066 -0.064 
5th 15 -0.049 -0.050 

 
 
Figure 8 shows that the only remaining bus with voltage 
probability slightly larger than 0.05 is bus 13. Again, Sobol’ 
indices can be used to decide power factor of DGs at which 
buses must be modified to achieve failure probability smaller 
than 0.05 at bus 13. Also, in the case that the probability of 
voltage violation at some buses remain larger than 0.05 even 
by reducing the power factor of controllable DGs at all buses 
to their minimum allowable power factors, Sobol’ indices can 
be used to identify those buses whose active power generation 
must be curtailed. 
 
Figure 8 Monte Carlo estimation of voltage violation 
probability after reducing the power factors at buses 18, 
16 and 17 vs. approximated voltage violation 
probability using PCE surrogate 
 

 
 
 

5. Conclusion  

In this work, we considered a distribution network with 
multiple distributed generators, where power consumption and 
generation at all buses were random and highly correlated. We 
used compressive sampling to construct PCE surrogates for 
power flow model with a relatively small number of 
simulations. PCE surrogates estimate voltage profile of the 
system as functions of active power consumption and 
generation, and power factors of distributed generators. The 
approximated PCE surrogates are then used, with minimal 
computational cost, for prediction, deriving voltage probability 
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Figure 5 Estimated change in probability of voltage 
violation using Monte Carlo simulations vs. 
approximated change in probability of voltage violation 
using PCE surrogate 

 

In the case of high probability of voltage violation, it is critical 
to identify the consumption or generation buses that have the 
highest impact on voltage conditions. To this end, we propose 
to use a variance-based sensitivity analysis, discussed earlier. 
In this work, we calculate Sobol' indices in order to determine 
which  DG power factor(s) (at which bus) should be subject to 
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condition, by revisiting Figure 4. It can be seen that Bus 18 has 
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probability at Bus 18. The second column in Table 1 shows the 
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ranking is obtained, the PCE surrogates can be used with 
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voltage as a result of potential control actions suggested by the 
ranking. To evaluate the ranking obtained by PCE surrogate, 
MC simulations and PCE surrogates are used to calculate the 
change in violation probability at Bus 18 as a result of reducing 
the power factor of DGs at the target bus, listed in second 
column of Table 1, to 0.7. The result are shown in third and 
fourth column of Table 1. It can be seen that the ranking 
suggested by PCE surrogate is in agreement with the ranking 
obtained by MC simulation.  
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focus on the bus with highest probability of voltage violation  
and its corresponding list of "influential" buses whose power 
factor modifications have highest impacts on the voltage 
violation condition. In order to ensure that voltage violation 
probability is smaller than 0.05 at all buses, the PC surrogate 
can be used to approximate new voltage distributions given 
different modifications. In this case, violation probability 
smaller than 0.05 at all buses can be achieved by reducing the 
power factor of DGs at Buses 18 and 17 to 0.7 and 0.85, 
respectively. These power factor modification levels are 
obtained using a trial and error scheme.  It should be, however, 
noted that this search is systematic and starts with reducing the 

power factor of most influential nodes. Moreover, it is 
computationally cheap as it only involves evaluating an 
analytical function. On the other hand, the search using MC 
sampling is not systematic as influential buses are not known 
and also a large set of samples are required for each trial. Figure 
6 shows the voltage violation probabilities (both 
"approximate" and "exact"), once power factors are reduced to 
0.7 and 0.85 at Buses 18 and 17, respectively. It can be seen 
that PCE surrogate results in a sufficiently accurate 
approximation of violation probabilities and can be efficiently 
used to inform decisions on required modification in power 
factors of DGs. 
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DGs can be controlled 
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number 

Change in 
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0.7 (MC) 

Change in 
violation 

probability by 
reducing PF to 

0.7 (PCE) 
1st 18 -0.076 -0.081 
2nd 17 -0.074 -0.080 
3rd 16 -0.063 -0.066 
4th 15 -0.058 -0.063 
5th 14 -0.053 -0.057 

 
Figure 6 Monte Carlo estimation of voltage violation 
probability after reducing the power factors of DGs at 
buses 18 and 17 vs. approximated voltage violation 
probability using PCE surrogate 
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In this scenario we consider a more general case, where a 
proportion of active power generated at each bus comes from 
the DGs that are not controllable. We consider the power factor 
of DGs that are uncontrollable to be one and to be not 
adjustable. Since all DGs use renewable energy sources, we 
need to consider the fraction of active power that is generated 
from controllable DGs to be uncertain. Here as an illustrative 
assumption, we assign a uniform distribution between 0.5 and 
0.7 and a uniform distribution between 0.8 and 1 to the fraction 

 

 
 

of active power that is generated from controllable DGs at 
buses with odd and even numbers, respectively.  
 
Similar to Scenario I, as explained in Section 3.1, we generate 
input samples under the assumption that all variables are  
uncorrelated to construct the PCE surrogate. Cross-validation 
is used to select the size of simulation samples, and showed 
that the PCE surrogates constructed using 1000 samples 
provide sufficient prediction accuracy. Figure 7 compares the 
estimated violation probability using MC simulations and PCE 
surrogate, when power factor of controllable DGs are set to be 
0.95. As expected, it’s observed that violation probabilities 
have increased compared to the case when all DGs are 
controllable and their power factor are adjustable and set to be 
0.95 (Figure 4). 
 
To reduce violation probabilities, we first target bus 18, which 
has the highest violation probability. We then use Sobol’ 
indices to rank the buses based on the impact of the power 
factor of their controllable DGs on voltage distribution at bus 
18. Table 2 shows this ranking. To verify it, the change in 
violation probability at bus 18 as a result of reducing the power 
factor of controllable DGs at each bus in the second column to 
0.7 is calculated using MC simulations and PCE surrogate. It 
can be seen that the change in violation probability follows the 
ranking in the first column. This ranking shows that 
controllable DGs at which buses must be prioritized for 
reducing their power factor. PCE surrogate can be used to 
estimate the new violation probabilities as results of potential 
control actions. A voltage violation probability smaller than 
0.05 at bus 18 can be achieved by reducing power factor of 
controllable DGs at buses 18, 16, and 17 to 0.7. Figure 8 shows 
the voltage violation probabilities when power factor of 
controllable DGs at buses 18, 16, and 17 are reduced to 0.7. It 
can be seen that the PCE surrogate can accurately estimate 
violation probabilities. 
 
Figure 7 Monte Carlo estimation of voltage violation 
probability when a proportion of DGs are controllable 
vs. approximated probability of voltage violation using 
PCE surrogate 
 

 
 

Table 2 Sensitivity analysis results for Bus 18 when a 
proportion of DGs can be controlled 
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number 

Change in 
violation 

probability by 
reducing PF to 

0.7 (MC) 

Change in 
violation 

probability by 
reducing PF to 

0.7 (PCE) 
1st 18 -0.096 -0.101 
2nd 16 -0.075 -0.074 
3rd 17 -0.068 -0.068 
4th 14 -0.066 -0.064 
5th 15 -0.049 -0.050 

 
 
Figure 8 shows that the only remaining bus with voltage 
probability slightly larger than 0.05 is bus 13. Again, Sobol’ 
indices can be used to decide power factor of DGs at which 
buses must be modified to achieve failure probability smaller 
than 0.05 at bus 13. Also, in the case that the probability of 
voltage violation at some buses remain larger than 0.05 even 
by reducing the power factor of controllable DGs at all buses 
to their minimum allowable power factors, Sobol’ indices can 
be used to identify those buses whose active power generation 
must be curtailed. 
 
Figure 8 Monte Carlo estimation of voltage violation 
probability after reducing the power factors at buses 18, 
16 and 17 vs. approximated voltage violation 
probability using PCE surrogate 
 

 
 
 

5. Conclusion  

In this work, we considered a distribution network with 
multiple distributed generators, where power consumption and 
generation at all buses were random and highly correlated. We 
used compressive sampling to construct PCE surrogates for 
power flow model with a relatively small number of 
simulations. PCE surrogates estimate voltage profile of the 
system as functions of active power consumption and 
generation, and power factors of distributed generators. The 
approximated PCE surrogates are then used, with minimal 
computational cost, for prediction, deriving voltage probability 
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distributions and efficient sensitivity analysis. The sensitivity 
analysis results can be used to identify influential distributed 
generators for which power factor must be adjusted to reduce 
the chance of voltage violation. We demonstrated the validity 
of our proposed method on IEEE 33-bus system. The results 
show that the proposed approach provides efficient and 
accurate probabilistic voltage analysis. 
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ABSTRACT Deep learning methods have recently shown great success in numerous fields, including finance, healthcare, linguistics, robotics, 
and even cybersports. Modern computer hardware makes it possible to train very large deep neural networks that can handle datasets of high 
dimensionality and rich structure. The area of unsupervised deep learning addresses modelling underlying data distributions when no ground 
truth labels are present. Probabilistic deep learning studies models that provide a measure of uncertainty for a prediction. We present a case 
study where a state-of-the-art family of deep probabilistic unsupervised models called Variational Auto-Encoder (VAE) is applied to data 
accrued from a network of fibre-optic sensors installed within a composite steel-concrete half-through railway bridge. Our goals were to: 1) 
automatically characterise the response of the bridge under stimuli based on sensor measurements, and 2) based on this characterisation, 
determine when a train passes across a bridge. Based on the VAE model, we present an algorithm to automatically identify the “train event” 
points. Our case study illustrates how state-of-the-art deep learning methods can be applied to a civil infrastructure engineering problem without 
directly modelling the physics of the objects or using any labels. 

1. Introduction

The purpose of this paper is to investigate the applicability of 
modern machine learning machinery to a real-world 
instrumented infrastructure problem. Smart sensors are being 
integrated into infrastructure: as an example, several bridges in 
the UK have recently been instrumented with fibre-optic 
sensors (Butler et al., 2016). Analysis of measurements from 
such sensors can bring understanding of how bridges behave at 
rest, react to events, and recover afterwards, which is helpful 
for monitoring bridge health and detecting possible damage, an 
activity which is generically referred to as structural health 
monitoring (Chang et al., 2003). These measurements record 
the response of multiple sensors over time, and reflect both the 
behaviour of the bridge and the sensor network itself. These 
spatio-temporal data are high-dimensional, high-frequency and 
hard to interpret. Statistical methods are being developed to 
model this sensor data (Lau et al., 2018a). Our work presented 
in this paper demonstrates how a state-of-the-art unsupervised 
deep learning technique called Variational Auto-Encoder 
(“VAE”) (Kingma and Welling, 2013) can be leveraged to 
analyse these sensor measurements. 

Machine learning distinguishes supervised and unsupervised 
learning methods. Supervised methods require ground truth 
labels from which they learn. Examples of supervised learning 
tasks are classification and regression. Classification learns a 
discrete mapping from a data point to a class, based on the class 
labels present in the training set. The goal of regression is to 

learn a continuous mapping from a point to a real-valued scalar 
or vector. Unsupervised learning methods do not require any 
labels and at their essence map high-dimensional input data to 
a numerical space of a lower dimensionality. 

With recent improvements in computational capacity, deep 
learning methods are becoming increasingly popular and are 
already being adopted in numerous fields. Such fields include 
speech recognition (Graves et al., 2013), natural language 
processing (Sutskever et al., 2014), computer vision 
(Krizhevsky et al., 2012), finance (Heaton and Polson, 2016), 
robotics (Levine et al., 2017), playing board games (Silver et 
al., 2017), and even solving fundamental scientific problems 
such as modelling protein structure (Evans et al., 2018). Deep 
learning excels at analysing high-dimensional data and 
discovering complex hidden dependencies. 

VAE is a deep learning-based dimensionality reduction 
method. Unsupervised dimensionality reduction techniques are 
vital for numerous tasks, such as data compression and 
visualisation, generation of realistic synthetic data, feature 
extraction, and data density modelling. The most widely used 
techniques include PCA (Pearson, 1901) and its nonlinear 
generalisation Kernel PCA (Schölkopf et al., 1998). The 
popular t-SNE method (van der Maaten and Hinton, 2008) 
projects data points onto a low-dimensional (2D, 3D) space and 
hence is well-suited for visualisation. In modern machine 
learning, neural network-based data mappings have been most 
popular in recent years. A notable example is the family of 
word2vec models (Mikolov et al., 2013) that embed words into 
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