Supplementary material
Taxing the Invisible: Graph-Based Information Structures for Redistributive Design under Uncertainty

This Supplementary material provides the formal economic and mathematical founda-tions underlying the framework developed in the paper. The objective is to make explicit the informational structure, modeling assumptions, and robustness arguments that mo-tivate the proposed tax design framework. All results are stated at a level sufficient for theoretical scrutiny and replication.


A. Economic Environment

The economy consists of a finite population

I = {1, . . . , N}.	(1)

Each individual i ∈ I is characterized by an unobserved productivity type θi ∈ R+ and an unobserved effort choice ei ∈ R+. Pre-tax income is given by

yi = θiei.	(2)

Preferences are quasi-linear:
ui = yi − Ti − ψ(ei),	(3)
where Ti denotes tax liability and ψ(·) is increasing, strictly convex, and continuously differentiable.
Assumption 1 (Limited Observability). The fiscal planner does not observe θi, ei, or
yi, and does not know their joint distribution.

This assumption reflects environments with informality, weak enforcement, and frag-mented administrative capacity.
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B. Observable Information Structure

Instead of monetary variables, the planner observes a structured representation of the economy.
Definition 1 (Observable Economic Graph). The observable economy is represented by a graph
G = (I, E, X),	(4)
where Xi ∈ Rp denotes observable non-monetary characteristics (education, sector, re-gion, formality status), and edges (i, j) ∈ E encode structural proximity.

Edges summarize similarity in opportunity sets, institutional constraints, or exposure to common shocks, rather than realized income outcomes.
Assumption 2 (Structural Informativeness). Conditional on G, individuals with similar local and higher-order graph neighborhoods face similar income-generating environments in distribution.

This assumption does not require income equality, only similarity in income distributions.


C. Structural Embeddings as Information Compres-sion
The planner applies a graph-based representation operator

Φ : (G, X) → RN×k,	(5)

yielding embeddings
zi = Φi(G, X) ∈ Rk.	(6)

Embeddings are generated through message-passing layers of the form

h(ℓ+1) = σW (ℓ)h(ℓ) + L

(ℓ) (ℓ)
AijU	h	,	(7)
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with initialization h(0) = Xi and zi = h(L).
i	i

Remark 1. Embeddings are interpreted as compressed representations of relational in-formation, not as point predictors of income.


D. Income Ambiguity and Information Sets
Definition 2 (Embedding-Indexed Information Set). For each zi, let P(zi) denote the set of income distributions consistent with the structural position indexed by zi.

Ambiguity is formalized using Wasserstein neighborhoods:

Pδ(zi) = {P : W1(P, P0(· | zi)) ≤ δ} ,	(8)

where P0(· | zi) is a reference distribution and δ > 0 captures informational uncertainty.
Assumption 3 (Ambiguity Radius). The ambiguity radius δ is weakly decreasing in the informational content of zi.

This links network structure to uncertainty contraction.


E. Tax Policies and Benchmarks

A tax policy is a measurable mapping

T : Rk → R+.	(9)

Benchmark policies restrict T to depend only on Xi, while structure-based taxation con-ditions on zi.
Definition 3 (Non-Graph Policies). A tax rule TNG is non-graph if TNG(zi) = T˜(Xi)
for all i.


F. Robust Planner’s Problem


The planner solves


NL

max
T ∈T
i=1


inf
P∈Pδ(zi)


EP [yi − T (zi) − ψ(ei)] ,	(10)

subject to the revenue constraint


LN

i=1

inf
P∈Pδ(zi)

EP [T (zi)] ≥ R¯.	(11)


Incentive compatibility constraints are not imposed explicitly; behavioral responses are internalized through worst-case evaluation.
Remark 2. This formulation replaces incentive constraints with informational robust-ness.


G. Informational Dominance of Structural Taxation
Let κ(G) denote a scalar index of network connectivity (e.g. average degree or inverse modularity).
Assumption 4 (Connectivity and Information). Higher κ(G) implies greater contraction of ambiguity sets Pδ(zi) relative to information sets based on Xi alone.
Proposition 1 (Structural Dominance under Connectivity). Suppose Assumptions 1–6 hold. Then, for any ambiguity radius δ and revenue requirement R¯, there exists κ⋆ such that for all networks with κ(G) ≥ κ⋆, the optimal structure-based tax rule TGNN weakly dominates any non-graph tax rule TNG:

W (TGNN ) ≥ W (TNG),	(12)

with strict inequality whenever non-graph rules cannot distinguish agents whose income distributions differ only through higher-order network position.
Remark 3. Dominance arises from informational refinement, not algorithmic flexibility.


H. Computational Implementation

The inner minimization over Wasserstein sets admits a dual representation, enabling tractable numerical implementation. Optimization proceeds by alternating between tax-rule updates and evaluation of worst-case distributions. Convergence follows from stan-dard convexity and compactness arguments.
