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Tensile membrane structures (TMS) are growing in popularity for their ability to span vast regions, lightweight proper-
ties, and material utilisation efficiency. Given that the shape of the structure is unknown in advance and is dependent
on the boundary and stress conditions, the designer must use an approach known as ‘form-finding’ which seeks to dis-
cover a static equilibrium configuration of TMS. Unfortunately, standard methods suffer from several convergence
issues. Therefore, the authors propose an innovative approach for identifying the TMS form based on the theory of
general curved interfaces by solving the generalised form of the Laplace equation, which stems from the mechanical
and thermodynamic principles for describing the phenomena of curved interfaces. This theory is implemented to de-
velop a novel form-finding equation that can incorporate non-minimal shapes and therefore is specifically tailored to
fit a TMS's structural requirements. The suggested methodology entails using a mesh-less framework called a physics-
informed neural network to solve this newly obtained equation. Several numerical examples highlight the advantages
of the proposed formulation.
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Notation Nu number of boundary points

a determinant of the surface metric tensor N transverse component of the surface moment
g, Ap tangential basis vectors tensor

P surface metric tensor NP tangential component of the surface moment
B interfacial bending moment tensor

begp surface curvature tensor components n outward unit normal vector to the surface S
Cy, Cy principal curvatures at a point on the surface Py, Py pressures in fluid bulk phases I and II

D deviatoric curvature at a point on the surface q* deviatoric curvature tensor

ds scalar element of the surface S surface enclosing the volume V

€11, €22 alternating components Se surface density of entropy

€12, €21 alternating components T temperature

f force exerted per unit mass T stress tensor

f(x, 1) known source term in the PDE t time variable

fs surface density of excess free energy U, surface unit tensor

H surface mean curvature ug(x, t) neural network approximation of u(x, t)

K Gaussian curvature at a point on the surface A\ volume of material

My, My eigenvalues of the surface moment tensor v velocity field

MR surface moment components w angular velocity

M 4 covariant derivatives of M Wi surface density of grand thermodynamic

m analogous counterpart of body forces potential

N surface moment tensor Xp = {Xp, yb} boundary collocation points

Ny number of collocation points for enforcing PDE Xy = {Xy, ¥y} neural network approximation of TMS surface
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X1 = (x5, ¥3) membrane collocation points

a coefficient accounting for moment of inertia

r mass density per unit surface area

I'e number of molecules of component k

v thermodynamic surface tension

da local dilation of an elemental surface area AA

€ surface alternator

4 shearing tension

® interfacial torsion moment

0" optimal PINN parameters

i chemical potential

p mass density

c surface stress tensor

Gy, Oy eigenvalues of the surface stress tensor

Gy, Oy orthogonal warp and weft prestresses (during
form-finding)

o tangential shear stress components

B boundary condition operator

L differential operator defining the PDE

Lioi(0) total loss function for PINN training

Vs two-dimensional gradient operator on the
surface

1. Introduction

In recent years, tensile membrane structures (TMSs) have become
extremely popular for long-span structures. They are readily uti-
lised to cover huge areas because they are made with the aid of
lightweight textiles. As a result, they are mostly utilised as the
roofing structures for airports, stadiums, shopping centres, parking
lots, and so on. The membrane fabric used for TMS has negligible
flexural stiffness and low shear strength. The membrane action of
in-plane prestresses and the anticlastic curvature are the main con-
tributors to TMS’s stability. The fact that TMS may be prefabricated
gives them a significant advantage over conventional structures such
as reinforced cement concrete, steel, or masonry structures in terms
of quality control. The flexibility in architectural design that TMS
can provide is another benefit of such systems, as they have been
employed to generate a large number of aesthetic structures.

The main challenging aspect of TMS design stems from a proce-
dure known as ‘form finding’. The form of TMS is not known
beforehand and is dependent on the prescribed boundary and pre-
stress condition. During this stage, the TMS is expected to be in
static equilibrium, subjected to the prescribed boundary conditions
and the prescribed prestress by forming a double-curved anticlas-
tic surface. It is expected that the form-finding framework will
produce optimal structural forms that meet the functional and du-
rability requirements while also being affordable and aesthetically
acceptable. The TMS’s structural behaviour is determined by or-
thogonal fibres that make up the membrane material. The prestress
in the membrane is applied along the orthogonal ‘warp’ and ‘fill’
(‘weft”) material fibre directions, respectively. When the TMS has
a minimal shape with the smallest surface area, the warp and fill
prestress values become equal, resulting in an isotropic prestress
shape. However, in practical situations, minimal shapes may not
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always meet design requirements, such as clearance height or aes-
thetics. Therefore, anisotropic prestress (unequal warp and weft
prestress) is needed, resulting in a non-minimal shape. The final
shape of a non-minimal TMS is determined by the ratio of warp to
fill prestress. By increasing the prestress along one direction,
the corresponding anticlastic curvature is decreased (Marbaniang
etal., 2022).

Nowadays, several mesh-based numerical methods are employed
for the form-finding process. Some of them include the force den-
sity method, dynamic relaxation (DR) method, stiffness method,
and so on (Lewis, 2003; Topping and Ivanyi, 2007). Traditional
mesh-based form-finding methods typically rely on mesh discretisa-
tion and subsequent application of numerical methods to achieve
equilibrium within the system. Despite their popularity, these meth-
ods often encounter convergence issues, especially when dealing
with anisotropic prestressed membranes (Marbaniang et al., 2022).
An assessment of various standard TMS form-finding software
and tools revealed significant discrepancies in results, particularly
for non-minimal shapes with anisotropic prestress (Gosling et al.,
2013). Customary form-finding frameworks suffer from several
shortcomings, including computationally intensive stiffness matrix
calculations, ambiguous force—density parameters in geometric
stiffness methods, and challenges in determining optimal parame-
ters for dynamic equilibrium-based methods (Veenendaal and
Block, 2012). Incorrect parameter selection can lead to numerical
anomalies, such as mesh distortion and non-convergent solutions
(Veenendaal and Block, 2012; Wakefield, 1999). Consequently,
the computational performance of traditional form-finding techni-
ques heavily relies on initial geometry and hyperparameter selec-
tion (Nouri-Baranger, 2004; Veenendaal and Block, 2012). In
addition, the computational complexity of mesh-based methods
escalates in high-dimensional problems, further exacerbated by
the computational demands of meshing algorithms (Dutta and
Ghosh, 2021). Moreover, tangential fluctuations on the discretised
surface pose additional challenges that need separate considera-
tion (Bletzinger and Ramm, 1999; Veenendaal and Block, 2012;
Wiichner and Bletzinger, 2005). Detailed numerical experiments
conducted by Kabasi et al. (2023) highlighted drawbacks and con-
vergence issues of traditional mesh-based form-finding frame-
works, such as DR (Topping and Ivanyi, 2007) and conventional
finite-element method (FEM). DR exhibited sensitivity to initial
shape and mesh density, leading to convergence and mesh distor-
tion problems. Similarly, FEM-based form finding showed sensi-
tivity to pseudo-material properties, resulting in non-convergence
or significant deviation of Cauchy stress from the target prestress.
The study also emphasised the significant impact of the chosen
initial form on the convergence of the FEM-based approach.
Given the challenges associated with mesh-based techniques,
Kabasi ef al. (2023) proposed a mesh-less form-finding technique
based on the Euler-Lagrange equation, utilising physics-informed
neural networks (PINNs) (Raissi et al., 2019). While this method
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offers potential solutions to conventional mesh-based limitations,
it is currently limited to minimal TMS subjected to isotropic pre-
stress along the warp and weft directions of the fabric.

This research proposes a new mesh-free PINN-based algorithm
for non-minimal TMS form finding. This unique form-finding
strategy makes use of the theory of a general curved interfaces,
that is mostly used in the scientific domains of biophysics and col-
loidal sciences. In general, there are two approaches for analysing
the contours of curved membranes—the mechanical approach
characterised by surface stress and moment tensors, which are
subsequently used for balancing linear and angular momentum,
and the thermodynamical approach characterised by shear ten-
sions, scalar dilation, bending moments, and torsion. Upon com-
parison of these two approaches, Kralchevsky ez al. (1994) found
out that these two seemingly diametrically opposite approaches of
describing the same phenomena are ultimately complementary to
each other and subsequently derived an elegant form of a general-
ised Laplace equation. Although this theory is applied for describ-
ing the surfaces of lipid vessels, microemulsions, cell membranes,
capillary waves at interfaces, thin liquid films, and so on, the basic
physics of these membranes is conjectured to be similar to that
of a TMS. Hence, the generalised Laplace equation mentioned
above is investigated for the form finding of TMS. A more suita-
ble equation specialised towards TMS is derived, and this equa-
tion is solved using PINN. Most importantly, the proposed
formulation is also applicable for the form finding of non-
minimal shapes having anisotropic prestress. Extensive numeri-
cal case studies are undertaken to demonstrate that the proposed
framework can be used to get an accurate estimation of the form-
found shape of TMS while alleviating the convergence issues
faced by traditional approaches.

The rest of the manuscript is organised in the following order.
Section 2 introduces the mechanical and thermodynamic theo-
ries of a general curved interface and their relation to each
other. The derivation of a novel form-found surface equation
for TMS based on these theories is given in Section 3. A brief
discussion on the framework of PINN is given in Section 4. The
proposed methodology of the form finding of TMS is described
in Section 5, followed by the form-finding case studies in
Section 6. Section 7 provides a brief summary and some impor-
tant concluding points.

2. Theory of curved interfaces and
membranes

2.1 Overview

According to different reviews in biophysics and colloid science,
the classical Young—Laplace theory (Kralchevsky et al., 1994),
which describes the contour of a membrane or curved interface as
a two-dimensional continuum subjected to isotropic tension and
position independence, proves ineffective in many cases. Gibbs

(1961) introduced a simplified framework for situations where the
effects of curvature are significant. To account for the effects of
bending alongside vanishing tensions in biomembranes and lipid
membranes, Helfrich (1974) considered different mechanical pa-
rameters such as bending and torsion moduli and spontaneous cur-
vature, which subsequently became an important part of the literature
on microemulsions (Kralchevsky et al., 1994). Kralchevsky and
Ivanov (1990) assumed biomembranes as a two-dimensional contin-
uum having shearing membrane tension, bending, and torsional
moments and found satisfying results. Examples of such cases
include erythrocytes (Markin, 1981), microemulsions (Ljunggren and
Eriksson, 1992), and surfactant micelles (Eriksson and Ljunggren,
1985).

There are two main ways to approach the theoretical and mathe-
matical description of a general curved interface. The first
approach comes from a mechanical standpoint and is based on the
Kirchhoff-Love theory of plates and shells (Ciarlet, 1997). This
theory is often used to describe the surface of biomembranes and
lipid bilayers due to its strong mathematical foundations based
on two-dimensional continuum mechanics, differential geometry,
and tensor analysis. The second approach originates from Gibbs’
theory of capillarity (Gibbs, 1961), which is based on thermody-
namics and is commonly cited in the fields of physical chemistry
and surface sciences. In their literature review, Kralchevsky
et al. (1994) examined these two approaches and explored the
relationship between them. They concluded that the two
approaches were equivalent and complemented each other, lead-
ing to the discovery of an elegant form of the generalised
Laplace equation. They suggested that this equation could be
used to describe the surface of any curved surface, thin film, or
membrane.

2.2  Maechanical approach

A brief discussion on the main equations of the mechanical
approach is presented here. The detailed derivations can be found
in Kralchevsky et al. (1994). Consider a volume of material,
denoted as ¥, that is surrounded by a surface represented as S,
with an outward unit normal vector, n. As per Newton’s second
law, it is hypothesised that (Serrin, 1959):

d
1. E/dev:/dsmT—b—/def
4 s v

In this context, the variable ¢ represents time, p represents the
mass density, v represents the velocity field, 7 represents the stress
tensor, ds denotes a scalar element of the surface, and f represents
the force exerted on the body per unit of mass. By balancing the
surface linear momentum, the Young-Laplace equation of capil-
larity (Laplace, 1805) can be derived for the case of a quasi-static
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deformation of a fluid interface between two fluid bulk phases
having pressures P; and P;;, respectively.

2. ZHO':PII—PI

where H is the surface mean curvature. The theory underlying this
equation is limited by the assumption that the fluid interface has
uniform surface tension. However, this assumption does not hold
true for strongly curved surfaces, such as those present in microe-
mulsions and biomembranes, where surface bending moments
play a significant role. Moreover, the surface tension is often nei-
ther isotropic nor constant. To address these complexities, it is
necessary to postulate the surface angular momentum balance
equation (Naghdi, 1972).

3. al"acli—v::vs-N+Fm+n[(a:E)US+a-e]

The surface moment tensor N is further given as a summation of
the tangential and transverse components defined by:

4, N= aaaﬁN“ﬂ + aunN*"

Here, a is a coefficient accounting for the moment of inertia,
and the angular velocity is represented by w. V; is the two-
dimensional gradient operator on the surface, and o is the surface
stress tensor. Uy is the surface unit tensor. I' is the mass density
per unit surface area. m is the analogous counterpart of body
forces, and the surface alternator is given by:

€= a"'aﬁfa/; = a“aﬁ\/aeaﬂ

ep=—ey=1le;p=en=0

where a is the determinant of the surface metric tensor. By apply-
ing various mathematical substitutions, it is possible to derive
the generalised Laplace equation for situations where surface
moments (M) are involved. This equation can be expressed as
(Naghdi, 1972):

6. by’ —M? =Py P,

Here, b4 and M «p are the components of the surface curvature
tensor and the covariant derivatives of M, respectively. ¢* are the
tangential shear stress components.
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2.3 Thermodynamic approach

The thermodynamic method developed by Gibbs (1961), which
was subsequently expanded by Boruvka and Neumann (1977),
considers a multiphase system as consisting of bulk, surface, and
linear phases. Each phase is defined by a fundamental equation.
The local form of the fundamental equation of the surface is given
by Kralchevsky and Ivanov (1990):

N

7.  Ofy = —s;0T + Zukérk — wsoa + owy
=1

where the surface densities of the excess free energy, surface den-
sities of the entropy, surface densities of the grand thermodynamic
potential, the number of molecules of components, temperature, and
chemical potential are given by f;, s, wy, 'y, &, T, and g, respectively.
The local dilation of an elemental surface area A4 is given by:

o(A4)

8. ou=224
“T M

The work done due to surface deformation per unit area for dila-
tion (da), shear (6f3), bending (6H ), and torsion (0D) is given by:

9.  ows = yoa + (of + BoH + @D

y, ¢ are the thermodynamic surface tension and shearing tension,
respectively, and B and ® are the interfacial bending and torsion
moments, respectively. By thermodynamic definitions, it can be
said that:

N
0. wo=fi=> ul
k=1

By combining all these equations, Equation 7 can be written as:

N
1. owe=—50T = > Tidyy + (7 — wy)do+ (OB + BSH + ©5D
k=1

After imposing the conditions of thermodynamic and mechanical

equilibrium, the surface equilibrium equation is obtained as

(Kralchevsky et al., 1994): 5 5
a¥B+ q*®

2Hy + 2D¢ — (H* + D*)B — 2HD® — #

12.
=Py —P
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H and D are mean curvatures and deviatoric curvatures at a point
on the surface, respectively. a* is the surface metric tensor, and
¢” is the deviatoric curvature tensor:

o (07— Ha?)
D

13.

2.4  Relating the two approaches
The thermodynamic dilation and shearing tension can be related

to the mechanical surface tension and shear using the following
relations (Gurkov and Kralchevsky, 1990).

BH ©OD

1 y=0’+7+7
_BD OH
C=ntg ey

By substituting these equations into Equation 12, the generalised
Laplace equation as derived can be written elegantly as:

15. 2HJ+2DU7%:PH*PI
where

6 oltm (o)

17. B=M+My; ©O=M —M

o,, 0, are the eigenvalues of the surface stress tensor. M;, M, are
the eigenvalues of the surface moment tensor.

3. Derivation of a novel form-found surface
equation for TMS based on the generalised
Laplace equation

The generalised Laplace equation was derived for finding the sta-

ble configuration of biomembranes and other general curved

surfaces in the fields of biophysics and colloids. Nonetheless,
there is no fundamental impediment to the application of the same
physical principles to TMS. The equations that govern these struc-
tures may require some modifications to account for their unique
characteristics. Therefore, in this study, a novel equation based on
the generalised Laplace equation is proposed to find the form-
found surface of TMS. It is well established that TMS are incapa-
ble of withstanding bending stresses (Lewis, 2003). Therefore,

M,;, 2Ho = Py;; — Py, and consequently B and ® are equal to zero.
Hence, in Equation 15,

18.  a”B+4¢%0 =0

Furthermore, in the form-finding exercise, all external loads are
ignored. Hence,

19. Pyp=P; =0

Therefore, Equation 15 is reduced to the equation of form-found
shape of a TMS as:

200 Ho+Dnp=0

Now, we know from differential geometry (Lane, 1940):

Ccl —C

2. H=——7—
2

2. p=9-2
2
23 KZC]CZ

where K is the Gaussian curvature at a point on the surface, and
c1, ¢; are the principal curvatures at a point on the surface. Again,
the differential equations of H, K are (Lane, 1940):

r(1+ %) — 2pgs +t(1 +p?)

4. H= -
20+p*+¢*)"
rt— s*
5. K=—"1""
(I+p*+4%)
where
I S S T R
C P q_Oy’ oo’ T oxdy’ o2
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Furthermore, from Equations 21-23, we have:

27. D==*VH?’-K

Due to the * sign in Equation 27, it becomes numerically difficult
to solve Equation 20 directly due to the possibility of non-unique
solutions. Furthermore, the square root term also causes numerical
instabilities and convergence issues. In order to avoid this conun-
drum, a weight function is utilised as is commonly used in solving
partial differential equations (PDEs) using finite-element analysis
(Reddy, 2019). Instead of solving Equation 20 directly, Ho — Dp is
multiplied to both sides of the equation, and the integral is solved.
The derived equation proposed for the form finding of TMS with
non-minimal prestress is given by the following simplified integral:

28. /(Ha—i—Diy)(Ha—Dn) =0
o)

The integral is solved using a Monte Carlo integration (Morokoff
and Caflisch, 1995) scheme, leading to the following formulation:

29. /(HO‘+D77)(HJ—D7’]) =0
o)

where B is the area of the x—y domain, and Nyis the number of ran-
domly sampled points on the domain. [-]; denotes the quantities
inside the parentheses are calculated at the ith collocation point.
Thus, putting the value of D from Equation 27, we get:

N

S |@Ho? — (i — Ky,

i
i=1

ol . o —0,)?
)]

=0
30.

Putting the curvature formulas from Equations 24 and 25, the final
equation of the form-found shape is given by:

§5[<41+qﬂ-—yWS+Kl+pUQn+gﬂ>1

= 41 +p> 4+
2
31 _% (14 ¢%) — 2pgs + (1 + p?) _n —s?
= 21 +p2 42" (1+p* +47)

(o3 — Uy)Z
=% | —p
X 7 .
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We consider the principal components of the prestress to be in the
same direction of the principal curvatures, which is the case in form
finding of TMS. Here, o, 0, are analogous to the prestresses acting
along the ‘warp’ and ‘weft’ fibres of the TMS fabric, making the for-
mulation robust enough to accommodate anisotropic prestress. The
global x—y axes are oriented along these material fibre directions.

3.1  The connection between the generalised Laplace
equation and the Euler-Lagrange equation

When a TMS is under the action of isotropic prestress, o, a,, 7 = 0,
Equation 20 becomes:

3. H=0

This equation is popularly known as the Euler-Lagrange equation
of minimal surfaces (Lewis, 2003). One limitation of the Euler—
Lagrange equation for TMS form finding is that this equation is
only valid for minimal TMS subjected to isotropic prestress.
However, as was discussed before, most practical TMS requires ani-
sotropic prestressing, leading to non-minimal design. This is the
main flaw in the form-finding methodology proposed by Kabasi
et al. (2023), as the authors tackled the form finding of TMS by solv-
ing Equation 32 using PINN. Although the mesh-less method has
several advantages with respect to conventional mesh-based form-
finding techniques, the method falls short in the sense that it is not
applicable for non-minimal TMS subjected to anisotropic prestress.
Equation 31 is formulated in this study to precisely alleviate this par-
ticular flaw of the PINN-based method formulated in Kabasi ez al.
(2023), as the proposed formulation can easily accommodate the dif-
ferent ‘warp’ and ‘weft’ prestresses along the global x—y axes for
form finding of practical non-minimal TMS.

4. Physics-informed neural network

PINNs are a class of machine learning models that incorporate
physical laws and constraints into their architecture to improve
their performance in solving PDEs and related problems. The idea
of combining neural networks with physics-based modelling dates
back to the 1990s when researchers started using neural networks
to approximate PDEs. However, the approach was limited by the
need for large amounts of training data and the inability of neural
networks to enforce physical constraints.

The modern concept of PINNs was introduced by Raissi et al.
(2019), who proposed using neural networks to learn the solution
to PDEs while enforcing the physical laws that govern the system
by leveraging automatic differentiation (Baydin et al., 2017).
PINNSs provide a framework for combining the strengths of deep
learning with the power of physics-based modelling, enabling effi-
cient and accurate solutions to PDEs with limited data.
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PINNs work by approximating the solution to a given PDE using
a neural network. The neural network takes the spatial and tempo-
ral coordinates of the PDE as input and outputs the predicted solu-
tion. In addition to the usual loss function that measures the error
between the predicted and actual solutions (for boundary/initial
constraints), PINNs also include a physics-based loss function that
enforces the governing equations of the system. The physics-
based loss function is derived from the PDE itself and is used to
constrain the predictions of the neural network to be consistent
with the underlying physics. Given a PDE of the form:

33. L(u(x, ), du(x, 1), Deu(x, 1), . . ) = f(x.1)

where L is a differential operator, u is the unknown function, and f
is a known source term.

We seek to find the solution u that satisfies the PDE and any asso-
ciated boundary conditions. To do this, a neural network uy(x, ) is
constructed with learnable parameters @ that approximates the so-
lution u(x, f), such that:

34, E(uy(x, 1), Oug(x, 1), Osug(x, 1), . . ) =f(x,1)

This equation is referred to as the physics-informed loss and is
used to train the neural network.

In addition, any available boundary conditions can be incorporated
into the loss function by adding a boundary loss term of the form:

35. B(ug(xb,tb)7g(xbvlb)> =0

where x;, and 7, are the coordinates of the boundary points, g(x, #,) is
the known boundary condition, and & is a boundary operator that
enforces the boundary condition. The total loss function for training
the PINN is then given by:

Ny

L:tot (9) = Z
i=1
N,

36. x” tz )2 Z

bh=1

l:(ug(x,, ), Dyt (xi, 1), aug(xl,t,),...>

2
( (xp, 1) g(xmfb))‘

where N, is the number of data points used for training to enforce
the PDE, N, is the number of boundary points, and « is a weight-
ing parameter that balances the importance of the physics-
informed loss and the boundary loss. By minimising the total loss

function L,,, with respect to the learnable parameters 6, an approx-
imation of the solution u(x, f) can be obtained that satisfies both
the PDE and the boundary conditions.

Overall, PINNs provide a powerful tool for solving complex phys-
ical problems that involve PDEs and related constraints and have
been successfully applied in a wide range of fields, including fluid
dynamics, solid mechanics, and so on (Raissi et al., 2019).

5. The proposed form-finding algorithm

The approximate PDE that governs the shape of the form-found
shape of TMS subjected to a general initial prestress condition is
given by Equation 31. This section introduces a framework for
finding the solution of this equation with the help of PINN, thus
finding the form-found shape while respecting the given boundary
conditions within a low-tolerance value. The premise of the pro-
posed framework lies in finding the unknown z coordinates of the
TMS (having x—y domain, Q, and boundary 0Q) subjected to the
prescribed orthogonal warp (oy) and weft (o,) prestresses acting
along the x—y axes. This is done using a neural network zy(x, y) for
satisfying Equation 31 and the boundary constraints, B(x, y) = 0,
simultaneously by employing the concepts of a PINN. The neural
network parameters 6 are initialised using a randomised Xavier
initialisation (Glorot and Bengio, 2010).

Consider a set of collocation points X; = (x;, y) € Qi = {1,2,..., Ng}
generated using Latin hypercube sampling (LHS; McKay et al.,
1979). Then the loss function for enforcing the proposed governing
equation for form-found TMS configuration (Equation 31) can be
written as:

r(1+4¢%)
1.5

2
—2pgs + t(1 + p?)
Ly = > N (ox +0y)
4(1+p*+4%)

Ny
5y 2
—2pgs+t(l +p )}

1+q
37. _Z <{ (1+p+ q2)145

rt—s? (0 —0,)°
(1+p2+g)) 4

where
_ Ozo(xi, 1) _ Oz0(xi,31) | _ Pzp(xi, i) |
ox dy oxr
38.
0*zo(x1, 1) zp(xi,¥;)
= . = S i,Yi) € Q

are found by leveraging the automatic differentiation modules.
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The boundary constraints need to be satisfied for N, number of
equidistant points X, = (x;, ) € 0Q; b = {1, 2, ..., N,,} using the
following loss function:

NZ (29 X, Vp) = 2(%p, %))2

B = b=1
Ny

2

39. N
S (zown.3) —2m.3))

b=1

]\,l(

|20 (xp,35) — 2(x5,¥5) :

-

=

u (z(,(xb,yb) - Z(xmyb))z

1
N repre-

o>
Il

In the above equation, the term

sents the mean of square of the errors between the z coordinates at
the boundary collocation points obtained by using the neural net-
work, zg(x5, 1), and the prescribed boundary coordinates z(x,, V).
The other term is the standard deviation of the squared errors. The
standard deviation is also added to increase the precision of the
PINN solution (Kabasi et al., 2023). Thus, the total loss function for
enforcing both the governing equation and the boundary constraints
concurrently to find the form-found shape of the TMS is given by:

40.  Liw(0) =Ly +B

2
(14 ¢%) — 2pgs + t(1 + p?)
iSO

2
72 r(1+¢%) 2pqs+t(l +p?) B rt—s?
2(1+p2 +41)" (142 +¢%)’

N

Ny
Ly (0) = |:Z:<

2
(Zy Xb, V) *Z(Xb,yh)>

4

(0 —0y)’ 4 b=t
41.
X N,

2
Ny

2
N, Z(Za(xmyh) - Z(X/r)%))
Z l20(xb, y5) = 265, 33) | — 2=

Ny —1

N
+

The optimum PINN parameters, " is obtained from the following
optimisation problem.

42. 0" = argmin L, (0)
0
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In the proposed framework, the L-BFGS-B optimiser (Virtanen
et al., 2020) is employed to train the neural network. The opti-
miser options used in the proposed algorithm are chosen to be the
same as those provided in Kabasi et al. (2023). Hence, the ordered
triplet [x, v, zy+ (x, )] describes the form-found configuration of the
TMS, where x, y € Q U 0Q.

Algorithm 1: The proposed form-finding algorithm

1. Initialise 8 — zy(x, y)
2. Generate X; = {x;, y;} € Q;i={1,2,... N

3. Generate X, = {x, v} €0Q; b={1,2,...,N,}
Automatic differentiation
_ 0zp(xi, i) . _ 0zp(xi, i) .= 6229(x,-,y,-) .
ox ' oy oxr
Dzo(xi,y1) Pzg(xi, yi)
= ; = : 5 A iy Vi € X
Ox0y y? fxii} €4

Loss function for governing equation

Ny 2 2 2
r(14+¢*) — 2pgs + (1 + p*)
Ly = E oy + oy
! [il ( 41 +p2 + )" ( )

2
—Z r(1+¢?) — 2pgs + t(1 + p?) B rt —s?
2(1+p+ )" (1+p+¢?)’

Loss function for boundary constraints

N 2
Z (Ze Xp,Vb) — Z xb7yb))
b=1
B =
Ny
2
N, 2
.. > (Zﬂ(xln,"b) —z(xb,y/,))
S 2o 0) — 22 ==
N Nll
+ i=1 .
N, — 1 '

V{xp, ) € Xp

Total loss function £,,(0) = Ly+ B
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Optimisation for finding optimum PINN parameters 6" =
argmin Ly, (6)
0

Final form-found coordinates [x, y, zy (x,)]; Vx, y € Q U 0Q.

6. Numerical study

6.1 Parametric studies

The proposed algorithm is explored for four frame-supported
non-minimal (minimal is not performed in this study since the
formulation reduces to Kabasi e al. (2023)) TMS case studies:
(a) plane (Kabasi et al., 2023), (b) tent (Kabasi et al., 2023), (¢)
hypar (Lewis, 2003; Marbaniang et al., 2022), and (d) twin
hypar (Marbaniang et al., 2022). The details of these case stud-
ies are given in Table 1. The corresponding boundary colloca-
tion points are shown in Figures 1(a), 2(a), 3(a), and 5(a). An
extensive parametric study is conducted by varying (N,, Ny for
two combinations of target (anisotropic) prestress, (o,, 0,)—(3, 4)
and (2, 4) kN/m. The chosen PINN architecture of this case study is
taken as 2 hidden layers and 20 neurons per hidden layer (Kabasi
et al., 2023). The results of this parametric study are tabulated in
Tables 2-4.

The trained PINN is used to predict the z coordinates of another
490 000 uniformly distributed sample points in the domain, and
the obtained form-found coordinates are validated by calculating
the unbalanced residual forces as shown in Table 2. These nodes
are discretised using constant-strain triangles for the calculation of
the unbalanced residual forces at the unconstrained nodes
(Topping and Ivanyi, 2007). This is because the usual convention
for checking the validity of a form-found solution is by observing
the maximum value of the unbalanced residual force R, which
must be less than some tolerance value (Kabasi et al., 2023;
Topping and Ivanyi, 2007). The 490 000 nodal coordinates
obtained by the proposed approach are plotted for each form-
finding case study for all the stress cases. It is to be noted that this
is just a post-processing step for demonstrating the validity of the
solution. The original form-finding framework is still mesh-less.

Table 1. Details of the frame-supported TMS case studies

The maximum absolute prediction error (d;%) at the boundary,
considering different numbers of training collocation points for
different stress conditions as a percentage of the maximum
dimension, is also noted down in Table 3 to check whether the
proposed PINN-based method is able to satisfy the boundary
conditions.

The corresponding form-found shapes obtained by a mesh-based
method called the updated weight method (UWM) (Marbaniang
et al., 2022) are also plotted. The proposed method is further
validated by comparing the coordinates of the form-found shape
using the PINN-based approach with those obtained using
UWM. The maximum absolute difference between the z coordi-
nates of the PINN and the z coordinates obtained by UWM at the
free nodes is also calculated as a percentage of the maximum
dimension of the structure and is denoted by o,. The values of d,
are shown in Table 4.

The PINN algorithm is implemented in Google Colab using
Python, while UWM is performed in MATLAB. The results are
plotted using MATLAB.

6.2 Discussions

In order to test the proposed form-finding framework, numerous
form-finding exercises are conducted under different stress condi-
tions. The form-finding metrics obtained for various stress con-
ditions are tabulated in Tables 2-4. The loss convergence
curve, including the boundary loss and the PDE loss for Hypar
for (oy, 0,) = (4, 3) kN/m, is shown in Figure 4.

Typically, increasing the number of boundary collocation points
reduces the prediction error at the boundary of the form-found
shape obtained by the PINN. However, Table 3 shows that such a
linear trend is not observed. A concrete reasoning for this observa-
tion is not straightforward, as was noted by Raissi et al. (2019),
who observed that the optimum number of collocation points to
reach a global optimum is quite difficult to obtain. Similar indis-
cernible patterns were also observed in the PINN-based approach
proposed in Kabasi et al. (2023). The non-linear trend in J, can

Example Domain: m Boundary equation (63 6): KN/m Proposed uwm

Plane X,ye(=5,5) z=x+ty (3,4) Figure 1(b) Figure 1(c)

Plane z=xty z=xty (2,4) Figure 1(d) Figure 1(e)

Tent xe(=2.5,2.5),ye(-5,5) z=1.0-0.2 y| (3, 4) Figure 2(b) Figure 2(c)

Tent xe(=2.5,2.5),ye(-5,5) z=1.0-0.2 |y| 2,4) Figure 2(d) Figure 2(e)

Hypar X, y € (=25, 25) P 45 (3,4 Figure 3(b) Figure 3(c)
125

Hypar X, ye (=25, 25) 7= Xy 45 (2,4) Figure 3(d) Figure 3(e)
125

Twin hypar xe (=30, 30), ye (=15, 15) z=-0.011y x| +0.167y + 2.5 (3, 4) Figure 5(b) Figure 5(c)

Twin hypar xe (=30, 30), ye (=15, 15) z=-0.011y|x| +0.167y+ 2.5 2,4) Figure 5(d) Figure 5(e)
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Figure 1. Example 1: plane

also be attributed to numerical approximations and errors of the
linearly meshed UWM. However, the d, are relatively low for all
the cases, specifically for (V,, Ny) = (80, 20 000).

Despite the incoherent patterns obtained in the parametric study,
all the values of the unbalanced residual R are within the accepta-
ble tolerance of traditional form-finding approaches, which is usu-
ally taken in the range of 1072 and 10> kN (Kabasi et al., 2023;
Lewis, 2003; Topping and Ivanyi, 2007). Thus, the final shapes
obtained by the proposed framework are all in static equilibrium and
therefore represent the correct form-found surfaces. Furthermore, the
low values of J, suggest that the proposed method is able to success-
fully satisfy the boundary constraints. In addition, the low values of
0 as seen in Table 4 suggest that the form-found shape obtained by
the proposed framework and the traditional UWM approach closely
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correspond to each other, adding a second layer of validation to the
proposed methodology.

6.3 Computational efficiency for high-dimensional
cases

The proposed method is tested against DR and UWM with respect
to computational efficiency for form-finding of a twin hypar for
three sets of collocation points (5000, 10000, and 20 000) on an
Intel 657 Core i7 3.00 GHz 8-core CPU with 16 GB RAM work-
station (no GPU), and the results are noted in Table 5. The tradi-
tional methods outperform the proposed method for the smallest
set of collocation points. However, for higher node counts, such as
10000 and 20000 nodes, DR fails to converge. This outcome is
expected considering the previously discussed convergence issues
of DR attributed to the high dimensionality of the problem. In
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Figure 2. Example 2: tent
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addition, PINN outperforms UWM for 10 000 nodes. This obser-
vation implies that UWM becomes increasingly computationally
demanding as the dimensionality increases. Furthermore, for
20000 nodes, UWM encounters a complete failure due to exceed-
ing the memory capacity of the PC. This limitation arises from
UWM'’s necessity to compute a Hessian matrix, which becomes a
60000 x 60000 matrix (a square matrix of size three times the
number of nodes) in this case, resulting in an out-of-memory error
and subsequent non-convergence. In contrast, the proposed
approach achieves convergence within 62 s in this scenario, high-
lighting its superior performance in terms of dimensionality.

Conventional form-finding methods rely on free nodal coordinates as
unknown variables, significantly increasing the computational chal-
lenge in achieving convergence. In contrast, for the selected gPINN
architecture with 2 hidden layers and 20 neurons per hidden layer,
the number of unknown variables to be optimised remains constant

at 501 (460 weight parameters and 41 bias parameters), regardless of
the number of collocation points. Consequently, even when employ-
ing second-order classical optimisers for training, the Hessian size
remains at 501 x 501 for the proposed approach, compared with
60000 x 60000 for UWM when the number of nodes/collocation
points is 20 000. Thus, the proposed approach significantly surpasses
UWM in terms of space complexity. As a result, regardless of the
problem’s complexity in terms of a large number of nodes/colloca-
tion points, the PINN computation remains significantly more effi-
cient, establishing the proposed approach as a superior performer in
terms of dimensionality compared with standard methods.

6.4 Advantages of the proposed method

The proposed framework takes advantage of the mesh-less nature
of the PINN, resulting in a form-finding framework that has sev-
eral advantages with respect to conventional mesh-based form-
finding techniques:
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Table 2. Maximum unbalanced forces R (kN) considering different numbers of training collocation points for different stress conditions

(Nw Nf)
Example (6x: 6): KN/m (24, 1000)
Plane (3, 4) 1.93 x 107
(2, 4) 3.15 x 107°
Tent (3,4) 1.69 x 107#
(2, 4) 3.83x 107
Hypar (3,4 2.98 x 107
(2, 4) 3.96 x 107
Twin hypar (3,4 5.10 x 107%
(2, 4) 6.16 x 107

(40, 10 000) (80, 20 000) (120, 30 000)
1.96 x 10~ 2.13x 107 1.73 x 10~
1.93 x 107 1.56 x 10~ 3.15x 107°
8.03 x 107 9.86 x 107 1.27 x 107#
3.70 x 107 3.93x 107 3.49 x 107
2.51x 107 2.94 x 107 2.28x 107
3.38 x 107 2.06 x 107* 224 x 1074
5.23 x 1074 9.08 x 107 1.10 x 1073
1.13 x 1073 2.12x 1073 245 %1073

= Computationally more efficient than traditional approaches
for high-dimensional cases.

= Demonstrates stable convergence in high-dimensional cases,
unlike traditional methods that exhibit non-convergence for
high-dimensional cases.
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= No mesh distortion (as seen in DR) or ‘floating meshes’

(Linhard and Bletzinger, 2010) as the method is
mesh-less.

= Independent of any pseudo-material parameters (as in FEM

(Kabasi ef al., 2023)).
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Table 3. §,% considering different numbers of training collocation points for different stress conditions

(Nur Nf)
Example (6 6): KN/m (24, 1000)
Plane (3,4) 0.042
(2,4) 0.083
Tent (3, 4) 0.20
(2,4) 0.22
Hypar (3,4) 0.059
2,4 0.097
Twin hypar (3,4) 0.48
(2,4) 0.64

Table 4. §,% for different numbers of training collocation points for different stress conditions

(Nu' Nf)
Example (63 6): KN/m (24, 1000)
Plane (3,4) 0.79
(2,4) 0.61
Tent (3,4) 0.71
(2,4) 0.70
Hypar (3,4 0.87
(2,4) 1.9
Twin hypar (3,4) 0.58
(2,4) 2.2
Loss convergence curve
10? —— Total loss

—— Boundary loss
—— PDElass

Loss: log scale

0 50 100 150 200 250 300 350
Iterations

Figure 4. Example 3: loss convergence curve for Hypar TMS

= No computationally costly calculation of stiffness matrix (as
in stiffness/geometric-based methods (Kabasi et al., 2023)).

= Independent of choice of initial shape (unlike DR and FEM,
which are highly sensitive (Kabasi et al., 2023)), as the neural
network parameters, 6, are initialised randomly.

= Implementation simplicity (using automatic differentiation to
directly compute derivatives) compared with traditional
methods.

The proposed method is also much more robust than the PINN-
based form-finding method proposed in Kabasi et al. (2023), as
the proposed method is applicable for both isotropic (in this case,

(40, 10 000) (80, 20 000) (120, 30 000)
0.058 0.022 0.061
0.022 0.020 0.0048
0.32 0.36 0.89
0.32 0.47 0.47
0.0068 0.0048 0.0029
0.019 0.0019 0.0028
0.32 0.16 0.11
0.31 0.17 0.11

(40, 10 000) (80, 20 000) (120, 30 000)

0.20 0.34 0.38
0.12 0.31 0.67
0.90 0.85 0.74
0.36 0.36 0.33
1.5 0.71 0.77
0.76 0.96 0.81
0.51 0.86 0.66
0.78 0.64 1.5

the equation reduces to the Euler-Lagrange equation) and aniso-
tropic prestress. Table 6 summarises the computational advantages
of the proposed method with respect to traditional methods.
Therefore, the suggested method for form finding presents a strong
and straightforward technique that is devoid of mesh-based issues
and can be used to determine the stable configuration of non-
minimal TMS that is typically common in real-world applications.

6.5 Guidelines for users

This section provides guidelines for future users who wish to
implement the proposed algorithm based on the different case
studies presented. First, it is suggested that the preferred choice of
the architecture for the PINN should have two hidden layers, with
each layer consisting of 20 neurons. This suggestion is based on
metrics obtained from comprehensive form-finding exercises done
in Kabasi et al. (2023). In this study, the authors studied the influ-
ence of the neural network architecture by varying the number of
hidden layers and neurons per layer across nine different configu-
rations. Specifically, networks with 2, 5, and 8 hidden layers are
considered, each combined with 10, 15, and 20 neurons per layer.
To ensure a fair comparison, the number of training collocation
points was kept constant throughout this study. For each configu-
ration, the convergence time (in seconds) and key performance
metrics—R, 0%, and 0,% —were recorded upon convergence.
The second parametric study focused on the effect of collocation
point distribution by varying the number of collocation points at
the boundary and within the domain across four different sets. A
fixed network architecture of 2 hidden layers with 20 neurons
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Figure 5. Example 4: twin hypar

(b)

(d)

o 20

Table 5. Comparison of convergence time in seconds for the twin
hypar problem using the proposed method, DR, and UWM

Number of nodes/

collocation points DR uwm PINN

5000 12 11 20

10 000 Does not converge 36 33

20000 Does not converge Does not 62
converge

per layer was maintained to isolate the influence of collocation
point selection. Similar to the first study, the key performance
metrics R, 6;%, and d,% were tracked to evaluate the framework’s
response to changes in a number of collocation points. Based on
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these observations made by Kabasi et al. (2023), it is recom-
mended that the combination of collocation points should be
(N, Ny = (80, 20000), with 20000 collocation points being
generated using LHS inside the domain (Kabasi et al., 2023).
The collocation points at the boundary should be distributed
equidistantly. This combination is observed to yield a good rep-
resentation of the form-found shape while satisfying the bound-
ary within a low tolerance, as seen in the aforementioned form-
finding tables (Tables 1-3).

Second, the activation function for all layers except the last one is
suggested to be a hyperbolic tangent function (Kabasi et al.,
2023). This function has a range of (—1, 1), which can accommo-
date both positive and negative activation values, unlike other
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Table 6. Comparison of computational efficiency of different methods

Method Scalability with node count

Traditional (DR) Fails for high node counts due
to convergence issues in
high dimensions

Computational cost increases
significantly due to
dependence on node count

Scales well as the number of

unknowns remains constant

Traditional (UWM)

Proposed (PINN)

functions such as sigmoid or rectified linear unit. This allows for
faster convergence and is therefore a desirable choice.

Finally, the parametric details of the LBFGS-B optimiser as given
in Kabasi e al. (2023) can be followed. In the proposed form-
finding methodology, the L-BFGS-B optimiser is utilised to train
the PINN. Through preliminary experiments, the following con-
vergence criteria have been identified as effective.

= A maximum of 500 variable metric corrections is maintained
to construct the limited memory matrix, avoiding full Hessian
computation.

= The line search procedure allows up to 500 steps per iteration.

= The total number of iterations is capped at 1500.

= The function evaluations are limited to a maximum of 1500.

= The optimisation process terminates if either the loss function
tolerance or the gradient norm falls below 107",

= Other parameters are retained at their default settings as
specified in the optimiser’s implementation.

Further details regarding the convergence behaviour of the
L-BFGS-B optimiser can be found in the SciPy documentation
(Virtanen et al., 2020). It is important to emphasise that the opti-
miser settings in the proposed approach differ from those in the
foundational study by Raissi et al. (2019). These modifications
were introduced to mitigate the risk of premature convergence.
The selected optimiser parameters have been validated through
detailed numerical investigations, demonstrating their suitability
for the proposed form-finding strategy. It is also worth noting that
stricter tolerance settings could be imposed to achieve greater ac-
curacy; however, this may come at the expense of increased com-
putational effort.

7. Conclusion

This study explores the applicability of an elegant form of the
generalised Laplace equation typically used in the domains of
biomembranes and microemulsions for the form-finding exer-
cise. This equation originates from the theory of general curved
interfaces, which is usually characterised by a combination
of mechanical and thermodynamic approaches. Based on this
theory, an equation for finding the form-found configuration of

Memory efficiency

Moderate, but fails for large
problems due to
convergence limitations

Highly inefficient as Hessian grows
quadratically with node count

Highly efficient, as Hessian
remains small and fixed

Computational complexity

Becomes infeasible for high-
dimensional problems

Very high due to second-order
derivatives and Hessian
computation

Efficient, as the optimisation problem
remains low dimensional

TMS is derived. This PDE is solved using a recently introduced
algorithm in the domain of supervised learning known as
PINN. A parametric study is performed that involves finding
the optimum number of training collocation points for the pro-
posed PINN architecture with 2 hidden layers and 20 neurons
per hidden layer.

The proposed framework takes advantage of the mesh-less nature
of the PINN, resulting in a computationally efficient form-finding
framework that has several advantages with respect to conven-
tional mesh-based form-finding techniques, as summarised in
Section 6.4. The proposed mesh-free form-finding approach does
not use a mesh or nodal connectivity matrix; rather, the neural net-
work is trained directly by utilising the physics of the problem as
delineated by the form-found surface equation derived using the
theoretical background of the mechanical and thermodynamic
approaches for describing the curved interfaces. This is performed
by employing collocation points and different loss functions for
enforcing the governing differential equation and the boundary
constraints. The inherent mesh-less nature of the proposed frame-
work makes the method immune to mesh distortion and floating
mesh issues seen in mesh-based form-finding approaches (Kabasi
et al., 2023; Wiichner and Bletzinger, 2005). In addition, the neu-
ral network parameters are initialised randomly, making the
method independent of the choice of the initial shape, that is
known to cause significant convergence issues in the case of tradi-
tional methods (Kabasi et al., 2023). Furthermore, the method is
independent of material properties (since form finding is a purely
geometrical problem independent of material properties), unlike
FEM-based methods (Kabasi et al., 2023), and also avoids the
requirement of a stiffness matrix (Veenendaal and Block, 2012).
Overall, the proposed method can be thought of as a more robust
and computationally efficient form-finding tool suited for practical
TMS design (both minimal and non-minimal), as the formulation
can accommodate different (anisotropic) prestress along the or-
thogonal ‘warp’ and ‘weft’ fibres of the TMS fabric, unlike the
PINN-based framework proposed in Kabasi et al. (2023), which is
only applicable for minimal TMS subjected to isotropic prestress.
The suggested method for form-finding presents a strong and
straightforward technique that is devoid of mesh-based issues and
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can be used to determine the stable configuration of non-minimal
TMS that is typically common in real-world applications.

One limitation of PINN-based approaches is the need to retrain
the neural network from scratch for new boundaries or initial
conditions. However, this challenge can potentially be addressed
using advanced frameworks, such as operator learning (e.g.
DeepONet (Lu et al., 2019) and Fourier neural operators (Li
et al., 2020)), which enable the prediction of PDE solutions
under varying boundary or initial conditions without requiring
retraining. Future research should explore these methodologies
to enhance the adaptability and efficiency of PINN-based
approaches. Moreover, this study focuses exclusively on frame-
supported TMS. This limitation arises from the requirement that
boundary collocation points remain fixed, which is essential for
defining the boundary loss function in the proposed framework.
However, this assumption is not applicable to cable-supported
TMS, as their boundary positions evolve during the form-finding
process. As a result, further investigation is needed to extend the
framework to accommodate cable-supported configurations.
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