Supplementary Materials

Proof of Proposition 1. To solve the model, the Hamiltonian is defined as:

             
where  is the co-state variable or the shadow price of the capital. Applying the usual Pontryagin conditions, we can have the full dynamics of capital and consumption. The first order condition regarding the control variable is:



To the state variable:

And the co-state variable:



Using the fact that :



Solving the differential equation and integrating 

⇒ 
Knowing that :

Now, to find the path to the state variable, we can substitute the solution for  in the equation :
  ■

Proof of Corollary 1: Given the path for C(t) and K(t)





Let´s define the growth rate of C(t) and K(t) as:

Let 
.
Then:
Thus,

To derive the output growth, let´s use definition of the production function is: 

Then:


Given:
Thus:

To derive the Balanced Growth Path: : 
As . 
So:





Therefore, the balanced growth path rate is:

 

Proof of Proposition 2. First, it is straightforward to show that  is a monotonic increasing function of time, 
To establish the value of q, where , it is sufficient to study the case where t=0, since  is a monotonic increasing function of time. Thus, it is necessary to solve the polynomial in q:

The roots will be given by:

Therefore, to obtain the level of technology that generates a negative growth, it is necessary to study three different cases: first, no real roots, second, two real roots and third, one unique real root:
Case 1: if  there are no real roots, and since parameter  has a negative sign, irrespective of the value of q, the growth rate will be negative. 

Case 2: if , there are two real roots for which the initial growth rate will be equal to 0. As appears with a negative sign, the region that  is in the interval  and 
Case 3: , there is just one real root, q=0.5, and outside this point the value of  will be negative.
Finally, if there is a negative growth , then in order to obtain , that is how long the negative growth will last, it is sufficient to find the value , since the growth rate is increasing in time. Substituting this in (8) and making , yields: 

Differentiating with respect to :

Because  when t>0. ■
Proof Corollary 2

We may observe a simple case where t=0, and rewrite the output growth rate as in t=0:
      
then the condition for a negative output growth requires the numerator to be negative. In other words, a drop in the capital stock weighted by the technological gap should be greater, in modulus, than the gains through diffusion:

  						                
When , i.e., there is a negative growth in the capital, the output will have a negative growth if: 
                          ■
Proof of Proposition 3: 

Using the optimal consumption path from Proposition 1 and taking the logarithm:



By integrating and rearranging the terms through the following steps, we derive Equation (14): 

                          ■

Proof of Corollary 3. 

We derive the comparative statics of welfare V(t) with respect to the diffusion rate λ and the complexity level q, starting from the expression for V(t) given in Proposition 3 (Equation 14). To compute  , using the chain rule in the third term in right hand side of eq. 14. To compute the partial derivative of welfare V(t) with respect to the complexity parameter q, we systematically differentiate each term in Equation (14) where q appears.   ■
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