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Abstract

Purpose — The purpose of this study is to investigate surface conditions that improve flow and thermal
transport properties, which are essential for engineering systems, industrial processes and electronic cooling
systems. Tetra hybrid nanofluids find applications in multiple industries due to their effective management of
flow and heat transport.

Design/methodology/approach — A system of nondimensional partial differential equations is obtained
from the original set of multidimensional, nonlinear PDEs by applying suitable non-similarity transformations.
The oscillatory changes in wall velocity induced by surface roughness are illustrated as a sinusoidal waveform
at the nominal mean surface.

Findings — Both graphical and tabular representations are used to provide an exhaustive analysis of key parameters
related to flow dynamics and thermal performance. The rough surface of the cylinder induces sinusoidal variations in
the skin friction coefficient, with the amplitude of these variations increasing with growing values of n. The rate of heat
transfer through the wall in the presence of a rough surface exhibits a more pronounced oscillatory decrease along the
wall length. The sinusoidal changes have a greater impact due to a periodic magnetic field (M). The present outcomes
are validated through comparison with earlier results, indicating complete consistency with previous studies.
Originality/value — This research presents a numerical solution of Newtonian tetra hybrid nanofluid flow over a
slender cylinder, accounting for surface roughness and a periodic magnetic field. The tetrahybrid nanofluid is
composed of Ag-Au-Cu-TiO0 nanoparticles that enhance heat transfer due to their high thermal conductivity.

Keywords Tetrahybrid nanofluid (TeHNF), Slender cylinder, Periodic magnetic field, Surface roughness,
Heat generation/absorption, Quasilinearisation, Implicit finite difference, Surface roughness

Paper type Research paper

Nomenclature

B = Magnetic field strength;
C,r = Specific heat capacity;
C; = Skin friction;
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HFF Ec = Viscous dissipation parameter;

f = Dimensionless stream function;

G, F = Temperature, and velocity profiles;
g = Gravitational acceleration;

Gr = Grashof number;

k = Thermal conductivity of fluid;

M = Magnetic parameter;

Nu = Heat transfer rate;

n = Frequency parameter;

Pr = Prandtl number;

Q = Parameter of heat source (sink);

Qo = Heat source (sink) coefficient;
Re = Reynolds number;

Ri = Mixed convection parameter;
T = Base fluid temperature;

T, = Wall temperature;

T = Ambient temperature; and

u, v = Components of velocities.

Greek symbols

a = Wall roughness parameter;

B; = Volumetric expansion coefficient;
¢ = Volume fraction of nanoparticles;
py = Fluid density;

vy = Kinematic viscosity of fluid;

oy = Electrical conductivity;

yw = Stream function;

£ = Frequency;

w = Sphericity;

& = Ratio of velocity parameter; and
N = Edge of the boundary layer.

Subscripts

f = Base fluid;

oo = Away from the boundary layer;
w = Wall condition;

& n = Derivatives w.r.t. these variables; and
tehnf = tetrahybrid nanofluids.

1. Introduction

Modern fluid dynamics research has focused on nanofluid flow, which is characterised by the
formation of composite materials with exceptional thermal properties through the dispersion of
tiny particles in a base fluid. When you add nanoparticles, which are usually oxides or metals, to
a fluid, they significantly change how heat flows through it. Nanofluids have recently garnered
considerable attention across several domains owing to their remarkable characteristics and
versatile applications. Nanofluid is a suspension that contains nanoparticles that are mixed with
a base fluid, which can be water, ethylene glycol or another similar liquid. Changes to the
underlying fluid’s properties improve several behaviour markers, including viscosity and
thermal conductivity. Nanofluids (NFs) usually have sizes between 1 and 100 nanometres.
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Adding nanoparticles to the base fluid significantly improves the nanocomposite’s thermal International
efficiency, viscosity and visual properties. According to Animasaun et al. (2022), adding Journal of
nanoparticles (NPs) to lubricating fluids may improve their lubrication performance, thereby Numerical
reducing friction and slowing wear and tear on machine parts. This could extend equipment

lifespans and reduce maintenance expenses in the industrial and automotive production Methods for Heat

p p p .

industries. It is essential to understand that putting NPs into the bloodstream has significant & Fluid Flow
effects. Enhanced pharmaceutical administration, personalised therapy, and advanced imaging
and diagnostics can yield biomarkers with greater sensitivity. Utilising these capabilities could
significantly improve personalised medicine, increase treatment efficacy, and facilitate a deeper
understanding of the complexities of the vascular system.

Choi (1995) developed a model that clarifies the thermodynamic properties of
nanoparticle suspensions, known as nanofluids. This model provides a reliable method for
predicting the effective thermal conductivity of nanofluids, accounting for the nanoparticles’
volume fraction. Since the field’s inception, there has been extensive research on the
dynamics of nanofluids. This endeavour has led to extensive theoretical and empirical
research in this area. Grosan and Pop (2011) conducted a quantitative study of the steady,
axisymmetric mixed convection flow and heat transfer around a submerged vertical cylinder
in a nanofluid. This work considered specific external flow and surface-temperature
conditions. By employing nanofluids, Trimbitas et al. (2011) effectively replicated the heat
transfer and flow in a mixed convection process through a vertical needle with a movable
wall at varying temperatures. To investigate how the solid volume fraction of the fluid affects
heat transfer, numerical solutions of similarity equations are used with water as the base fluid
and copper nanoparticles. An investigation into the steady flow and thermal transfer
properties of a micropolar fluid containing nanoparticles around a vertical cylinder was
conducted by Rehman and Nadeem (2012). Patil et al. (2019) examined the influence of
surface roughness on the flow dynamics around a moving thin cylinder in the context of
mixed-convection nanoliquid flow. Mkhatshwa et al. (2020) studied the flow, heat, and mass
transport properties of a silver-water nanofluid near a thin vertical cylinder. The study
examined the following phenomena: thermodiffusion, chemical reactions, Hall effects, and
diffusion-thermal effects. In a Darcy—Brinkman medium with a tiny concave surface,
Alghamdi et al. (2021) studied Casson simultaneous flows of nanofluids based on sodium
alginate using a single-phase approach. The flow of a Williamson nanofluid around a vertical
thin cylinder was examined by Farooq et al. (2023) in connection with WU’s slip, activation
energy, bioconvection and motile microorganisms. The analysis also considers
thermophoresis, mass flow, thermal radiation, Brownian motion, and Cattaneo—Christov heat
conduction. Patil and Benawadi (2024) examined the oxytactic bioconvection of a
Casson—Williamson nanofluid as it passed through a narrow, rough cylinder. In this work, we
investigated the nanoparticle’s properties using the two-phase Buongiorno model.

In comparison to conventional nanofluids, a hybrid nanofluid has been developed,
anticipated to exhibit improved heat transfer capabilities, enhanced rheological behaviour, and
thermophysical properties. A hybrid nanofluid is better than regular nanofluids because it has
two different types of nanoparticles evenly spread throughout a base fluid. Hybrid nanofluids
have attracted considerable interest for examining the effects of diverse nanocomposites in
various heat transfer applications, such as heat exchangers, heat sinks, solar collectors, boiling
processes and micro power generation systems. Waini et al. (2019) examined steady mixed
convection hybrid nanofluid flow on a vertical thin needle with a defined surface heat flux. Patil
et al. (2022) examined a vertically orientated thin cylinder in motion experiencing hybrid
nanofluid mixed convection and evaluated both homogeneous and heterogeneous processes.
The investigation was based on the differences in diffusivity between chemical species and the
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HFF numerical solutions obtained from the nonsimilar approach. Patil and Kulkarni (2021)
examined the mixed convective flow of an Ag-TiOl/water hybrid nanofluid across a thin
cylinder under the influence of an external magnetic field. Aladdin et al. (2021) examined the
two-dimensional stability of a hybrid nanofluid (Al0O0 and Cu) on a slender horizontal needle,
accounting for hydromagnetic effects and slip conditions. Patil and Benawadi (2022) examined
the influence of nanoparticle morphology on fluid and thermal dynamics throughout a slender
cylinder with a non-uniform surface. The study, however, incorporated the effects of
magnetohydrodynamics (MHD) and convective boundary conditions. This research assessed
the effective viscosity and thermal conductivity of the hybrid nanoliquid using the Hamilton-
Crosser model. Samat et al. (2024) did a numerical study of how suction moves hybrid carbon
nanotubes through a thin vertical needle. The thin needle is inserted into hybrid nanofluids
composed of both single- and multi-walled carbon nanotubes and water. The distinctive thermal
conductivity characteristics of binary nanoparticle fluids have expanded their use across various
fields. Adding more nanoparticles to nanoliquids might improve their ability to transfer heat
compared to regular binary hybrid nanofluids. More nanoparticles might be added to the
nanofluids. Because of this, liquids containing three different types of nanoparticles are
adequate heat transfer fluids. That is why these liquids are called ternary nanofluids. Patil and
Shankar (2024) examined the flow properties of ternary mixed convective Eyring-Powell
nanofluids over a narrow cylinder, highlighting the effects of nonlinear thermal radiation and
entropy in their analysis. We prepared a ternary nanofluid by mixing iron oxide nanoparticles
with single- and multi-walled carbon nanotubes in water.

Goud et al. (2022) investigated the thermal fluctuation in a dovetail fin under fully saturated
circumstances, employing a ternary hybrid nanofluid (ZnFelOU + MnZnFelJOl + NiZnFelOl) in
HUO. This study examined fluctuations in temperature and humidity ratio as the principal factors
influencing heat and mass transport, respectively. Hussein et al. (2025) conduct a thorough
numerical and statistical analysis of ternary hybrid nanofluid flow over a permeable moving
surface. This study examines how wall suction, magnetic field strength and Joule heating affect
the matter. The ternary hybrid nanofluid comprising AIIOU, Cu and TiOD nanoparticles
exhibited improved thermal and flow properties when mixed with water. The main governing
factors have a significant effect on performance.

Tehnfs, or tetra-hybrid nanofluids, are a novel kind of nanofluid. This cutting-edge
nanofluid design keeps four different types of nanoparticles suspended in a contaminant-free
fluid. This study was initiated because there is a growing need for improved thermal
performance in industrial applications. This desire is the driving factor behind this
innovation. To enhance the functionality of existing nanofluids, scientists have developed
TeHNFs with even better thermal properties. Efforts to improve the thermal properties of
hybrid nanofluids (HNFs) followed these groundbreaking studies, resulting in the
development of TeHNFs. Four separate types of solid nanoparticles work together in this
innovative mixture. The unique combination of nanoparticles in TeHNFs makes them very
attractive in the biomedical field. These nanofluids’ enhanced thermal properties enable
controlled release of therapeutic substances, making them highly promising for targeted drug
delivery. More than that, they can be used to treat hyperthermic cancer. TeHNFs can elevate
the temperature of cancer cells while minimising damage to healthy tissue. TeHNFs are
essential for advancing imaging technologies by enhancing contrast agents and improving
diagnostic accuracy. Nanofluids have several potential applications, including tissue
engineering, where they can improve the properties of scaffold materials and accelerate cell
proliferation. Overall, TeHNFs are flexible and can be used to enhance many areas of
medicine, such as imaging, diagnosis and treatment. These materials can be used in a wide
range of medical settings, such as regenerative medicine, intravenous fluids, hyperthermia
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therapeutic devices, thermal and ultrasound contrast agents, and more. Amudhini and De International
(2024) show that the thermo-diffusion effects have a significant impact on the MHD Journal of

unsteady flow of a TeHNF made up of AlIOD, Cu, SiO0 and TiO[ in water inside a non-Darcy Numerical
porous stretched cylinder. In addition, the characteristics of activation energy, heat output Methods for Heat
and chemical reaction are incorporated into the computation. Our understanding of how & Fluid Fl

uid Flow

nanofluids could increase heat and mass transfer in a wide variety of contexts, including solar
collectors, chemical reactors, enhanced cooling systems and medical devices, has expanded
as a result of this research. Paul and Das (2024) examined the electro-pumping design of
Phan-Thien-Tanner (PTT) blood flow, employing tetra-hybrid nanoparticles within a ciliated
artery channel while accounting for entropy generation. The study investigated the influence
of cilia on the arterial wall in relation to the postulated pumping process. Guedri
et al. (2025) investigated the thermal performance of a TeHNF comprising Ag, TiOl, GO and
Co/EG as it flows through a porous medium. There is also an external magnetic field at the
same time. The simultaneous analysis of the thermal properties of hybrid, trihybrid and
tetrahybrid nanofluids is enabled by incorporating viscous dissipation and heat-generating
terms into the flow model’s heat equation. Nisha and De (2025) conducted a quantitative
study of a tetra-hybrid Sisko nanofluid, integrating nanoparticles with water as the base fluid,
in the context of magnetohydrodynamic flow influenced by thermal radiation and heat
sources. Gyrotactic microorganisms are suspended within and around a porous, vertical
cone-and-plate configuration. The influence of tetrahybrid nanoparticles on the cone
geometry of Sisko fluids, particularly with respect to heat generation, thermal radiation and
chemical processes, has recently attracted increasing attention. The reason is that
advancements in nanotechnology and heat management can benefit from the presence of
tetra-nanoparticles in Sisko fluids. This model utilises a vertical cone and a plate as
geometric configurations to evaluate the mass and heat transfer efficiencies of tetra-hybrid,
di-hybrid and tri-hybrid nanofluids.

According to the author’s understanding, there has been limited investigation into the
transport of periodic MHD and a heat source (sink) in a tetra nanofluid in mixed convective
flow over a slender rough-surface cylinder. This document emphasises several distinctive
features of the study:

+  Comparative examination between mono-, hybrid-, ternary- and tetra-nanofluid
flows.

* How do the heat source and sink influence the flow properties?

* What effect does a periodic magnetic field have on the transmission of energy?
+ Influence of rough surfaces on flow characteristics.

* Variations in the sphericity of nanoparticles.

2. The formulation and mathematical analysis

This study investigates the two-dimensional flow of a viscous, incompressible, combined
convective tetra-hybrid nanofluid over a thin, rough-surfaced cylinder moving axially at a
constant velocity. A deterministic approach (Chang, 1995; Pasaribu and Schipper, 2004)
models surface roughness as a sine-wave pattern. The axial coordinate, z, is measured along
the axis of the slender cylinder, while the radial coordinate, r, is ascertained from the
cylinder’s central axis. The point of entry from which the narrow cylinder emanates is referred
to as 'Origin O'. Figure 1 illustrates the schematic diagram, while Figure 2 depicts the tetra
nanoparticle mixture.
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Figure 1. Flow model and coordinate system

Tetra

nanctluid

Figure 2. Mixture of Tetra nanoparticles
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Further, the fluid present in the environment is moving in the axial direction at a constant
velocity and contains nanoparticles. The thickness of the boundary layer is comparable to the
radius of the slender cylinder. It is widely acknowledged that the temperature of the wall
exceeds that of the fluid traversing its surface, as demonstrated by the phenomenon of wall
cooling. Here, T represents temperature, while u and v denote the velocity components in the
z and r directions, respectively. For thermal boundary layers, the Boussinesq approximation
(Schlichting and Gersten, 2000) is employed, which assumes that variations in fluid density
produce a body force term in the momentum equation. The following is the expression for
the equation of state, where p* is the reference density.

In addition, all other thermodynamic properties are constant. It is presumed that zero-
dimensional nanoparticles, including Ag (silver), Au (gold), Cu (copper) and TiOl (titanium
oxide), with a size range of 1-100 nm, are incorporated into water to accomplish the necessary
thermal conductivity of the resulting nanoliquid (Khan et al., 2017). Both surface roughness
and boundary-layer features near the surface affect the thermophysical characteristics of the
thin cylinder. The following equations, which are based on the assumptions that were
discussed before, are responsible for controlling the flow characteristics to ensure that mass,
momentum and energy are conserved (Patil et al., 2019; Patil et al., 2018): The present
analysis focuses on the flow over a short-radius cylinder, which has significant curvature,
magnetic effects, surface roughness, and accelerated thermal diffusion due to nanofluids. The
conventional flat plate boundary layer assumption (§<R) may not be absolutely valid. In such
configurations, especially for moderate Reynolds numbers or microscale systems, the
thickness of the boundary layer can be of the order of the cylinder radius, and curvature
effects should be retained in the governing equations. This modelling approach is often
applied in research on cylindrical and micropolar/curved surface boundary layers to achieve
physical completeness rather than asymptotic simplification. We have now defined this scope
more clearly and added a clarifying statement that the assumption reflects a curvature-affected
boundary layer regime and not a violation of classical theory:

Mass:

I

Momentum:

*u

_ (/) ﬁ ) tehnf
- = Viehnf ﬁ +

+———g(T - Tx)
Prehnf

4 1/2
+ Grehnf Bz(uoo - u)sin2 T— (ﬁ)
ptehnf R U
azT] Qo

[1 oT
PR + i —
(pcp )tehnf

1a_u}

ror
()

Energy:

of  oT _

Ktehnf
— tu— =
oar 0z

v =
(p Cl) ) tehnf

- T — Ty
r0r+6r2 ( )

4 1/2
Bz(uoo - M)zsinz <7[R (I;Lj) ;

Otehnf

+
(p CP ) tehnf

3)

International
Journal of
Numerical
Methods for Heat
& Fluid Flow

Downl oaded from http://ftp. nowpublishers.conm hff/article-pdf/doi/10. 1108/ HFF- 02- 2026- 0180/ 11709267/ hf f - 02- 2026- 0180en. pdf by guest on 23



HFF In accordance with the specified boundary conditions:

atr =R : u=u,=uo(l+ asin(Q2z)), v=0, T=T,, @

asr — 00 . U — 00, T — .

The physical quantities are mentioned in the nomenclature. The sinusoidal waveform
u,, = ug(1 + asin(2z)) represents the sinusoidal fluctuations in wall velocity produced by
surface roughness at the notional mean surface at r = R.

Introducing nonsimilar transformations:

oy oy ¢ 4 (yz\'? U121 —R?
ru=—, rv=— —, £=— (2= =|—
or’ or’ R \ug A [zuf} 4R

w(s ) =f(& n)[zvruc] R,

R o112 T—Ty
F=f, 2u=uxF, 2v= ——{”f” } (efs=nF +f}, G(z r) = ,
r T, — Ty
r2
(1+§'7)=ﬁ~ ©)

The nonsimilar transformations delineated in (5) inherently comply with the continuity
equation (1), facilitating the reformation of the momentum and energy equations (2) and (3),
as well as the boundary conditions (4), into their corresponding transformed representations,
as shown below:

C (fF,, + (1 +§i’])Fm7> + C4(éf5 +f)F,1 - C4§FF§

(6)
+8RiCy C4G + C3M*Re(2 — F)sin®(z &) =0,
Cs[(1+&n)Gyy + G, | + PrCe[(f +&f:)G, — EF Ge| +4RePrQ G
@)
+ C3MPEcPrResin®(z £)(2— F)* =0,
And transformed boundary conditions:
atn=0: F=2¢e(1+asin(né?)), G=1,
asn — N, F—2 G—=0 3)
— Heehn _ Bremy — Orehny — Prehny — Kiehn, _ (pCF)w " . _ Gr
where Cy ==K, Cp= =, C3=70, Cy=70K, Cs==0 Co= o, Ri= g
_ &b (Tw = Te)? _ e 2_ Byo _ (0Go)vr _ Qoy _ u?,
Gr= v » Re v’ M prugs Pr Ko Q= (Cp)p 3y Ec = Cpy(Tw = Teo)?
n= "fgffz Q,e= ;%: and 7, be the boundary layer edge.

The following are gradient expressions in dimensionless forms:
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enn, F b 0
:>R61/2Cf= ﬂthf 71('): ) E (9)
g2 (1+asinné?)
Heat transfer rate:
oT
K[elmf (E)r: R
Nu= -7 — ",
Kf (TW - Too)
1 ‘enn,
>NuRe~ '/ = — EMGn(é, 0). (10)

Kt

3. Numerical solution

An algorithm that can solve the nonlinear coupled partial differential equations (6) and (7) with
boundary conditions (8) has been developed by combining the quasilinearisation approach with
the implicit finite difference method. To handle the equations appropriately, this procedure was
designed. The nonlinear equations (6) and (7) are approximated by employing a methodical
strategy that entails producing an iterative series of linear equations (11) and (12) and boundary
conditions (8). This is done to ensure that the process is carried out correctly. In addition, this is

possible because of this:
Firl + AYF, T+ AP ALFL 4+ ALGTH T = A, (11)
Gr'+B\ G +B)G'" +BiGL ' + BF't ! =Bl (12)

Corresponding iterative boundary conditions are the following:

=0 :F*'=2¢(l+asinng?), G*'=1,
n ( £) (13)

n=ny : Fi*1=2 G*'=0.

In the iterative indexing scheme, the index i is designated for known functions, while index
i+ 1 is allocated to functions that remain unknown. We apply an implicit finite-difference
technique (Patil et al., 2013; INOUYE and Tate, 1974) to solve equations (11) and (12)
subject to the boundary conditions (13). This action is undertaken to attain our objective. The
finite difference scheme along the r-axis uses a central difference method, whereas the
scheme along the z-axis uses a backward difference method. The equations were simplified
by putting them in linear-algebraic form using a block-tridiagonal matrix. To provide
solutions to the generated equations, the process was repeated at each level. To find a
solution to this system, the strategy proposed by Varga (2000) was ultimately utilised.
Optimisation of the numerical solution is critical, with step sizes d¢ and dr, which are set to

Downl oaded from http://ftp. nowpublishers.conm hff/article-pdf/doi/10. 1108/ HFF- 02- 2026- 0180/ 11709267/ hf f - 02- 2026- 0180en. pdf by guest on 23



HFF 0.01. The solution is selected in such a way that it exhibits negligible variations for 7 values
greater than 7., i.e., 71,. The solution was determined to be sufficiently high to achieve the
pertinent value at #,,,= 5. This guarantees that the numerical solution will eventually
converge to the precise solution. The difference between the current and previous iterations
serves as a criterion for convergence. Once the difference is less than or equal to 0.00001, the
iteration method terminates, indicating that the solution has reached convergence:

smax{|(G,)*V - (G))

w

O J(F) D = (ED] } < 1073 (14)

w w

Here, the coefficients appearing in equations (11) and (12) are given as follows:

g CEHCf ) i [CalFet GMPResin’(z8)]  CulF

: Ci(l+¢en) 777 Ci(1+¢n) n Ci(1+¢&n)’

i BRICCy i [EFFe+ 2GM Resin’(8)] . _ [Cs&+CoPr(f + &)
a+en) Ci(1+&n) TN G(Lwén)

;_ 4PrReQ ., CePréF [Co Pré Ge + 2C3M? PrRe Ec(2 — F)sin® (7 &)
PUGs(1+en) T Gs(l+em) T Cs(1+&n) ’
PG F+ M PrRe B4~ P)sin’ (2 £)]

Bi=—

Cs(1+¢&n)

4. Validation of results

The values of the gradients (Gq(f, 0), F,(&, 0)) are consistent with those reported by
Takhar et al. (2000), Singh et al. (2008) and Roy and Anilkumar (2006), thereby ensuring
the accuracy of the numerical technique. Table 1 presents strong concordance.

5. Outcomes and analysis

This section investigates the effects of various significant parameters on the profiles and
gradients of flow characteristics in TeHNFs. The parameter values are considered within the
specified ranges Ri(1<Ri<10) £(0.5<e<1.5), M(0<M<2), a(0.0<a<0.9),
n(1<n<75), s(3<5<8.6), and Q(—0.1 <0 <0.1). However, the values of Pr and Ec are
set to 7.0 and 0.1, respectively, throughout the investigation. Table 2 presents the
thermophysical properties of the TeHNF, the shapes of the nanoparticles considered in this

Table 1. Thermophysical properties of tetra-hybrid nanofluid (TeHNF) with base fluid water [Patil et al.,

2024, 2025]

Physical properties Ag(hy) Au(¢p,) Cu(¢ps) TiO(¢s) H,0
plkg/m®) 10500 19300 8960 4250 997.1
Cp(J /kgK) 235 129 385 686.2 4179
kéW/mK) 429 315 400 8.9538 0.613
plK=1) ) 19.7x 1076 16x10-° 16.5x10°6 8.6x1076 26x1074
o(@Qm)” 6.3x 107 4.1x107 5.96 x 107 1x10°° 5.5x107°
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Table 2. The details of the nanoparticles’ shapes [Timofeeva et al., 2009] considered in the study International

rnal of
Shapes S Jou a_ 0
Numerical
Sphere 3 Methods for Heat
Bric 3. .
Cylinder 4.9 & Fluid Flow
Platelets 5.7
Blade 8.6

study, and the corresponding physical properties of the TeHNF, respectively. At low
concentrations, suspensions of Ag, Au, Cu and TiO, nanoparticles exhibit Newtonian fluid
behaviour, as the particles remain uniformly dispersed and do not establish shear-dependent
structures. Metallic nanofluids such as Cu, Au and Ag maintain Newtonian behaviour until
around 0.1-1.0vol% (Timofeeva et al., 2010; Tamjid and Guenther, 2010), whereas
TiO, nanofluids remain Newtonian until about 0.5-2.0 vol% (Pak and Cho, 1998; Kulkarni
et al., 2006; Chen et al., 2008), provided the particles are stable and uniformly dispersed in a
Newtonian base fluid. The nanoparticle volume fraction is kept at 0.05 to maintain realism in
the model, ensure dispersion remains constant, and maintain Newtonian behaviour. The
justification of the single-phase Newtonian model assumption for the tetra-hybrid nanofluid
(Ag—Au—Cu-TiO,/water) is mainly due to the low nanoparticle volume fractions used in the
present study, where nanofluids are well known to behave as homogeneous Newtonian fluids
with negligible interphase slip. For small total solid volume fractions (typically ¢ < 1-3%),
particle-particle interactions, agglomeration and sedimentation effects are weak, and the
single-phase formulation provides results similar to the more complex multiphase models
(Safaei et al., 2016; Siva Shanker et al., 2012; Klazly and Bognar, 2020), as shown by many
experimental and numerical studies. In reality, comparison studies of single- and two-phase
techniques show that for dilute concentrations, the single-phase model predicts heat transfer
and flow characteristics with only small errors and is computationally efficient and
physically reliable (Jouybari et al., 2024).

Also, the review research papers on hybrid and multi-hybrid nanofluids always mention
that dilute suspensions are stable for timeframes relevant to boundary layer and convective
heat transfer assessments, provided that the nanoparticles are nanoscale and homogeneously
distributed (Rashidi et al., 2021; Nabwey et al., 2023). Recently, single-phase Newtonian
formulas have also been applied successfully to numerically investigate hybrid, tri-hybrid
and tetra-hydrid nanofluids under low concentration assumptions, producing physically
consistent trends and strong agreement with the literature (Amudhini and De, 2024; Gizewu
and Ibrahim, 2025). Hence, the current modelling scheme is suitable for describing the
macroscopic thermal and hydrodynamic behaviour of the tetra-hybrid nanofluid within the
specified parametric ranges.

In the present study, the surface roughness is idealised as a periodic variation of the wall
velocity, representing the effective kinematic disturbance imposed by small-scale roughness
elements on the near-wall flow. This approach is widely used in laminar and transitional
boundary layer investigations as a simplified way to capture the periodic momentum
perturbations generated by geometrical waviness or patterned rough surfaces, without explicitly
resolving the complex microgeometry. The sinusoidal form is thus a mathematical substitute for
roughness-generated flow oscillations rather than a direct geometric reconstruction.

We emphasise that in the present modelling approach, the effect of surface roughness on the
flow is incorporated predominantly through the momentum boundary condition, leading to a
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HFF periodic modulation of the velocity field in the vicinity of the wall. Hence, its influence on
thermal transport is indirect, as it modifies the velocity field and thus convective heat transfer.
Other factors such as turbulence augmentation, form drag, wake formation or roughness-driven
eddy production are not included since the study is limited to the laminar boundary layer
domain. We also observe that a more complete treatment, including direct geometric roughness
modelling, turbulence effects or increased drag processes, would necessitate higher-order
turbulence or direct numerical techniques and is outside the scope of the present work. Thus, the
formulation considered should be viewed as a controlled parametric representation to explore
the interaction of periodic wall-produced disturbances with magnetic modulation and
nanoparticle loading rather than a thorough physical description of all roughness effects.

The volume fraction of the nanoparticle is varied from 0 to 0.05 (i.e., 0%—-5%) for each
type of nanoparticle, and the corresponding findings are shown in Table 3. Moreover, a
constant volume fraction of 0.05 (5%) (i.e., ¢y = ¢, = ¢35 = ¢4, = 5% for each nanoparticle) is
taken to make a direct comparison between the mono-, hybrid-, ternary- and tetrahybrid
nanofluids, and the findings are shown in Table 4.

The use of the small-amplitude parameter @ and the frequency parameter n are two
essential parameters required to describe the surface roughness of the thin cylinder. These
characteristics enable accurate simulation of the effects of roughness, which directly impact
fluid flow in practical settings. In this definition, a value @ = 0 indicates a highly smooth
surface, whereas higher values (« # 0) indicate progressively rougher surfaces. Cylindrical
components such as heat-exchange tubes, biomedical probes, micro-cooling channels, and
similar structures may experience a similar phenomenon. Roughness is mathematically
represented as a sinusoidal waveform with low amplitude and high frequency to mimic these

Table 3. Physical properties of tetra-hybrid nanofluid [Paul and Das (2024)]

Physical
property Formulation
Density Prethnt = (1= Pa) (L= p3) (1= o) (L= 1)pp + 1951) + hop2) + 3p3) + Papa
. Hr
Dynamic Hiethnf =
viscosity “ (1=d)* (1= $2)* (1= 3)* (1= ¢4)*°
k.v4 + 2kthnf - 2(/}4(kthnf - ks4) x k.v3 + 2khnf - 2(/)3 (khnf - ks3)

Keety ksa + 2kipng + Py (Kiing — Ksa) kg3 + 2kpnp + b3 (kinr — ks3)
Thermal =
conductivity ky ks + 2Ky — 20y (kur — ki) | Kor + 2ky — 2, (K — ki)

X
kg + anf + ¢2 (knf - kAS) ks + 2kf + ¢1(kf - k:l)

(1-¢ )<(1 —¢1)(pCp)f)
Heat capacity (0Cp) ey = (1= ¢a) | (1—¢3) P\ *+i(pCp),y *#3(pCp)sy | +¢alPCp),4
+,(pCp),,
v
Thermal PPttty = (L= a) | (1—¢3) P\ +i(ph)y *93(0P)sz | * alPh)ss
expansion +a(pB)
Osa + 20uf = 204G — Os4) L + 201y — 203 (Onnf — 03)
st + 201hnf + Pa(Cthoy = Osa) 053+ 20mf + P3(Ohuf = 0s3)

1
Electrical Ztethnf

conductivity or O + 20, —2¢, (Onf — 03) N o051 + 207 — 2¢h, (or —051)

[ +26nf+¢2(6,!/—653) 651+207/+¢1(6[—0‘31)
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Table 4. Comparison of surface gradients £, (¢, 0), G,(&, 0) of the current analysis with the outcomes International

of [Takhar et al. (2000)], [Singh et al. (2008)] and [Roy and Anilkumar (2006)] when M=ec=0, a =0 Journal of
andn=0 .
Numerical
[Roy and Anilkumar Methods for Heat
[Takhar et al. (2000)]  [Singh et al. (2008)] (2006)] Current results & Fluid Flow
& Ri Gy&0) F(&0)  Gu&0)  F(0) Gy 0)  Fy(0)  Gy&0)  Fy(&0)
0 0 0.5855 1.3281 0.5855 1.3280 0.5854 1.3282 0.5856 1.3279
0 1 0.8219 4.9662 0.8221 4.9662 0.8222 4.9662 0.8223 4.9663
0 2 0.9303 7.7118 0.9304 7.7119 0.9302 7.7119 0.9304 7.7119
1 0 0.8667 1.9168 0.8667 1.9168 0.8668 1.9168 0.8670 1.9169
1 1 1.0618 5.2579 1.0619 5.2578 1.0619 5.2578 1.0620 5.2580
1 2 1.1684 7.8864 1.1693 7.8862 1.1693 7.8862 1.1694 7.8863

real-world surface defects. Microtextures with periodic patterns can be generated using this
process in a manner analogous to that of additive manufacturing, wear or machining. This
guarantees that the model accurately portrays scenarios prevalent in technological and
industrial contexts. Consequently, this is classified as a roughness profile, in accordance with
ISO Standard 4287:1997, rather than a waviness profile. This attention is taken when
selecting numerical values for parameters during the computation of boundary-layer profiles
and gradients. As a result of the non-similarity transformation of the governing equations, the
frequency parameter (n) has evolved into a combination of the surface roughness frequency
() and the other physical parameters of interest. This is achieved by combining the surface
roughness frequency with various physical properties.

5.1 The effects of € and Ri on the temperature and velocity profiles and gradients

Figures 3-5 illustrate the effects of the mixed convection parameter, Ri, and the velocity ratio
parameter ¢ on the velocity F(& ;) and temperature G(&, i) profiles, as well as their
respective gradients Re'/2Cf and Re ™ "/2Nu. The ranges selected in the present study have

0 1 N— 2
Figure 3. Variations of Ri and € on F(&, n)
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Figure 5. Variations of Ri and & on Re'/2Cf

been purposely chosen to cover weak to strong regimes often employed in theoretical and
numerical investigations so as to capture the whole parametric influence and not to reflect a
single fixed operating condition. The Richardson number (Ri) is considered from 0 to 10 to
span the transition from forced convection (Ri<1) to mixed convection (Ri~1) and
buoyancy-dominated flow (Ri > 1). These values are often used in mixed convection over
vertical or curved surfaces, microscale devices, and flows with thermal and magnetic effects,
where buoyancy forces may be comparable to or larger than inertial forces. Therefore, Ri < 1
defines a physically relevant region for thermally driven systems such as cooling channels,
heat exchangers and magnetically controlled flows.

The fluid’s velocity (Figure 3) increases with the rising magnitudes of Ri, whereas its
temperature (Figure 4) decreases. The assisting buoyancy force is augmented by an increase
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in Ri, thereby contributing additional momentum to the fluid. This & establishes the International
proportion between the wall velocity and the freestream velocity. The case of & < 1 signifies Journal of
that the freestream velocity predominates over the wall velocity, whereas € > 1 implies that

Numerical
the wall velocity prevails over the freestream velocity. Thus, in the case of € <1 where the
. . : . . . . Methods for Heat
wall velocity is less than the freestream velocity, this results in an increase in the fluid & Fluid Fl
uid Flow

velocity and a decrease in the boundary-layer temperature. An increase in the fluid velocity
removes hotter fluid particles from the boundary layer, allowing cooler fluid particles to
approach the wall. The fluid’s temperature decreases as a direct consequence of this. In
particular, the fluid velocity is significantly higher for e > 1 when compared to ¢ < 1, due to
the higher wall velocity which drags the fluid near it more firmly than the mainstream. Thus,
the convected heat in the boundary layer results in a temperature rise, as evidenced in
Figure 4. Furthermore, the effects on the velocity profile F due to are more significant
compared to those due to Ri.

The Re!/2Cf (Figure 5) increases along the length of the cylinder & in the presence of wall
surface roughness. Due to the roughness of the cylinder wall surface, sinusoidal fluctuations
are observed in the Re!/2Cf, and the size of these variations increases with increasing values
of Ri while decreases as ¢ increases, as shown in Figure 5. Also, the effects due to ¢ are more
prominent as compared to those due to Ri. However, the rate of heat transfer Re ™ /2Nu
characteristics also exhibits an oscillatory nature (Figure 6). It is observed to increase
significantly with increasing Ri and e. Also, the effects on Re ™ '/>Nu due to & are more
prominent as compared to those due to Ri.

5.2 Wall roughness on Re'/>Cf

Figures 7(a)—(c) illustrate the influence of the surface roughness parameter o and the
frequency parameter n on the skin-friction coefficient Re'/?Cf along the axial coordinate of
the cylinder. Figure 7(a) presents the variation of the skin-friction coefficient for different
values of the roughness parameter « =0, 0.01, 0.05 and 0.1 at a fixed frequency n=5,
where a = 0 corresponds to a hydraulically smooth surface. The results reveal a pronounced
oscillatory behaviour of the skin-friction coefficient superimposed on an overall increasing
trend along the cylinder length. This increase is physically attributed to the progressive

Ri=0,5,10

-2.0 T T T
0 1 26— 3 4
Figure 6. Influence of Ri and ¢ on Re /2 Nu
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growth of the boundary layer and the accumulation of viscous shear effects downstream. The International
rough surface enhances momentum exchange between the fluid and the wall, thereby Journal of
increasing the mean skin friction compared to the smooth configuration. From a physical Numerical
perspective, surface roughness introduces periodic geometric disturbances in the form of

s . . Methods for Heat
protuberances and cavities. In the present model, these features are represented by sinusoidal .
waves characterised by an amplitude parameter and a frequency n. These undulations modify & Fluid Flow
the near-wall velocity gradients by locally accelerating the flow over crests and decelerating
it within cavities, thereby generating periodic pressure and shear variations. Consequently,
sinusoidal fluctuations in the skin-friction coefficient Re!/>Cf are observed, with increasing
amplitude as the roughness frequency » increases, indicating stronger spatial modulation of
wall shear stress. Figures 7(b) and (c), corresponding to n=10 and n= 15, respectively,
further demonstrate that higher frequency roughness leads to more rapid oscillations in the
skin-friction coefficient. As the wavelength of the roughness decreases, the flow experiences
more frequent disturbances within a given axial distance. Each cavity can temporarily trap
fluid, forming local recirculation zones, while the peaks enhance local shear due to flow
acceleration. This alternating mechanism intensifies the periodic variation in wall shear
stress.

These findings have important implications in several real-world engineering applications.
For instance, in pipeline transport systems (such as crude oil or chemical transport), internal
surface roughness significantly affects pressure drop and energy consumption, as increased
skin friction leads to higher pumping power requirements. In aeronautical and marine
engineering, surface roughness on aircraft fuselages or ship hulls alters boundary layer
behaviour, increasing drag and reducing fuel efficiency. Conversely, controlled roughness is
sometimes deliberately introduced to enhance mixing and heat transfer, such as in heat
exchangers and cooling systems, where rough surfaces promote turbulence and improve
thermal performance. In microfluidic and biomedical devices, surface texture can influence
flow resistance and fluid transport, which is critical for designing lab-on-chip systems and
modelling blood flow in roughened arterial walls. Similarly, in coating and material
engineering, roughness plays a key role in determining adhesion, wear and flow
characteristics over surfaces. Overall, the combined effect of roughness amplitude and
frequency increases the average skin-friction coefficient and introduces significant spatial
oscillations, reflecting the complex relationship between viscous forces and geometrically
induced flow disturbances. These insights are essential for both minimising drag in transport
systems and optimising heat and mass transfer in industrial applications.

Figures 8(a)—(c) illustrate the combined effects of the frequency parameter nand the small
amplitude parameter « on the skin-friction coefficient Re'/2Cf along the axial coordinate & of
the cylinder. These figures present the variation of the skin-friction coefficient for a range of
frequency values n=1, 5, 10, 15 and 20 corresponding to three different amplitudes of surface
roughness, namely, @ = 0.01 [Figure 8(a)], a = 0.05 [Figure 8(b)] and a = 0.1 [Figure 8(c)].
From a physical standpoint, the skin-friction coefficient Re!/>Cf reflects the viscous shear
stress at the wall and is directly governed by the near-wall velocity gradient within the
developing boundary layer. As the flow progresses along the cylinder, the boundary layer
thickens and the cumulative viscous interaction between the fluid and the wall increases. This
leads to an overall rise in the mean skin-friction coefficient along the axial direction, which is
consistently observed in all three figures. Superimposed on this mean trend is a pronounced
oscillatory behaviour induced by surface roughness. The parameter erepresents the amplitude
of the sinusoidal roughness elements, which physically correspond to small-scale
protuberances and cavities distributed along the cylinder surface. As « increases from 0.01 to
0.1, these geometric irregularities become more prominent, causing stronger perturbations in
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the near-wall flow. This enhances the local acceleration over crests and deceleration within International
cavities, leading to increased fluctuations in the wall shear stress. Consequently, the amplitude Journal of
of oscillations in the skin-friction coefficient Re!/ 2Cf increases with «, indicating a more Numerical
pronounced modulation of viscous drag due to roughness. The frequency parameter n governs Methods for H
the number of roughness elements per unit length, or equivalently, the wavelength of the ethods .or eat
surface undulations. As n increases, the roughness features become more closely spaced, & Fluid Flow
resulting in more frequent disturbances to the boundary layer. This gives rise to rapid
oscillations in the skin-friction coefficient, as seen progressively from n=1 to n=20.
Physically, each cavity can trap a small packet of fluid, forming localised recirculation or low-
velocity regions, whereas the protrusions accelerate the flow and intensify shear. The repeated
alternation between these regions produces high-frequency variations in the wall shear stress
distribution.

These results are highly relevant in several practical and industrial applications. For
example, in pipeline transport systems, variations in internal surface roughness (due to
corrosion, scaling or material degradation) directly influence frictional losses and energy
requirements for pumping fluids. In aerospace and marine engineering, the roughness of
surfaces such as aircraft wings or ship hulls modifies the boundary layer structure, thereby
affecting drag forces and fuel efficiency. In heat transfer devices, such as compact heat
exchangers, deliberately introduced roughness elements (e.g., ribs or corrugations) enhance
heat transfer by increasing wall shear and promoting mixing, although this comes at the cost
of higher pressure drop. Similarly, in microfluidic systems and biomedical flows, surface
texture plays a crucial role in controlling flow resistance, mixing efficiency and shear-
sensitive processes, such as blood flow in arteries with plaque-induced roughness. Overall,
the interplay between the amplitude parameter eand the frequency parameter n governs the
intensity and spatial variation of wall shear stress. While a larger eamplifies the magnitude of
oscillations, higher nincreases their frequency, together producing a complex and highly
non-uniform distribution of skin friction Re'/2Cf along the cylinder. These insights are
essential for both mitigating drag in transport systems and exploiting roughness-induced
effects to enhance transport processes in engineering applications.

5.3 Wall surface roughness on Re =1/’ Nu
The effects of surface roughness on Re~'2Nyu have been analysed, and the results are
portrayed in Figures 9 and 10. Remarkably, Figure 9 has plots of Re™/2Nu along the
cylinder length & for the case of the variations of the roughness parameter a (small
parameter) with a fixed value of frequency parameter n, while Figure 10 has that for the case
of variations of frequency parameter n with a fixed value of roughness parameter a (small
parameter), which is oscillatory in nature with a mean that decreases along the length of &. In
Figures 9(a)—(c), the graphs correspond to the frequency parameter n=25, 50 and 75,
respectively. The chosen range of the frequency parameter (n up to 75) is also aimed at
representing moderate to high oscillatory modulation of the applied magnetic field or surface
roughness. Such modulation may be implemented in actual systems by using alternating
current electromagnetic sources or by exploiting patterned surfaces at micro- and
mesoscales. Higher values of the frequency parameter allow systematic investigation of the
effects of rapid spatial or temporal fluctuations on momentum and thermal boundary layers,
which is especially useful in flow control and heat transfer enhancement applications. The
model does not imply that each value corresponds to a specific physical device, but it allows
us to explore the limiting behaviour and sensitivity of the system.

The Re~ 2Ny near-surface decreases and is not very effective. Away from the rough
surface, i.e., £> 0.6,Re”"/2Nu enhances significantly. For a significant value of a (i..,
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HFF a >0.5), the disparity in wall heat transfer rates between smooth and rough surfaces is noted,
increasing with the magnitude of the small parameter a. However, oscillatory behaviour is
observed more clearly for £ > 1 due to the synergistic influence of surface roughness and the
periodic magnetic field. The more the value of n, the rougher the wall becomes, which
enhances the heat transfer rate from the wall to the fluid.

On the other hand, Figures 10(a)—(c) shows plots of Re ~'/?> Ny for the case of variations of
frequency parameter n with a fixed value of roughness parameter a(small parameter), i.e.,a = 0,
0.1, 0.5 and 0.9, respectively. It is observed that Re~'/>Nu in the case of a rough surface,
increases along the wall length occur more prominently in an oscillatory manner. When the
frequency parameter increases, oscillatory behaviour becomes more pronounced in Re ™ '/2Nu
away from the origin of the slender cylinder surface, and consequently, the magnitude of the
oscillatory behaviour rises along the length of the surface. Moreover, the magnitude of the
Re ~'/2Nu is higher for the case of a higher frequency parameter n, compared to that of the lower
frequency for a < 0.5. Because of their ability to retain heat, the tetrahybrid nanoparticles in the
fluid raise the liquid’s temperature, thereby reducing the heat transferred from the hot wall to the
fluid. The fluid cavities created by surface aspiration facilitate heat transfer from the hot wall to
the surrounding cold fluid. In addition, the Re ~"/?Nu reduction throughout the length of the
cylinder exhibits prominent sinusoidal oscillations. This contrasts with the situation in which a
smooth surface extends along the length of the slender cylinder &.

5.4 Variations of M and Q on profiles and gradients of velocity and temperature

Figures 11-14 display the plots of velocity profile F(¢, 7), temperature profile G(¢&, 7),
Re'/2Cf and Re~'/?Nu, respectively, for varying values of periodic magnetic field
parameter M and heat source/sink parameter Q. The periodic magnetic field studied here is a
space- or time-modulated external magnetic excitation that is physically realisable and can
often be produced in practice with alternating current electromagnets, solenoid arrays or
spatially distributed magnetic actuators used in electromagnetic flow and heat transfer
control systems. The magnetic field is taken to be transverse to the flow direction, which is
the usual configuration in the magnetohydrodynamic boundary layer analysis, as it generates
a Lorentz force which opposes the fluid motion and permits effective control of the velocity

F(&m) —
: I}
o
&

Figure 11. Effects of M and Q on F(&, )
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Figure 13. Effects of M and Q on Re'/2Cf

and heat fields. In the case of the magnetic field intensity, we just introduce periodicity while
its orientation is fixed, which ensures physical relevance and mathematical tractability. The
interaction between the oscillatory magnetic field and the surface roughness is due to the
combined effect on the momentum boundary layer: the surface roughness generates spatially
periodic disturbances at the wall, and the modulated magnetic field causes periodic changes
in the Lorentz force inside the fluid. The coupling consequently suggests the enhancement or
suppression of flow oscillations by magnetic modulation, not a rigid resonance condition.
Therefore, the periodic magnetic field is used as a controllable theoretical representation to
investigate the flow and heat transfer modulation in real MHD systems.

It is observed that, in general, both the profiles F(&, n) and G(&, 5), and gradients
Re'/2Cf and Re ~'/?Nu are influenced more significantly by the magnetic field (M) than that

Downl oaded from http://ftp. nowpublishers.conm hff/article-pdf/doi/10. 1108/ HFF- 02- 2026- 0180/ 11709267/ hf f - 02- 2026- 0180en. pdf by guest on 23



HFF

T — T T
2 E—— 3 4
Figure 14. Effects of M and Q on Re ™ /2Ny

by the heat source/sink (Q). The dramatic acceleration seen in Figure 10 is primarily
attributable to the strength of the magnetic field (M) rather than the effects of the source and
sink (Q). In the case of a heat source (Q > 0), it is observed to surpass the situation of a heat
sink (Q <0). The results show that the heat sink behaves oppositely to the heat source. The
heat source or sink raises or lowers the buoyant force, which is responsible for this variation.
Figures 11 and 12 show that when the heat source strength is substantial, the velocity and
temperature profiles of the momentum and thermal boundary layers overshoot. The fluid
temperature will likely decrease when heat is absorbed or when a heat sink is present (Q <0).
Since the effects of thermal buoyancy are diminished, the fluid’s velocity is lowered. The
behaviours are clearly shown in Figures 10 and 11, where the amplitude of the velocity and
temperature fields decreases for (Q <0).

In addition, the momentum boundary layer becomes thinner as the velocity increases.
Figure 12 shows that the thermal boundary layer has similar results when a magnetic field
(M) and heat generation/absorption (Q) are included.

In Figure 13, the effects of M and Q on the Re'/2Cf are observed, which are oscillatory in
nature, with their mean increasing along the wall length. The higher the M value, the higher
the Re'/2Cf value. Further, it is increased/reduced on account of a heat source (Q > 0)/sink
(Q<0), respectively. Also, the sinusoidal variations in Re’/2Cf even in the absence of a
magnetic field (M =0) are owing to surface roughness. In Figure 14, it is observed that
Re~'/2Nu is impacted more significantly by the sinusoidal variations in the presence of a
periodic magnetic field (M). The higher the value of M, the higher the value of Re ™ '/?Nu.
However, in the absence of a magnetic field (M = 0), oscillatory behaviour is not observed.
Also, Re™'/2Nu values are increased/decreased on account of a heat sink (Q < 0)/source

(Q>0).

5.5 The effects of tetra-hybrid nanoparticles

The impact of tetrahybrid nanoparticles on Re'/2Cf and Re = '/2Nu is displayed in Figures 15
and 16, respectively, in comparison with mono-, hybrid- and ternary nanoparticles. In
Figure 15, Re!/2Cf is found to be increasing along the length of the wall & in an oscillating
manner with an enhanced mean and amplitude as more nanoparticle components are added
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Figure 16. Impact of hybrid nanofluids on Re = /2 Nu

(labelled as 2, 3, 4 and 5) to the base fluid (labelled 1). Figure 16, Re ~'/2Nu exhibits a more
pronounced oscillatory nature due to the more decisive influence of the oscillatory magnetic
field. However, the mean Re ~'/2Nu increases gradually along the length of the wall &, and
the amplitude is marginally enhanced by virtue of the additional nanoparticle components
(labelled as 2, 3, 4 and 5), added to the base fluid (labelled 1). For detailed information, refer
to Table 5.

The effects of nanoparticle sphericities on Re'/?Cf and Re~/?Nu are depicted in
Figures 17 and 18, respectively, for varying sphericities, namely, s =3, 3.7, 4.9, 5.7 and 8.6.
In Figure 16, the mean values of sinusoidal variations of Re'/?Cf are enhanced and also
found to increase along the length of the wall £ significantly as the sphericity 's' increases. In
Figure 17, the mean value of the sinusoidal variations of Re™!/>Nu is also enhanced
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HFF Table 5. Description of ¢

Label Volume fraction ¢
1 $,=0.0 $,=0.0 $3=0.0 $,=0.0
2 ¢ =0.02 $#,=0 ¢5=0 i =
3 ¢, =0.02 $, =0.02 =0 ba =
4 ¢, =0.02 $y =0.02 3 =0.02 ba=
4 ¢, =0.02 ¢, =0.02 $3=0.02 ¢y =0.02
24
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Figure 17. Impact of Sphericities on Re'/2Cf
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Figure 18. Impact of Sphericities on Re ™/ Nu
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marginally and is also found to increase gradually along the length £ The effects on International

Re ~ /2 Nu are more pronounced for higher values of sphericity s. Journal of
Numerical
5.6 Effects of nanoparticle shapes on Re!/2Cf and Re =1/’ Nu Methods for Heat

The sphericity of a nanoparticle’s geometry is utilised to ascertain the shape factor s. The
sphericity and shape factors exhibit an inverse proportionality, as indicated by the relationship
s= % where sphericity is denoted by w. The values of Re'/?Cf increase with the rising
nanoparticle volume fractions of Ag, Au, Cu and TiO,, in the case of all-shaped nanoparticles, as
presented in Table 6. In comparison to the other shapes of the four nanoparticles considered,
skin friction is generally lower for spherical and higher for blade-shaped nanoparticles.
Specifically, Ti0,(¢,) exhibits the lowest skin friction and Au(¢,) displays the highest skin
friction, compared to the other three nanoparticles. Nevertheless, when the volume fractions of
nanoparticles grow, so do the values of Re!/Cf for sphere, brick, cylinder, platelet and blade-
shaped nanoparticles.

The enhanced skin friction is defined as Eskf =

The numerical details are shown in Table 6.

The values of Re = '/2Nu for spherical-shaped nanoparticles, as shown in Table 7, increase
as the volume fraction Ag(¢;) increases up to ¢, =0.3 and TiO,(¢4) for ¢, =0.2, then
decrease Re~'/?Nu, respectively. On the other hand, Re~ /2Nu rises when the volume
fractions of nanoparticles grow, so do the values of Re~ 12Ny spherical, brick, cylindrical,
platelet and blade-shaped nanoparticles. The spherical-shaped nanoparticles exhibit an
exceptionally low heat transmission rate compared to the other four shapes, and the highest
heat transfer rate is displayed by blade-shaped nanoparticles. Among all four nanoparticles,
TiO,(¢,) has the lowest heat transfer rate and Au(¢,) demonstrates the highest heat transfer
rate.

The enhanced heat transfer rate (Ehtr) is defined as.

Ehtr = Re ~Y2Nu(Nanofluid) — Re~'/>Nu(Basef luid)

Re ™ '/2Nu(Basefluid)

Table 7.

The numerical results for Re'/2Cf and Eskf for mono-, hybrid-, ternary- and tetra-
nanofluids are summarised in Table 8, while those of Re™ 12Ny and Ehtr are presented in
Table 9 when compared to the base fluid. The minus sign indicates a decrease in the values
relative to the base fluid. It is observed that, in general, the effect of TeHNF on gradients is
more significant than that of mono-, hybrid- and ternary nanofluids. This result is of practical
significance in the design of thermal control systems.

The mono-, hybrid-, ternary- and tetra-hybrid nanoparticles with a 5% volume fraction of
the considered nanoparticles have been analysed for enhanced skin friction (Eskf), and the
numerical details are given in Table 8. Suspensions of nanoparticles (Ag, Au, Cu and
TiO,), compared to water, with 5% volume fraction each, i.e.,¢p; = ¢, = 5 = p,= 5% of
different shapes, namely, sphere, brick, cylinder, platelet and blade, yield enhanced skin
friction (ESKF) considerably, as observed from Table 8. Among the tested nanofluids,
TiO, exhibits the lowest skin friction (Eskf) of 16.59%, followed by Cu with 28.83%, Ag
with 33.93% and Au with 52.78% for mono nanofluids of blade-shaped nanoparticles.
Notably, introducing multiple nanoparticle types into hybrid nanofluids results in an
additional increase in skin friction values compared to their mononanofluid counterparts. For
instance, among 5% volume fractions with six possible combinations Cu + TiO,/H-O,
hybrid nanofluids display the lowest enhanced skin friction (Eskf) of 46.43%, followed by
Ag+TiOy/H,0 with 51.82%, Ag+ Cu/H,O with 64.50%, Au+TiOy/H,O with
70.86%,Au + Cu/H,O with 82.85%, and Ag + Au/H,O with 87.74%.

& Fluid Flow

Re!/2Cf (Nanofluid) — Re"/>Cf (Basef luid)
Re!/?Cf (Basefluid) X100.

X 100. The numerical details are shown in
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HFF The suspensions of ternary hybrid nanoparticles comprise three nanoparticles among the
considered nanoparticles that form four possible combinations, namely,Ag + Cu + TiO,/H, 0
and Au + Cu + TiO,/H,0 with a 5% volume fraction of blade-shaped nanoparticles. These
ternary nanofluids obtain enhanced skin friction (Eskf) of 120.03%, 107.06%, 83.41% and
102.31%, respectively. The combination Ag + Cu + TiO,/H,O provides a lower enhanced
skin friction (Eskf), i.e., 83.41%, among the four combinations. The tetra-hybrid nanoparticles
comprising all four, Ag, Au, Cu and TiO,, with a 5% volume fraction of blade-shaped
nanoparticles, yield 140.31%.

Overall, among the mono-, hybrid-, ternary- and tetra-hybrid-blade-shaped nanoparticles,
the lowest Eskf values are found for TiO, with 16.59%, Cu + TiO,/H,O with 46.43%,
Au+ Cu+TiOy/H,0 with 83.41%, and Ag+Au+ Cu+ TiOy/H,0 with 140.31%,
respectively.

The mono-, hybrid-, ternary- and tetra-hybrid nanoparticles, each incorporated at a 5%
volume fraction, were evaluated for their enhanced heat transfer performance (Ehtr), with the
corresponding numerical results presented in Table 9. When compared to water, suspensions
of nanoparticles (Ag, Au, Cu and TiO,), with a 5% volume fraction each,
i.e. ¢y = ¢, = 5 = 4= 5% of different shapes, namely, sphere, bricks, cylinders, platelets and
blades, yield enhanced heat transfer rates (Ehtr) significantly. Among the mono nanofluids
verified, Au/H,O exhibits the highest Re ™ "2Nu of 51.92%, followed by Cu/H,0 with
41.68%, Ag/H,0 with 28.58%, and TiO,/H,O with 25.83%. For hybrid nanofluids with a
5% volume fraction, the six possible combinations of nanoparticles Au + Cu/H,0, hybrid
nanofluids display the highest enhanced heat transfer rate of 83.00%, followed by
Au+ TiO,/H,0 with 72.24%, Cu + TiO,/H,0 with 67.59%, Ag + Cu/H,0 with 21.70%,
Ag + Au/H,0O with 56.21%, and Ag + TiO,/H,0 with 51.14%. When compared to base
fluid, ternary hybrid nanofluids that were generated with three component combinations of the
specified nanoparticles, namely Ag, Au, Cu and TiO,, with a volume fraction of blade-shaped
nanoparticles that was 5% were shown to be superior. These ternary nanofluids obtain
enhanced heat transfer rates (Ehtr) of 78.45%, 79.99%, 80.92% and 109.69%, respectively.
The combination Au + Cu + TiO, provides the highest enhanced heat transfer rate Ehtr, i.e.,
109.69% among the four combinations. The TeHNF, by the combination of all four
nanoparticles, considered Ag + Au + Cu + TiO, with a 5% volume fraction for blade-shaped
nanoparticles, Ehtr yields 104.35%. The highest values of Ehtr in the case of mono-, hybrid-,
ternary-, and tetra-hybrid nanoparticles are Au with 51.92%, Au + Cu/H,O with 83.00%,
Au+ Cu + TiO,/H,0 with 109.69%, and Ag + Au + Cu + TiO, with 104.35%, respectively.

5.7 Grid discretization, grid number and grid independence test

Grid discretisation refers to the number of computational grids used in a numerical method,
typically expressed in terms of grid size. Both solution accuracy and computational
efficiency improve as the grid is refined, up to a best level beyond which further refinement
offers negligible benefits. The computational domain, illustrated in Figure 19, is discretised
using mesh sizes A £ and A # along the &- and #- directions, respectively. Each grid point is
found by an ordered pair (i, j), and the total collection of these points forms the grid number
used in the numerical scheme.

To ensure numerical reliability, a grid independence test is conducted. Table 10 presents
the average skin friction coefficient corresponding to grid resolutions of 100 x 100,
200 x 200, 300 x 300, 400 x 400, 500 x 500, 600 x 600, 700 x 700 and 800 x 800. The results
prove that the Average skin friction coefficient stays essentially unchanged for grid sizes of
300 x 300 and above, showing convergence and grid insensitivity. Consequently, a uniform
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Figure 19. Grid discretization

Table 10. Grid independence test for different mesh sizes for Ri =5.0, de =1.0 m =0.5, Re = 10.0,
b, =0.02, $,=0.02, 5= 0.02, $,= 0.02, e = 0.5, M = 0.5, ec = 0.1, Q = 0.5 and &= 0.5

Grid size Average Skin friction coefficient (Re'? Cf)
100 x 100 6.59584
200 x 200 6.77509
300 x 300 6.77553
400 x 400 6.77539
500 x 500 6.77551
600 x 600 6.77556
700 x 700 6.77549
800 x 800 6.77554

grid of 500 x 500, with mesh spacings of 0.01 along and normal to the surface, is considered
sufficient to achieve correct and computationally efficient solutions for the present study.

6. Conclusions

This paper provides a detailed numerical examination of the flow behaviour and heat
transport properties of TeHNF under periodic MHD forces and surface roughness effects.
The suggested model, based on a tetra-hybrid nanofluid containing Ag, Au, Cu and TiO,
nanoparticles distributed in water, exhibits superior thermal performance and offers greater
flexibility in altering effective thermophysical parameters than standard mono- and hybrid
nanofluids. The results show the synergistic effect of multi-nanoparticle loading, magnetic
field modulation and surface roughness on heat transfer and flow control. The main results of
this numerical analysis are discussed below:
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HFF + The fluid velocity is much higher for the bigger values £>1 of the wall-velocity
parameter than for the lower values ¢ < 1. This is because of the increased wall speed
which has a greater dragging effect on the fluid next to the surface. In this way, the
near-wall fluid layers are entrained and accelerated more effectively, which results in
improved momentum transfer from the moving wall to the surrounding fluid.

The sinusoidal oscillations of the Re'/2Cf are induced by the roughness of the
cylindrical surface, which corresponds to the periodic disturbance imposed at the
wall. With the increase in Richardson number Ri and e, the amplitude of these
oscillations grows, which indicates that bigger buoyancy effects and stronger surface
imperfections aggravate flow fluctuations near the boundary.

The rough cylindrical surface induces localised protrusions and depressions along
the thin geometry, which perturb the near-wall flow and greatly influence the overall
flow dynamics.

The surface roughness of the cylinder wall Re'/2Cf produces sinusoidal fluctuations
in the velocity field. The size of these oscillations grows with increasing surface-
roughness amplitude parameter @, which means that the strength of near-wall flow
modulation increases with increasing surface undulation.

The combined impact of the periodic magnetic field and the rough surface is to
increase the oscillatory behaviour in Re ~'/? Ny for & > 1, especially for larger values
of the parameters regulating the problem, which indicates a stronger modulation of
the flow under coupled magnetic and roughness effects.

The gradients of velocity and temperature are significantly influenced by the periodic
magnetic field compared to the effects of the heat generation and absorption. This is
due to the direct effect of the Lorentz force, which drastically alters the momentum
flux and the thermal boundary-layer growth.

The increased influence of the periodic magnetic field results in a more pronounced
oscillatory behaviour of the wall heat transfer rate Re = '/2Nu, which is equivalent to
a more efficient regulation of the thermal boundary layer by the magnetic field
fluctuations.

The average of the sinusoidal changes in the wall heat-transfer rate slightly improves
and rises progressively in the axial direction. Furthermore, higher values of the
sphericity parameter s lead to a greater influence on the rate of heat transfer, which
signifies a bigger impact of particle shape on thermal transport.

The highest enhancement values of the Nusselt number for mono, hybrid, ternary and
TeHNFs are due to Au nanoparticles (51.92%), hybrid combinations Au + Cu/H,0
(83.00%), ternary nanoparticle mixtures Au + Cu + TiO,/H,0 (109.69%) and tetra-
hybrid compositions of Ag + Au + Cu + TiO2 (104.35%), respectively.
Mono-nanofluids: Au nanoparticles show the best thermal performance among the
mono-nanofluid situations with 51.92% augmentation in the heat-transfer rate.

The hybrid nanofluids: Au + Cu/H,0O and Au+ TiOy/H>O exhibit superior thermal
performance, achieving heat-transfer enhancements of 83.00% and 72.24%, respectively.
Ternary-hybrid nanofluids: The ternary nanofluid combinations Ag+ Au + Cu,
Ag+Au+TiO;y, Ag + Cu+ TiO;, and Au + Cu + TiO, demonstrate excellent thermal
performance, yielding enhanced heat-transfer rates of 78.45%, 79.99%, 80.92% and
109.69%, respectively.

TeHNF: Ag + MgO+TiO,+Fe30,4 exhibits the highest heat transfer rate at 104.35%.
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