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A METHOD OF ANALYSIS OF THE STABILITY OF EMBANKMENTS 
ASSUMING PARALLEL INTER-SLICE FORCES 

(SPENCER, E., G&technique 17, No. 1, 11-26) 

I accept most of the first paragraph of Newland’s letter (1968), except the reference to 
the fulfilment of the moment equilibrium condition in Bishop’s (1955) rigorous method. 
In my opinion the moment condition of equilibrium is satisfied in both rigorous and simpli- 
fied versions of Bishop’s method. The evidence on which this opinion is based is described 
below. 

Bishop’s equation (4) equates the moments about the centre of rotation of the weight 
of the soil within the slip circle and the moment of the external forces which act on the 
sliding surface 

~WX = ~:slR 

Clearly this is an equation of moment equilibrium. 
By substituting in this equation an expression for s which includes P (the total force 

normal to the base of a typical slice) and then substituting for P, Bishop derives equation 
(13). Since this equation follows directly from (4), equation (13) must also be an equation 
of moment equilibrium. 

Equation (13) must be satisfied in both of Bishop’s methods though in the simplified 
version the assumption is made that the sum of the vertical components of the pair of inter- 
slice forces which act on each slice is zero, i.e. the resultant Q of each pair of inter-slice forces 
is horizontal. With this restriction, which applies only in the simplified method, it seems 
reasonable to claim that the moment equilibrium conditions are satisfied in both of Bishop’s 
methods. 

Further evidence as to the validity of this claim seems to have been misunderstood by 
Newland. My Paper included an expression (5) for the resultant Q for a typical slice and 
also expressions (7) and (8) which were respectively equations of force and moment equili- 
brium for the earth mass within the slip circle: 

2Q =O 
,7[Q cos(a- 0)] = 0 

In these expressions a and 0 are respectively the slopes relative to the horizontal of the 
base of the slice and of Q. If the value of 19 is taken as zero in these two equations then it 
can be shown that equation (SS)l becomes identical to Bishop’s equation (13). A proof of 
this is given in the Appendix. 

A statement regarding the identity of these two equations was made in my Paper but it 
was not made as clear as it might have been to which of Bishop’s equations the statement 
referred. Unfortunately, Newland has presumed that the reference was to equation (18B) 
instead of (13B). However, the identity of the moment equilibrium equation (8s) with 
equation (13B) when 13 =O seems to be clear evidence that Bishop’s equation (13) is also a 
moment equilibrium equation. 

Results were given in my Paper of the solutions of a large number of embankment stability 
problems. Each problem was solved, first by finding values of F and 0 which satisfied 
equations (7s) and (8s) and second by taking 0 as zero and finding the value of F which 
satisfied equation (8s). The latter value, as Newland has remarked, was taken to be the 
value which would be obtained using Bishop’s simplified method. The reason why this 
assumption was made was not simply, as Newland has stated, that the equilibrium condi- 

1 Equation numbers with suffixes B, N and S refer to corresponding equations in Bishop’s paper, Sew- 
land’s letter and my Paper, respectively. 
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tions were identical, but that (as shown in the Appendix) the two equations (8s) and (13B) 
become identical when f?=O. It is therefore rather surprising that Newland should have 
found a discrepancy, amounting to about I$%, between the values of I; given for a particular 
problem, first by Bishop’s simplified method and second by mine (with e=O). 

It must, however, be pointed out that one of the two equations used by Newland appears 
to be incorrect. His equation (2) was apparently derived from equations (5s) and (8s) 
taking 0=0. If this was in fact the source of his equation (2), then the term WF sin a has 
been omitted from the numerator of the left-hand side of his equation (2) (see Appendix). 

Further, Newland used only five slices in his analyses. If this was the same in both 
solutions and all the other values that he used were equal, then it is unlikely that any dis- 
crepancy would have arisen on this account. However, he has compared his results with the 
value of 1.039 I obtained for this problem but, as was stated in the Paper, this value was 
obtained using 32 slices. It is therefore a little surprising to find that he obtained exactly 
the same answer; one would expect to find a discrepancy of at least 14% when comparing 
a solution obtained with five slices with one obtained using 32. 

Newland has also compared a value of F of 1.018 (for 0=0) quoted in the Paper with a 
value of 1.09 obtained by reference to charts published by Bishop and Morgenstern (1960). 
He takes the discrepancy between these two values as ‘. . . further numerical proof that 
Bishop’s simplified method does not satisfy the equilibrium condition with respect to mo- 
ments’. The justification for this statement seems doubtful to me. In comparing results 
obtained from these charts with those obtained using my method (with 0=0), excellent 
agreement has been obtained in many cases. A more likely reason for the discrepancy found 
by Newland would seem to lie in the fact that, in order to apply the charts to the solution 
of this problem (in which the slope was l+:l), he had to extend the curves in the charts into 
a range beyond the maximum slope of 2: 1 for which they were intended. 

APPENDIX 
Taking f?=O in equation (5s) 

cosa = $=a+ !y(W cosa--ubsecar)-Wsina 
Q tan 4’ 

1 fF tan a 

From equation (8s). if 8=0, I[(? cos a] =O. Hence 

CL 
c’b set a + tan +‘( IV cos a - ub set a) - WF sin a 

F+tan$‘tana 1 = 0 

If u=r,yh then ztb=r,(yhb) =r,W. Therefore 
c’b set cx + W tan ~‘(COS a-~, set a) - WF sin a 

F+tan4’tana I 
= 0 

If this equation is compared with Kewland’s equation (2) the omission of the factor WF sin CC from the 
latter is apparent. Continuing 

y(l-r,)-W(sinacosa+$$sinaa)] 

y (1 -vu) - W sin a cos a (1 +y tan a)] 
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ci’ q+w y (1 _Y”)] t;;;y 
I+-tancr 

I 

-z[Wsina] = 0 

1 

xi 

[c’b + W tan 4’( 1 - r,)] set (x 

F I+7 tan c’ tan a 
1 

= z[W sin CZ] 

F = I[Wlsin a] 
zy’ 

$+ W tan +‘(l-rU) 1 set a 
lfwtana 

F I 

This equation is identical to Bishop’s equation (13) if in the latter g =v, and (X,-X,+,) =O (i.e. 
fJ=O). 
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* * * 

The Author proposes a two-dimensional limiting equilibrium method of slope stability 
analysis employing a circular failure surface and parallel inter-slice forces. Then he reports 
(Spencer, 1968) development of a method of analysis similar to that of Morgenstern and Price 
(1965) in which a distribution is assumed for the variation in slope of the resultants of the 
inter-slice forces. He suggests that the most promising type of distribution for the inclina- 
tion of inter-slice forces is parabolic. I believe that parallel inter-slice forces give better 
results in certain classes of practical problems. 

The inclination of inter-slice forces depends on a number of factors including slope geo- 
metry and soil zones, failure surface geometry, soil properties and pore water pressures within 
the slope. The most important of these factors seems to be pore water pressures within the 
slope. My recent work with the Morgenstern-Price method of analysis indicates the follow- 
ing: 

(a) Parallel inter-slice forces generally give the most reasonable results when pore 
pressures on the failure surface are quite low, i.e. average ru <O-15, and a phreatic 
surface corresponding to steady state seepage, or the set of Y, corresponding to 
this condition, is used in the stability analysis rather than a constant value of 

(b) A ‘carabolic or half sine wave distribution of the inclination of inter-slice forces 
generally gives the most reasonable results when pore pressures on the failure 
surface are constant and quite high, i.e. Y, ~0.35, and the slope, or at least a 
significant part of it, is submerged, e.g. the upstream slope of an earth dam under 
partial or full reservoir conditions. 

(c) The most suitable inclination distribution for other pore pressure conditions must 
in general be found by trial and error; parallel inter-slice forces are recommended 
as a first trial. 
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