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Chemical dissolution along interfaces between solid skeleton and pore fluids tends to alter geomaterials
and may cause catastrophic failures. Following the hydrodynamic procedure, this work develops a
mathematically rigorous and thermodynamically consistent modelling framework to investigate
the impact of chemo-mechanical coupling on the constitutive properties of poroelastic geomaterials.
The formulation considers the mass fractions of all the ionic species in the pore fluid as independent
state variables that quantify chemical processes. The constitutive and transport relationships are
systematically derived from thermodynamic principles, symmetry requirements and conservation laws.
To demonstrate its effectiveness, the formulation is adopted to study the dissolution process of saturated
calcarenites under acidic environments. Simple density-dependent linear elasticity is being considered
whereby stiffness degradation is physically captured in terms of density changes. Without chemical
reaction, the stiffness is fixed and the response is purely linearly ‘poroelastic’. However, upon reaction
the density changes, and thus so also does the stiffness, implying a non-linear response. The model also
reveals the connection of densities to chemical potentials and pore fluid pressure, and shows that the
latter quantity is governed by both density and osmotic concentration. Simulations of long-term
debonding tests of calcarenite samples show good agreement with experimental observations under
both uncoupled and coupled testing conditions. Furthermore, considering only a limited number of
clearly stated assumptions, the model recovers the form of several empirical laws such as Darcy’s law,
Fick’s law and the law of reaction kinetics. Outside these idealised model assumptions, the newly
derived relationships generalise results for field conditions and provide insights into cases where one
normally does not have, or technologically cannot reliably obtain experimental data due to challenging
loading and boundary conditions.
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INTRODUCTION
Geomaterials are susceptible to dissolution, whereby solid
particles disintegrate into surrounding aqueous fluids. The
dissolution rate depends on multiple factors, such as grain
mineralogy and morphology, hydraulic and thermal environ-
ments, and stress field (Gautelier et al., 1999; Xie et al., 2011;
Thyagaraj & Das, 2017; Sun et al., 2018). As the solid
skeleton of geomaterials dissolves, their strength weakens and
stiffness softens (Shin & Santamarina, 2009; Stefanou &
Sulem, 2014; Shen et al., 2019; Viswanath & Das, 2020).
Based on mineralogical composition, geomaterials can either
dissolve into water through physical processes such as salt
dissolution (Shalev et al., 2006) or react in acidic solutions
through chemical processes such as the dissolution of

carbonate rocks or calcareous sands (Kalia & Balakotaiah,
2007). Owing to the widespread distribution of carbonate
minerals in nature (Witze, 2013), solid dissolution induced by
chemical reactions has attracted extensive scientific attention
in the geotechnical and geological communities (Morse &
Arvidson, 2002). In practice, chemical dissolution through
acid injection can be leveraged as a stimulation technique to
enhance the productivityof wells drilled into carbonate rocks;
this technique is exploited in the oil and gas industry and
geothermal reservoirs (Schumacher & Schulz, 2013; Hu &
Hueckel, 2019). However, it can also undermine the stability
and sustainability of geotechnical and geological systems,
with the opening of sinkholes (Basso et al., 2013), breach in
carbon dioxide (CO2) sequestration (Dawson et al., 2015) and
the triggering of landslides by acid rain (Xiao et al., 2021).
A number of approaches have been proposed in the past to

explore and quantify the impact of chemical reactions on
mechanical constitutive features. In one approach, the well-
known Cam-Clay model was extended by incorporating a
new weathering index to control plastic hardening and
approximate the effect of chemical dissolution on mechanical
properties (Nova et al., 2003; Buscarnera & Das, 2016). A
different approach examined the connections among various
material features through a three-scale model (Hu &
Hueckel, 2007; Ciantia & Hueckel, 2013), where the relative
mass removal of dissolvable solids was used as a measure of
weathering. This approach was further adjusted to analyse
the stiffness degradation of calcarenite samples both before
and after the elastic limit (Gajo et al., 2015; Ciantia & Di
Prisco, 2016). These models are able to consider the intrinsic
connections between the micro and macro scales with the
objective of reproducing the complex responses of calcarenite
samples subjected to various testing conditions.
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Although the previously adopted elastoplastic theory has
provided useful predictions, corresponding evolution laws
have not always been grounded on rigorous thermodynamics,
including the first and second laws, Onsager’s reciprocity
restrictions and material objectivity. Proper considerations of
thermodynamics have the benefit of eliminating over-fitting
and keeping model constants to a minimum. Another benefit
of thermodynamic-based models is that they can be used to
study previously untested experimental conditions with
confidence. A most complete and rigorous way to account
for all the fundamental subtleties implied by thermodyn-
amics (beyond just first and second laws) is to derive
constitutive equations using the hydrodynamic procedure.
However, this comprehensive approach has not yet been
developed to enable modelling of the chemo-mechanically
coupled behaviour of poroelastic geomaterials.

The aim of the current paper is to fill this theoretical gap.
Thanks to the rigorous derivation, the resulting model will be
shown to require only physically motivated and clearly stated
assumptions, associatedwith only meaningful and much fewer
parameters than have ever been used before for these problems.
The derivation follows the hydrodynamic procedure, which
was pioneered by Landau (Landau & Lifshitz, 1980, 1987),
and extended to address super fluidity (Khalatnikov, 2018)
and liquid crystals (De Gennes & Prost, 1993). Recently, Jiang
& Liu (2009) adopted it for granular solid systems, with a
number of later developments, all focusing on sand (Zhang &
Cheng, 2016; Alaei et al., 2021; Zhang & Soga, 2021). This
theory was further developed for fully and partially saturated
soils under both equilibrium and non-equilibrium conditions
(Jiang et al., 2017; Einav & Liu, 2018, 2022). Models
developed from the hydrodynamic procedure cogently satisfy
the thermodynamics and conservation laws as well as
symmetry and compatibility restrictions (Jiang et al., 2017;
Einav & Liu, 2018), thus avoiding many possible physical
inconsistencies. To hydrodynamically accommodate solid
dissolution, a key step in the current derivation is to
incorporate mass fractions of all the ionic species in the pore
fluid as internal state variables and capture the stiffness
degradation in terms of density changes. In this paper, the
considered model exhibits a linear poroelastic response only in
the absence of chemical reactions. However, upon chemical
reactions, that same material responds non-linearly due to
density and thus stiffness changes.

Aiming to be both general and specific, this paper is
organised as follows. The theory is developed for any solid–
fluid mass exchange process. The physical and mathematical

grounds thereby established lay down the general seeds for
the comprehensive modelling of the role of solid dissolution
on material deterioration. For the sake of simplicity, the
model specified later considers a poroelastic solid medium
and focuses on understanding the influence of chemical
dissolution on the elastic properties of calcium carbonate
under fully saturated conditions. This theoretical simplifica-
tion can be directly applied to study chemo-mechanical
effects in porous rocks prior to their elastic limit. In this
context, the proposed model is adopted to interpret tests on
calcarenite subjected to acid invasion as undertaken by
Ciantia and colleagues (Ciantia et al., 2013, 2015; Ciantia &
Hueckel, 2013). Complex features such as inelasticity at
higher pressures and deformation-dependent chemical kin-
etics are left for future considerations. Even without those
effects in the current model, the pure elastic formulation of
this paper can still successfully explain a number of observed
phenomena using much fewer parameters than ever before,
all being physically meaningful.

An overview of the formulation
In order to help readers see the complete picture before

entering into specific details, a brief road map is first described
in Fig. 1. In particular, this road map helps to visualise the
essential steps in the current hydrodynamic modelling of
geomaterials subjected to a chemo-hydro-mechanical influ-
ence. In that diagram general hydrodynamic concepts as well
as more specific assumptions for saturated poroelastic
materials are denoted by regular and bold fonts, respectively.
It is noted that while the integration of all the general
hydrodynamic concepts is indeed rather delicate mathemat-
ically, it follows a standardised physical procedure, which only
needs to be done once. Once established, as shown later, the
rigorously derived relationships can be used directly to capture
the physico-chemical behaviours of interest and model the
dissolution processes of geomaterials, including the material
non-linearity, temperature dependence and the coupling of the
various transport processes. Future modelling effort should
mainly focus on refining the conserved energy function and
Onsager’s transport matrix based on the material features of
interest, since all the other constitutive relationships can be
systematically recovered from the consolidated relationships in
this paper. Although some additional mathematics would be
used to interpret key mechanisms, they are directly recovered
from the stated energy potential based on well-established
physical observations, instead of treating them inconsistently

Conserved energy, U = internal energy, u + kinetic energy, k
•  k (state variables: ρβ, gi) (equation (1))

•  u (state variables: s, εe
ij, ρβ, cγ) (equations (8), (23), (24), (27), (32), (37))

First law of thermodynamics (equation (64))

Balance equation for each state variable
•  Momentum balance (gi) (equation (15))
•  Entropy balance (s) (equation (16))
•  Elastic strain tensor (εe

ij) (equation (17))
•  Mass balance (density: ρβ, mass fraction: cγ) (equation (19))

Linear proportionality (equation (44))
•  Darcy's law (equation (48))
•  Fick's law (equation (51))
•  Chemical kinetics (equation (54))

Onsager relations

Thermal entropy production (equations (22), (43))

Energy conjugate variables (equations (9), (10))
•  Elastic stress tensor (σ e

ij)  (equations (11), (25))
•  Thermodynamic pressure (pT) (equations (12), (29))
•  Chemical potentials (μβ, μγ) (equations (33), (41), (42))

Field equations

Fig. 1. Flowchart representing the theoretical derivation. Regular fonts indicate the general hydrodynamic formulation, while bold fonts imply the
model specification. The blocks on the left-hand side describe the general physics, while those on the right-hand side are obtained based on the
hydrodynamic derivation
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in a disconnected phenomenological way, as done in previous
presentations.
As is shown, the hydrodynamic procedure always starts with

the definition of the conserved energy (U). It is a function of a
series of independent state variables representing the system
properties and their energy-conjugate counterparts. Each state
variable follows its own balance law, such as the momentum
balance, entropy balance and mass balance. Combining these
with energy conservation (i.e. first law of thermodynamics),
one can derive the entropy production, which should always
be non-negative to preserve the second lawof thermodynamics.
To guarantee this, the Onsager’s reciprocal theory (Onsager,
1931) is typically leveraged to relate ‘velocities’ to ‘forces’.
Consequently, considering loading and boundary conditions,
the field equations characterising the chemo-hydro-
mechanical coupling can be obtained by integrating the
balance equations with the constitutive relations (i.e. stress–
strain and Onsager’s relationships) and used to analyse the
systematic behaviour of geomaterials.

GENERAL HYDRODYNAMICS
This section lays out the general structure of the hydro-

dynamic procedure adopted for geomaterials subjected to a
chemically active environment.

Conserved energy density
As part of the hydrodynamic procedure (Landau &

Lifshitz, 1980, 1987), the conserved energy density is first
defined in both the moving and rest (i.e. zero barycentric
velocity vi¼ 0) frames asU and u, respectively. These energies
are linked through the kinetic energy k

U ¼ uþ k; k ¼ g2i =2ρ ð1Þ
where u is also known as the internal energy density; gi¼ ρvi
represents the momentum density; ρ is the partial density
of the continuum; and i is the Cartesian coordinate, with
implicit summation of repeated indices.
Theoretically, the conserved energy density potentially

depends on many independent internal variables that most
generally describe the state of thematerial. However, to achieve
clarity it is crucial to startbyscopingdownthedescriptionusing
a sufficient set of simple internal state variables, with which
the complex state of the material could be represented while
preserving the capability to capture key features of interest. As
discussed by Einav & Liu (2018), the conserved energy density
for porous materials could be generally considered as

U ; Uðs; gi; εeij ; ρβÞ ¼ uðs; εeij ; ρβÞ þ g2i =2ρ ð2Þ

where s represents the entropy; εij
e is the elastic strain tensor;

and ρβ is the partial density of the involved β phases. These
partial densities are specified (Fig. 2) for the solid (s) and the
aqueous fluid ( f ) for a fully saturated system (i.e. β[ {s, f}),
or for the solid (s), aqueous fluid ( f ) and air (a) for a
partially saturated system (i.e. β[ {s, f, a}), or for the solid (s)
and the air (a) for a fully dry system (i.e. β[ {s, a}). Within a
representative volume (V ) with a total mass (m), each phase
has its own mass (mβ), volume (Vβ), and partial (ρβ) and
intrinsic (ρ̂β) densities, so that

ρβ ;
mβ

V
; ρ̂β ;

mβ

Vβ
;

ρ ¼
X

ρβ; V ¼
X

Vβ; m ¼
X

mβ

ð3Þ

from which the β-phase volume fractions (ϕβ) and their sum
can be defined

ϕβ ;
Vβ

V
¼ ρβ

ρ̂β
;
X

ϕβ ¼ 1 ð4Þ

Owing to negligible ionic concentrations in natural
water, the pore fluid is generally considered as pure water
( f[ {w}). However, the occurrence of solid dissolution
can significantly change the ionic concentrations in the
pore fluid, or even introduce new ionic species. Therefore,
instead of pure water, the pore fluid is an aqueous solution
composed of water and all the ionic species ( f[ {w, γ})
(Fig. 2)

ρf ¼ ρw þ
X

ργ; ρ̂f ¼ ρ̃w þ
X

ρ̃γ ð5Þ

where ρw and ργ are the partial densities of water and γ-ionic
species defined in terms of the total volume V (i.e. ργ¼mγ/V,
ρw¼mw/V, withmw andmγ being their corresponding masses),
with ρ̃w and ρ̃γ being the partial densities in the solution
characterised in terms of fluid volume Vf (i.e. ρ̃γ ¼ mγ=Vf and
ρ̃w ¼ mw=Vf ). Therefore, the mass fractions of each species in
the pore fluid can be defined as

cγ ;
ργ
ρf

¼ ρ̃γ
ρ̂f

; cw ;
ρw
ρf

¼ ρ̃w
ρ̂f

; cw þ
X

cγ ¼ 1 ð6Þ

where cw and cγ are the mass fractions of the water and the
ionic specieswith respect to themass of pore fluid, respectively.
Thus, the molar concentration of the ionic species xγ could be
computed as

xγ ¼
cγρ̂f
Mγ

ð7Þ

where Mγ represents the molecular mass of the γ species.

β ∈ {s, a} β ∈ {s, f, a} β ∈ {s, f } γ ∈ {cations and anions}
f  ∈ {w, γ }

Dry Degree of saturation Wet

Soild (s)

Fluid (f )

Air (a)

W W

W
W

W W W

W

Fig. 2. Schematic representation of the material compositions at different degrees of saturation
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Each component in the pore fluid requires one indepen-
dent internal variable to describe its presence. Theoretically,
it can be either mass fraction, density, or concentration. Here
ρf and cγ are selected as independent variables while all the
other quantifies can be analytically determined from them.
Accordingly, the conserved energy and internal energy
densities are given as

U ; Uðs; gi; εeij ; ρβ; cγÞ; u ; uðs; εeij ; ρβ; cγÞ ð8Þ

Energy-conjugate variables
Following the hydrodynamic procedure, the energy-

conjugate variables for each of the internal state variables
could be defined as (Jiang & Liu, 2009; Jiang et al., 2017;
Einav & Liu, 2018)

T ;
@U
@s

; μ ;
@U
@ρ

; μβ ;
@U
@ρβ

;

vi ;
@U
@gi

; σeij ;
@U
@εeij

; ρf Xγw ;
@U
@cγ

ð9Þ

where T is the thermal temperature; μ is the overall chemical
potential; μβ is the partial chemical potential of the β-phases;
and Xγw is the chemical potential difference between the
γ-ionic species (μγ) and water (μw) defined as

Xγw ; μγ � μw ð10Þ
while σij

e is the elastic stress defined as (Einav & Liu, 2018;
Alaei et al., 2021)

σeij ¼ σij � σDij � pTδij ð11Þ
with δij being the Kronecker delta, σij and σij

D the total and
viscous stress tensors, respectively, and pT the thermodynamic
pressure, a well-known property in physics that is given by the
rate of energy with respect to volume (i.e. pT≡∂(UV)/∂V ). For
a unit mass of soil mixture (i.e. V¼ 1/ρ), the thermodynamic
pressure is computed as (Jiang & Liu, 2009)

pT ; � @ U=ρð Þ
@ 1=ρð Þ ¼ Tsþ μρþ givi �U ð12Þ

The sum of momentum densities of all the components is
equal to the total momentum density of the mixture

ρvi ;
X

ρβv
β
i ; ρf v

f
i ; ρwv

w
i þ

X
ργv

γ
i ð13Þ

where vi
β, vi

w, vi
f and vi

γ are the flow velocities of the
corresponding components. The total chemical potentials
of the entire mixture (μ) and the aqueous fluid (μf) could be
eliminated from equation (9), as well as equations (3) and (5)

μρ ¼
X

μβρβ; μf ρf ¼ μwρw þ
X

μγργ ð14Þ

Balance equations
Each of the previously defined state variables requires its

own evolution law. Specifically, the momentum density is
described by its conservation law

@tgi þrj givj þ σij
� � ¼ ρGi ð15Þ

where Gi is the gravitational acceleration.
The entropy has its own balance law, while the rate of

entropy productionR is always non-negative by virtue of the
second law of thermodynamics

@tsþri svi þ fið Þ ¼ R
T

� 0 ð16Þ

where svi and fi are the convective and dissipative entropy
currents, respectively.

The elastic strain tensor is obtained from (Einav & Liu,
2018)

@t þ vkrkð Þεeij þ Ωikε
e
kj � εeikΩkj ¼ ε̇ij � ε̇pij ð17Þ

where ε̇ij ¼ �ðrivj þrjviÞ=2 and ε̇pij are the total and plastic
strain rate tensors, respectively; vk∇kεij

e represents the advec-
tion of elastic strains; while Ωij ¼ ðrivj �rjviÞ=2 is the
anti-symmetric component of the velocity gradient. Notice
that the term εeikΩkj � Ωikεekj accounts for the rigid body
rotation of the elastic strain, which satisfies

σeijðεeikΩkj � Ωikε
e
kjÞ ¼ 0 ð18Þ

Finally, the evolution of partial densities and mass
fractions of the ionic species are given by their mass balances.
Appendix 1 provides the general formulation for systems
where the overall mass is being conserved, while mass
transfers due to multiple parallel chemical reactions are
being balanced for the individual components. Here, for
simplicity, the result is specified for systems undergoing a
single chemical reaction

@tρþriðρviÞ ¼ 0; @tρβ þriðρβvi þ Jβ
i Þ ¼ MβNβξ;

ρf ðvfi ri þ @tÞcγ þriðJγ
i � cγJ

f
i Þ ¼ ðMγNγ � cγMfNf Þξ

ð19Þ
where MβNβξ and MγNγξ act as source/sink terms for the
density evolution of the β phases and γ species attributed to
the chemical reaction; Mβ and Mγ indicate the molecular
mass of the β phases and γ species; ξ (with units of mol/(m3h))
quantifies the rate of chemical reaction governed by chemical
kinetics; Nβ and Nγ represent the stoichiometric numbers
of the β phases and γ species, which are equal to zero for
components not involved in the reaction. Conventionally, the
stoichiometric numbers take negative values for reactants
and positive values for products. Finally, Ji

β and Ji
γ are the

dissipative density fluxes of the involved components (β or γ)
relative to the barycentric velocity, which are being defined as

Jβ
i ; ρβðvβi � viÞ; Jγ

i ; ργðvγi � viÞ ð20Þ
Combining equations (3), (5), (13) and (20)X

Jβ
i ¼ 0; Jf

i ¼ Jw
i þ

X
Jγ
i ð21Þ

Entropy production
Based on the hydrodynamic procedure (as detailed in

Appendix 2), the non-negative rate of entropy production
could be derived

R ¼� firiT � Js
iriμs � Jw

i riμw � Ja
i riμa

�
X

Jγ
iriμγ � ξAþ σeij ε̇

p
ij þ σDij ε̇ij � 0

ð22Þ

where A ¼ μp þ μr represents the sum of the reactants’ (μr)
and products’ (μp) chemical potentials, known as the driving
force of the chemical reaction, recalling that the signs of μp and
μr are opposite due to the sign convention of the stoichiometric
numbers. The resulting sign of A determines the direction of
the chemical reaction, with negative values signifying forward
reaction (from reactants to products), positive implying reverse
reaction and zero representing chemical equilibrium (Job &
Rüffler, 2016). In the absence of chemical reaction (i.e. Ji

γ¼ 0
and A ¼ 0) the derived R naturally converges to the math-
ematical result presented in Einav & Liu (2018). Here, the
occurrence of chemical reaction contributes to the entropy
production through additional terms from chemical kinetics
(�ξA) and the dispersion of ionic species (�P Jγ

iriμγ)
(Gao et al., 2021).
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By potentially considering the general scenarios of solid
dissolution and hydromechanical conditions (i.e. variable
degrees of saturation and different inelastic processes, such as
grain crushing and rearrangement), the proposed modelling
framework can be specified to analyse any dissolution process
in both saturated and unsaturated soil systemswith the flexible
incorporationof advanced constitutivemodels.This theoretical
generalityoffersaway toquantify the roleofchemo-mechanical
coupling during the solid dissolution in any complex geoma-
terial and investigate the underlying physics of material
response, which could benefit the assessment, prevention and
mitigation of natural disasters associated to solid dissolution.

HYDRODYNAMIC MODEL
The derivation in the previous section was rather general.

Conversely, the following discussion is limited to the study of
solid dissolution in saturated poroelastic materials composed
of an incompressible solid phase (i.e. β[ {s, f}, ε̇pij ¼ 0 and
ε̇ij ¼ ε̇eij). More specifically, the primary focus is on the
dissolution of calcium carbonate in an acidic environment
prior to its elastic limit, at isothermal room temperature (i.e.
T¼ 24°C, riT ¼ 0 and Ṫ ¼ 0), and under quasi-static con-
ditions of stationary samples in the laboratory (i.e. negligible
vi, U¼ u and σij

D¼ 0). Such simplifications exclude any
physical intricacy that may arise from material inelasticity
and surface tensions, while highlighting the critical role of the
chemo-mechanical processes in the elastic characteristics.

Internal energy density
The internal energy density reflects the total energy

preserved by all the phases in the geomaterial continuum,
which can be calculated as the sum of the elastic strain energy
density preserved by the microstructural skeleton ue, and the
free energy density of the solid–fluid mixture um possessed by
the involved single-phase domains, which controls the
thermodynamic pressure

u ; ueðρs; εeijÞ þ umðρβ; cγÞ ð23Þ
In particular, the elastic strain energy is formulated to

produce linear elasticity, with density-dependent scaling of
stiffness motivated by (Gibson & Ashby, 1982; Rubin &
Einav, 2011; Alaei et al., 2021)

ueðρs; εev; εeqÞ ¼
ρs
ρ�s

� �n 1
2
K̄εe2v þ 3

2
Ḡεe2q

� �
ð24Þ

where ρs* is the unstressed solid density, which in general
geotechnical settings remains approximately equal to the
intrinsic counterpart of the variable (i.e. ρs* � ρ̂s, therefore
ρs/ρs*� ϕs, with ϕs being the solid fraction); K̄ and Ḡ are
the bulk and shear stiffness constants satisfying Ḡ ¼
3K̄ 1� 2νð Þ=2 1þ νð Þ; ν is the Poisson’s ratio; and n is a
power coefficient reflecting the density-dependent elasticity,
which for foams and soils is typically taken as 3 (Gibson &
Ashby, 1982; Viggiani & Atkinson, 1995). Rather than
tuning this coefficient against experiments, this parameter
is here fixed to 3, to ensure predictions remain genuine, rather
than acting as curve-fits, as done in the past. Thus, by taking
n¼ 3 and by using equations (9) and (23), the corresponding
elastic triaxial stresses become

pe ;
@u
@εev

¼ @ue

@εev
¼ ρs

ρ�s

� �3

K̄εev � ϕ3s K̄εev;

qe ;
@u
@εeq

¼ @ue

@εeq
¼ ρs

ρ�s

� �3

3Ḡεeq � 3ϕ3s Ḡεeq

ð25Þ

where pe is the mean elastic stress and qe is the deviatoric
elastic stress, which here, in the absence of a viscous stress
equals to the deviatoric stress (q¼ qe). Upon further
differentiation, the instantaneous elastic bulk (K ) and shear
moduli (G) are obtained

K ¼ @2ue

@εev
2 ¼ ϕ3s K̄ ; 3G ¼ @2ue

@εeq
2 ¼ 3ϕ3s Ḡ ð26Þ

so as the solid skeleton dissolves and the solid fraction
decreases, the elastic stiffness may soften non-linearly, albeit
having the elastic stresses (equation (25)) linearly depend on
the elastic strains.
The free energy accounts for the volumetric compressi-

bility and osmotic concentration of the two large single-
phase domains made of solid and fluid, which could
be calculated analytically (Jiang et al., 2017; Einav & Liu,
2022)

umðρβ; cγÞ ;
X

ϕβûβ ¼ ϕsûsðρ̂sÞ þ ϕf ûf ðρ̂f ; cγÞ ð27Þ
where ûs and ûf are the intrinsic free energy densities of the
individual phases of the solid and fluid, respectively. It is
worth noting that for incompressible solids (i.e. K≪Ks), the
intrinsic solid density (ρ̂s) is nearly constant for typical
geotechnical problems, in which case the intrinsic fluid
density (ρ̂f ) directly depends on the partial densities based
on equation (4). Therefore, the intrinsic densities in equation
(27) are not regarded as independent state variables.
However, subtle changes to the intrinsic solid density ρ̂s still
need to be accounted for in order to recover the intrinsic
thermodynamic pressures and intrinsic chemical potentials
(Jiang et al., 2017), respectively

p̂Tβ ; � @ðûβ=ρ̂βÞ
@ð1=ρ̂βÞ

¼ μ̂βρ̂β � ûβ; μ̂β ;
@ûβ
@ρ̂β

ð28Þ

For the fluid domain the intrinsic thermodynamic pressure
physically represents the total energy that constitutes the
pressure head, which is equal to the hydrostatic pressure
used in mechanics. In other words, p̂Tf can be seen as the
hydrostatic pressure of the pore fluid and p̂Ts as the internal
pressure within the solid constituting the particles as they are
being compressed isotropically by the surrounding fluid. For
saturated cases, since the solid domain is solely compressed
by aqueous fluid, p̂Ts ¼ p̂Tf , which is conveniently marked
as the common pressure hereafter (i.e. P ¼ p̂Ts ¼ p̂Tf ). Such
equality can also be theoretically proven through energy
minimisation as done by Jiang et al. (2017). This proof,
however, involves additional mathematical derivation, which
is skipped to avoid repetitions and further complications to
the current paper. Curious readers may follow this derivation
in Jiang et al. (2017).
As presently stated in equation (12), the thermodynamic

pressure of the mixture pT depends on both ue and um

through u. However, since the elastic energy density scales as
ue/ (εeij)

2, and the elastic strains are normally small with the
order O(εij

e)≪ 1, the contribution of ue to pT is negligible.
In contrast, the contribution of um, which is the dominating
term controlling the thermodynamic pressure, can be of any
magnitude (Alaei et al., 2021; Einav & Liu, 2022) so that
(Appendix 3)

pT ¼ P; μβ ¼ μ̂β ð29Þ

Considering equations (11) and (29), the elastic stress for
stationary systems (i.e. σij

D¼ 0) could be identified as
Terzaghi’s effective stress

σ′ij ¼ σij � Pδij ð30Þ
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which is valid for the case of incompressible solid constitu-
ents given the current choice of the internal energy function
in equation (23). For compressible solids (Lade & De Boer,
1997; Gajo, 2010), this energy needs to be generalised to
accommodate the changes in the intrinsic free energy (um)
and the elastic strain energy (ue), keeping in mind the Biot’s
effective stress principle (Biot, 1941; Nur & Byerlee, 1971;
Detournay & Cheng, 1993)

σ′ij ¼ σij � ηPδij ; η ¼ 1� K
Ks

ð31Þ

where Ks is the intrinsic bulk modulus of a pure solid typically
ranging from 20 to 70 GPa (Madhubabu et al., 2016; Sohn
et al., 2017). However, such a generalisation is outside the
scope of the current derivation, since for the soft calcarenite
studied in this work, solid compressibility is relatively
negligible owing to its relatively high porosity (K≪Ks), as
demonstrated throughout the model evaluation. Note that
in this limit of K≪Ks, the Biot’s relation reduces back to
Terzaghi’s relation.

To quantitatively evaluate pT, it is essential to formulate the
intrinsic free energy analytically for each single-phase domain.
Specifically, the free energy of the solid part is formulated to
capture the primary features of the solid domain: (a) its
volumetric compressibility, and (b) its pressure-dependent
chemical potential. Considering these two conditions, this
free energy is taken as

ûs ¼ �Ks ln
ρ̂s
ρ0s

þ Ks
ρ̂s
ρ0s

� 1
� �

þ μ0s ρ̂s � P0 ð32Þ

where the superscript 0 indicates variables at the standard
state (i.e. room temperature T¼ 24°C, atmospheric pressure
P0¼ 101 kPa and a molar concentration of xγ

0¼ 1 mol/l for
aqueous solution). Based on equation (28)

μ̂s ¼ μ0s þ
Ks

ρ0s
� Ks

ρ̂s
; P ¼ Ks ln

ρ̂s
ρ0s

þ P0 ð33Þ

which converges to the standard values at the standard state.
Moreover, the intrinsic density of a solid varies very slightly
in geotechnical practices (i.e. ρ̂s=ρ

0
s ! 1). By ignoring the

higher order terms of the Taylor series

ln
ρ̂s
ρ0s

� ρ̂s
ρ0s

� 1 ð34Þ

therefore, the exact chemical potential of the solid in
equation (33) can be approximately expressed as

μ̂s � μ0s þ
1
ρ̂s

P� P0� � ð35Þ

which is a widely recognised relationship in physico-
chemistry to assess the pressure dependency of the chemical
potential (Job & Rüffler, 2016). Taking the increments of
equation (33)

dP ¼ Ks
dρ̂s
ρ̂s

; dμ̂s ¼ Ks
dρ̂s
ρ̂2s

¼ dP
ρ̂s

ð36Þ

which recovers the definition of solid compressibility (Jiang
et al., 2017). In other words, the volumetric compressibility
is the dominating mechanism provoking the changes in
chemical potential and pressure as designated when formu-
lating the intrinsic free energy of the solid domain.

For pore fluid the intrinsic free energy needs to incorporate
the osmotic concentration due to the presence of ionic species,
in addition to the volumetric compressibility. Here, the pore
fluid is assumed to be a substantially dilute ionic aqueous
solution (xγ≪ 1 mol/l). The volumetric compressibility is

mainly attributed to the solvent, while the solute primarily
impacts the osmotic concentration (Elliott, 2020). In this
context, the intrinsic energy is separated into two terms to
restore the two mechanisms

ûf ¼ũw ρ̃wð Þ þ
X

ũγ xγ
� �

;

ũw ¼� Kw ln
ρ̃w
ρ0w

þ Kw
ρ̃w
ρ0w

� 1
� �

þ μ0w ρ̃w � P0;

ũγ ¼xγ Mγμ
0
γ þ RT ln

xγ
x0γ

� RT

 ! ð37Þ

where Kw¼ 2� 106 kPa is the intrinsic bulk modulus of
water and R¼ 8·314 J/(K mol) is the ideal gas constant. It is
important to note that although equation (37) is expressed in
terms of ρ̃w and xγ, they are not the independent state
variables chosen to compute the internal energy, but are
functions of the selected state variables ρ̂f and cγ as shown in
equations (5) and (7). Based on equation (28), the pore fluid
pressure becomes

P ¼ Kw ln
ρ̃w
ρ0w

þ
X

RTxγ þ P0 ð38Þ

with its increment being

dP ¼ Kw
dρ̃w
ρ̃w

þ
X

RTdxγ ð39Þ

in which the first term on the right-hand side of equation (38)
reflects the pressure contribution of fluid compressibility (P̃w)
provided by the solvent (i.e. water), while the second term
characterises the osmotic pressure (

P
P̃γ) induced by the

dissolved ions, which converges to the Van’t Hoff equation
(Thyagaraj & Salini, 2015). In other words, the pore fluid
pressure is simultaneously governed by the competing mech-
anisms of water compressibility and osmotic effect. For
example, imagine adding salt into a cup of water to create
seawater with a salinity equivalent to 35 g salt per litre of
water, as shown in Fig. 3. Since the fluid pressure should
maintain a constant atmospheric pressure throughout the
dissolution (i.e. P¼Pa), the pressure variation due to com-
pressibility and osmotic effects should cancel out (i.e. dP̃w ¼
�P dP̃γ). Based on equation (39), the calculated seawater
volume (Vf) is 1·0015 litres, which is higher than the initial
water volume (Vw¼ 1 litre) but lower than the sum of water
volume and salt volume (ms¼ 35 g, ρ̂s ¼ 2160 g/l,
Vs¼ 0·0162 litres, and VwþVs¼ 1·0162 litres). Then, the
intrinsic density of seawater is computed as ρ̂f ¼ 1033 g/l,
which is the typically reported density of seawater at the room
temperature. This suggests that the generated osmotic
pressure from the increase of ionic concentrations during
salt dissolution is cancelled by the pressure reduction due to
water compressibility as the fluid volume increases and,
consequently, the water density in the solution decreases
(ρ̃w ¼ 998�5 g/l).
Furthermore, based on equation (9)

Xγw ¼ μ0γ þ
RT
Mγ

ln
xγ
x0γ

 !
� μ0w þ Kw

ρ0w
� Kw

ρ̃w

� �
ð40Þ

Therefore, according to equation (10) the chemical
potentials of the solute (i.e. ionic species) and solvent (i.e.
water) are

μ̃γ ¼ μ0γ þ
RT
Mγ

ln
xγ
x0γ

; μ̃w ¼ μ0w þ Kw

ρ0w
� Kw

ρ̃w
ð41Þ

As the water density in the solution is also close to its
quantify at the standard state (i.e. ρ̃w=ρ

0
w ! 1), the use of a
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similar approximation to that in equation (34), as well as
equations (38) and (41), suggests that the exact chemical
potential of the water in the solution can be approximated by

μ̃w � μ0w þ 1
ρ̃w

P� P0 �
X

RTxγ
� �

ð42Þ

which is a widely recognised relationship in physico-
chemistry to account for the chemical potentials of both
solute and solvent in a given solution (Atkins & De Paula,
2014; Job & Rüffler, 2016; Elliott, 2020).

Entropy production
As stated at the beginning of this section, the studied system is

composed of saturated poroelastic material under isothermal
and quasi-static conditions (i.e.riT ¼ 0, β[ {s, f}, σij

D¼ 0, and
ε̇pij ¼ 0). In this context, considering equations (10) and (21), the
rate of entropy production in equation (22) reduces to

R ¼ �Jf
i riXws �

X
Jγ
iriXγw � ξA � 0 ð43Þ

where Xws¼ μw� μs quantifies the chemical potential differ-
ence between water and solid. Considering the second law of
thermodynamics, the entropy productionR should always be
non-negative. To satisfy this constraint, most generally one
may adopt the full Onsager’s reciprocal theory to allow
coupling among all the dissipative terms involved above for
microscopic processes (Onsager, 1931). However, the deter-
mination of the coupled Onsager’s transport coefficients
requires delicate experiments so that an adequate constitutive
calibration could be carried out. Therefore, in the absence of
such experiments, here, for simplicity, a linear proportion-
ality law is adopted to describe the relationships between the
three ‘forces’ involved (as termed by Onsager, i.e. �riXws,
�riXγw and �A) and the corresponding ‘velocities’ (as
termed by Onsager, i.e. Ji

f, Ji
γ and ξ)

Jf
i /�riXws; Jγ

i /�riXγw; ξ /�A ð44Þ
which readily ensures the positiveness of the entropy
production in equation (43) given positive proportionality
coefficients. As proved below, such proportionality relations
can automatically recover the well-known empirical laws of
Darcy’s law, Fick’s law and the law of chemical kinetics.

Darcy’s law
The proportionality between Ji

f and riXws is expressed as

Jf
i ¼ �rfriXws ð45Þ

where rf is taken as a positive linear coefficient for fluid
diffusion. Therefore, considering equations (29), (39)

and (41)

Jf
i ¼ �rf

1
ρ̃w

� 1
ρ̂s

� �
riPþ rf

ρ̃w

X
RTrixγ ð46Þ

For systems where the pore fluid is solely water (i.e. xγ¼ 0,
ρf¼ ρw, ρ̃w ¼ ρ̂w and Jf

i ¼ Jw
i ), the last term representing the

osmotic effect disappears as ũγ vanishes and only water
compressibility persists, therefore

Jw
i ¼ �rf

1
ρ̂w

� 1
ρ̂s

� �
riP ð47Þ

while using equations (13) and (20)

vwi � vsi ¼ � kw
ρ̂wg

riP; kw ¼ rf ρg
ρsρw

1� ρ̂w
ρ̂s

� �
ð48Þ

which converges to Darcy’s law with kw being the hydraulic
conductivity of the water.

Fick’s law
The proportionality between Ji

γ and riXγw is expressed as

Jγ
i ¼ �rγriXγw ð49Þ

where rγ is the positive diffusion coefficient of the γ-ionic
species. This law suggests that apart from diffusion induced
by pressure gradients, the spatial gradient of ionic concen-
trations also promotes diffusion. Combining the above with
equation (40), the ionic diffusion driven by the concentration
gradient can be written as

Jγ
i ¼ �rγ

RT
Mγxγ

rixγ � Kw

ρ̃2w
riρ̃w

 !
ð50Þ

Under theassumptionof incompressible fluid (i.e.riρ̃w ¼ 0)
the above relation reduces to provide the famous Fick’s law of
diffusion

Jγ
i ¼ �dγrixγ; dγ ¼ rγ

RT
Mγxγ

ð51Þ

where dγ is the diffusion coefficient.

Reaction kinetics
The proportionality between ξ and A is expressed as

ξ ¼ �rcA ð52Þ
where rc is a positive state-dependent reaction coefficient
controlling the chemical kinetics of the chemical process of
interest. For example, this work focuses on the chemical

1 l water 35 g salt 1·0015 l seawater

Fluid pressure
Compression-induced pressure
Osmolarity-induced pressure

Add salt Full dissolution

t = 0 t = t1 t = t2 t2t1 Time, t

Fl
ui

d 
pr

es
su

re

P = Pa
dP∼w

∑dP∼γ

ρ̂ f = 1033 g/lρ̂s = 2160 g/l

ρ̂w = 1000 g/l

Kw = 2 GPa

Fig. 3. Schematic representation of salt dissolution in pure water to generate seawater. A full-colour version of this figure can be found on the ICE
Virtual Library (www.icevirtuallibrary.com)
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dissolution of calcium carbonate (CaCO3), which is typically
present in calcites, calcarenites, limestones and calcareous
sands. This solid mineral is here considered to be fully
saturated in an acidic solution (H+), and together these are
the system’s reactants. With sufficient presence of hydrogen
ions (H+) in the pore fluid (typically, when the pH is less
than 4), the overall reaction kinetics is dominated by the
forward reaction (i.e. A , 0) below (Hoefner & Fogler, 1988;
Li et al., 2008; Boyd, 2019)

CaCO3 þ 2Hþ Ð Ca2þ þH2Oþ CO2 ðIÞ
where the system’s products are given by Ca2+ as calcium ions,
H2O as water and CO2 as carbon dioxide. Note that the
backward reaction (i.e. A . 0) is also a naturally important
process, which represents mineral precipitation (Prigiobbe
et al., 2009). Although nothing prevents the theory from
capturing mineral precipitation, this is outside the scope of
the current work. Furthermore, it is assumed that the carbon
dioxide produced can escape the system immediately after
generation, without evoking surface tension (Fernandez-
Merodo et al., 2007), but it does play a role in influencing
the mass conservation in equation (19) and as a driving force
of the chemical reaction in equation (22). Consequently,
the pore space is fully saturated with an aqueous solution
composed of dissolved calcium salt and acid. Although
various types of anions and cations might arise in the pore
fluid, such as Ca2+, H+, HCO3

� and OH�, only those directly
taking part in the reaction described in equation (I) are
considered in the current framework (γ[ {Hþ, Ca2þ}), while
the changes in the concentrations of other ions are relatively
negligible. In this context, the molecular mass, stoichiometric
number and chemical potentials at the standard state of the
species involved are listed in Table 1. As the pressure and ionic
concentrations shift away from the standard state, the value of
chemical potential needs to be updated correspondingly based
on equations (35) and (41), which, consequently, leads to an
evolving A and indirectly introduces a source of pressure and
concentration dependency to the reaction kinetics.

Furthermore, it is widely understood that in strongly acidic
environments (pH lower than 4) the kinetics of calcite
dissolution is primarily controlled by the transporting
mechanism of hydrogen ions in and out of the reaction
surface (Berner & Morse, 1974; Morse & Arvidson, 2002).
Therefore, any property that can perturb pore fluid diffusion
would eventually modulate the dissolution kinetics of
carbonate minerals. This includes features associated with
pore morphology (i.e. pore volume, surface area, heterogen-
eity, etc.) and fluid properties (i.e. flow rate, temperature, pH,
etc.) (Berner & Morse, 1974; Morse & Arvidson, 2002; An
et al., 2021). To capture the experimental findings of the
calcite dissolution kinetics, various geochemical models
have been proposed to address the impact of different depen-
dent features, among which the reaction rate is normally a
function of the molar concentration of hydrogen ion xH (i.e.
pH value) of the bulk fluid under isothermal conditions
(Gautelier et al., 1999; Li et al., 2006; Ciantia & Di Prisco,
2016). Therefore, the reaction rate is here quantified by the
following state-dependent reaction coefficient

rc ¼ kc
xH
x0H

� �b

ð53Þ

where b is a power coefficient and kc. 0 (with units of
kg mol/(J m3 h)) is the reaction rate constant. Experimental
studies suggest that the rate of calcite dissolution is linearly
proportional to the hydrogen ion concentration at low pH
regimes (i.e. b� 1 for pH, 4) (Fredd & Fogler, 1998; Morse
& Arvidson, 2002), but the problem becomes more com-
plex when the pore fluid transits from the acidic to the
alkaline regime (pH. 4), in which case the reaction kinetics
is governed by both mass transport and surface reaction
(Brantley et al., 2008). Therefore, here b is treated more gen-
erally as a phenomenological model parameter to approximate
the reaction kinetics in both strong and weak acid environ-
ments. Furthermore, the model lumps together all the possible
mechanical effects on the chemical kinetics into the cali-
bration of the single reaction rate coefficient kc, despite the fact
that physically, this coefficient is sensitive to pore structure
since the change of surface area can significantly alter the
reaction kinetics. However, obtaining such a state-dependent
reaction kinetics would require an expensive and careful
experimental exploration. As the current focus is mainly to
clarify the role of chemical reactions on the mechanical
responses rather than the other way around, the impact of
mechanical rearrangement on chemical kinetics is not yet
considered, and is beyond the purpose of this paper.

Field equations
To capture the evolution of field variables (i.e. displacement,

pore pressure and ionic concentration), the balance equations
(equations (15) and (19)) need to be combined with the
constitutive relations (i.e. stress–strain relationship in equation
(25) and the adopted linear proportionality rules between
Onsager’s ‘forces’ and ‘velocities’ as stated in equations (46),
(51) and (52)), and the loading and boundary conditions
concerned. Consequently, the field equations could be for-
mulated as a systemof non-linear partial differential equations,
which would require the development of a comprehensive
numerical tool for solving coupled chemo-hydro-mechanical
problems (Fernandez-Merodo et al., 2007; Tamagnini &
Ciantia, 2016). However, this work mainly focuses on
illustrating the model capacity to interpret chemo-mechanical
coupled behaviour at the local level. Thus, to avoid numerical
complication, the simulations in the following section fix the
spatial fields by simplified homogeneous domains. Future
numerical implementations are encouraged to study such
processes by solving the full boundary value problem and
explore the impact of spatial heterogeneity on the system
response.

MODEL EVALUATION
To demonstrate the capacity of the proposed modelling

framework to capture the underlying physics of chemical
dissolution, the proposed model is adopted to explain
experimental observations using a series of debonding tests

Table 1. Molecular mass, stoichiometric number and chemical potential at the standard state (24°C, 100 kPa and 1 mol/l) of the involved species
(Job & Rüffler, 2016)

Substance CaCO3(s) H2O(f) CO2(a) H+(f) Ca2+(f )

M: � 10�6 t/mol 100 18 44 1 40
N �1 1 1 �2 1
μ0: � 106 kJ/t �11·29 �13·17 �8·95 0 �13·83

Note: CaCO3, calcium carbonate; H2O, water; CO2, carbon dioxide
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performed by Ciantia and his colleagues on calcarenite
samples from the Mediterranean coast of Gravina di Puglia,
Italy. In those tests the samples were exposed to a fully
saturated acidic environment (Castellanza & Nova, 2004;
Ciantia & Hueckel, 2013; Ciantia et al., 2015). The tested
material is characterised by the presence of a network of
calcite grains bonded by calcareous bridges, both of which
contain a high percentage of calcium carbonate (CaCO3) and
are highly vulnerable to chemical dissolution when subjected
to acidic flow. In the following, the proposed hydrodynamic
model is adopted to capture the chemo-mechanical coupled
behaviour of this calcarenite during chemical dissolution.
Model parameters are calibrated based on uncoupled long-
term debonding (LTD) tests, while coupled LTD tests are
used to evaluate the model’s performance. All the exper-
imental data used in this section are taken from Ciantia et al.
(2015) where detailed descriptions of the experimental set-up
are presented.

Model calibration – uncoupled LTD tests
The uncoupled LTD tests conducted by Ciantia et al.

(2015) involved the immersion of a series of mechanically
unloaded calcarenite samples in an acid reservoir with an
initial pH value of 3·0. The samples were soaked for various
times and the pH value of the reservoir was continuously
monitored to follow the reaction rate. The weathered samples
were then weighed after drying so that the mass of dissolved
solid mdis could be evaluated. The mass ratio of the dissolved
solid and the initial reacting solid ms

0 is used to reflect the
degree of weathering as ξdis¼mdis/ms

0 (De Groot & Mazur,
2013; Ciantia et al., 2015). Accordingly, ξdis¼ 0 and ξdis¼ 1
correspond to intact and completely dissolved solid limits.
Following this early stage, oedometric compression tests were
performed on the dry, degraded samples to evaluate the
residual strength at different degrees of weathering. This
experimental procedure has adequately decoupled the mech-
anical and chemical processes, thus enabling to calibrate the
corresponding parameters in isolation.
As the weathering stage of the above experiment is per-

formed without mechanical loading, it can be used to
calibrate the parameters controlling the chemical kinetics.
Specifically, in the experiment additional acid was added
in increments to the bulk fluid to maintain a strongly acidic
regime (Ciantia et al., 2015). However, the frequency and
exact amount per increment was not reported. Therefore, in

the current simulation, instead of imposing additional acid
surcharges, the initial volume of reservoir (VR) is assumed to
be big enough to provide sufficient hydrogen ions, while not
letting external flux enter the system during weathering.
Furthermore, for simplicity a spatial homogeneity is adopted
in which the reservoir fluid is assumed to be always fully
mixed without imposing any spatial gradients, thus avoiding
having to solve the coupled diffusion–convection mechanism
(i.e. Ji

β¼ 0 and Ji
γ¼ 0). As such, since the chemical reaction

can only occur within the volume of the soil sample (V ), and
since the mass balance equation is used to capture the mass
transfer within the reservoir, the mass balance in equation
(19) should be corrected by the volume ratio between the soil
sample and the reservoir (V/VR)

@tρβ � ρβε̇v ¼
V
VR

MβNβξ;

ρf @tcγ ¼
V
VR

MγNγ � cγMfNf
� �

ξ
ð54Þ

As the molar quantity of the dissolved solid is proportional
to the molar quantity of the consumed hydrogen ions by the
stoichiometric number, the value of V/VR can be back-
calculated based on the mass ratio of the dissolved solid
(ξdis) and the corresponding change in hydrogen ion concen-
tration (ΔxH)

V
VR

¼ MsNsΔxH
ξdisρsNH

ð55Þ

Experimental data from the weathering test (Ciantia
et al., 2015) show that as the reservoir pH changed from 2·3
to 3·4 (i.e. ΔxH¼ 4·6� 10�3 mol/l), 1·8% of the calcarenite
sample (ϕs¼ 0·48) was dissolved (i.e. ξdis¼ 1·8%), so based on
equation (55) V/VR� 1/200. The simulation in Fig. 4(a)
suggests that b¼ 2 and kc¼ 13 kg mol/(J cm3 h) are appro-
priate. Based on equations (52) and (53), the predicted
dissolution rate (ξ) at pH=2·5 (i.e. xH¼ 3·2� 10�3 mol/l)
and room temperature is equal to 2·5� 10�6 mol/(cm3 s),
which is of the same magnitude as the calcite dissolution
rate directly measured through experiments (Fredd & Fogler,
1998). The pH evolution in Fig. 4(a) implies that as the
hydrogen ions are gradually consumed, the rising pH slows
down the chemical dissolution, consequently bringing the
pH value to a level (normally around 5·0) at which the
chemical reaction becomes relatively slow due to the insuffi-
cient presence of the hydrogen ion. Within the time window of
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Fig. 4. Calibration of the model parameters based on the uncoupled long-term debonding (LTD) tests: (a) pH evolution during the acid soaking
stage; (b) compressive behaviour under various degrees of chemical dissolution; inset (c) experimental set-up. Data taken from Ciantia et al.
(2015). A full-colour version of this figure can be found on the ICE Virtual Library (www.icevirtuallibrary.com)
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testing, it can even be viewed as the cessation of chemical
dissolution. Furthermore, as suggested by the stoichiometric
number of the chemical equation, every consumption of two
H+ ions would generate one Ca2+ ion (Fig. 5(a)). Following
equation (39), as no external flux enters the system during the
soaking stage of the uncoupled LTD tests, and because the
total number of ions lowers during the reaction, the osmotic
pressure presents a decreasing pattern (Fig. 5(b)).

Based on the compression tests of the weathered samples, a
Poisson’s ratio of ν¼ 0·09 was deduced by Castellanza &Nova
(2004), which is relatively low compared to the typical values
reported for rocks, ranging from 0·1 to 0·4 (Gercek, 2007).
Such underestimation might have arisen from the use of a soft
oedometer, which enabled small radial deformation (rather
than maintaining a strict K0 condition) to allow measurement
of the radial stress (Kolymbas & Bauer, 1993). For this reason,
here the Poisson’s ratio is set to be 0·25, as a representative
value between the previously reported 0·1 and 0·4 values for
rocks. The power coefficient n in equation (24) is fixed to 3 for
calcarenite, as usually adopted for foams and soils (Gibson &
Ashby, 1982; Rubin, 2001). Notice that a higher value of
about n� 10 would yield a much better fit, but this tuning is
avoided, to ensure the model results in this paper would be
viewed as predictions rather than as fits. However, the fact
n� 10yieldsmuchbetter fits should encourageacareful experi-
ment into the true value of n through elastic wave measure-
ments on calcarenite samples. The other elastic properties are
then determined based on the compression behaviour prior to
elastic limits at various levels of weathering, as summarised
in Table 2. Since the tested samples have a solid fraction of
around 0·48, based on equation (26), K/Ks� 0, which justifies
the effectiveness of adopting the Terzaghi’s effective stress
principle to analyse the current experiments. Furthermore,
according to the experimental data by Ciantia et al. (2015), the
limit at which the intact sample under the oedometric
conditions ceases to act as broadly elastic is reached when
the axial stress σa approaches about 2700 kPa, which lowers to
around 1800 kPawhen ξdis¼ 6·2% (Ciantia et al., 2015). Since
the proposed model behaves poroelastically, the model

simulations in Fig. 4(b) focus on material behaviour prior
to the elastic limit. These simulations show that, as weather-
ing intensifies, the progressive dissolution of solid skeleton
weakens the material strength and leads to the lowering of the
compressive stiffness.

Model simulation – coupled oedometric LTD tests
During the coupled oedometric LTD tests by Ciantia et al.

(2015), the dry specimens were first loaded oedometrically till
a prescribed axial stress (σa¼ 2000 kPa) where they were
submerged by water flow to a fully saturated state under
constant axial stress. Afterward, instead of water, a sustained
acid flux was injected from the bottom to explore chemo-
mechanical coupling effects. An input pH was imposed at
2·5, while the output pH was measured to be 5·0, at which
due to the insufficient supply of hydrogen ion, the reaction
rate was slow enough to be ignored within the experimental
time frame. This infers that the pH spatially varies due to the
presence of a transient acid flow, which would ideally require
to treat the process as a boundary value problem instead of
an elementary test (Ciantia et al., 2015). In other words, the
process cannot be analysed solely at the constitutive level due
to the lack of uniformity, but requires a proper numerical
treatment to capture the spatial heterogeneity (Tamagnini &
Ciantia, 2016). However, since the rate of the chemical
reaction is much faster than the acid diffusion, the majority
of the hydrogen ions are consumed by the material adjacent
to the acid inflow (Fredd & Fogler, 1998; Tamagnini &
Ciantia, 2016). It is thus anticipated that the acidity drops
dramatically within a thin zone of intensive reaction while the
pH values outside this reactive domain would approximately
maintain constant as illustrated in Fig. 6 (Jyoti & Haese,
2021). Therefore, a model simplification can be made to
entrap the whole process of chemical reaction within a
localised basal layer susceptible to a constant pH, while
letting the soil above remain as an intact solid block that does
not experience chemical dissolution and follows the move-
ment of the upper boundary of the localised layer due to
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Table 2. Summary of model parameters

Ks: GPa Kw: GPa K̄ : MPa ν ρs
0: kg/m3 ρw

0 : kg/m3 b kc: kg mol/(J cm3 h)

35 2 320 0·25 2730 1000 2 13
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compatibility (Fig. 6) (Chen & Buscarnera, 2022). However,
owing to the lack of experimental evidence, the thickness of
the reactive zone cannot be determined precisely. Instead,
considering the spatiotemporal profile of pH simulated by
Tamagnini & Ciantia (2016), the ratio of thickness between
the sample height (H ) and the localised zone (h) is
approximated consistently by h/H� 1/15.
In this context, flux through this reactive localised layer with

volumeVand surface S can be homogenised through the diver-
gence theorem. Then, the mass balance equation in equation
(19) can be adjusted for the finite reaction volume that is
independent of gradient effects (riρ ¼ riρβ ¼ ricγ ¼ 0)

ρ̇ ¼ρε̇v � ξNaMa; ρ̇β ¼ ρβε̇v � Jβ þ ξNβMβ;

ċγ ¼ 1
ρf

ξNγMγ � Jγ
� �� cγ ξNfMf � Jf

� �� 	 ð56Þ

where Jδ is the smeared flux of component δ entering and
leaving the studied volume (positive for an outflow, negative
for an inflow). Thus, combining equations (25), (33), (38), (56)
and (69), the field equations for the finite volume could be
obtained with further details shown in Appendix 4. With such
simplifications, the coupled LTD experiment can still be
simulated at the constitutive level while avoiding the compu-
tational complication associated with the spatial variation.
Besides, since the enforced axial stress (σa¼ 2000 kPa) is

well below the elastic limit (� 2700 kPa at the intact con-
dition, as discussed previously), it is reasonable to analyse the
mechanical response as a poroelastic body. Admittedly, as the
degradation exacerbates the material strength and diminishes
the elastic limit, some inelastic processes might develop, such
as material plasticity and grain crushing (Ciantia & Hueckel,
2013; Gajo et al., 2015). However, the impacts of these
are neglected in the current work for simplicity, but future
consideration is encouraged. Moreover, it is assumed that the
material within the reactive localised zone experiences suffi-
cient drainage without building up excessive pore pressures
(i.e. P(t)¼ 0), and that the reaction-generated calcium ions
can freely diffuse out of the system. However, no experi-
mental measurement is available to assess the magnitude of
the calcium ion flux, which requires further experimental
exploration. Here, it is assumed that calcium ions can
instantaneously escape from the system after generation
(i.e. ċCa ¼ 0). Otherwise, although not directly taking part in
the chemical reaction, the ionic concentration of the anions
(such as acetate derived from acetic acid) still needs to be
accounted for, since besides hydrogen ions the acid injection
brings in extra anions which later combine with the generated

calcium ion to form an aqueous solution of calcium salt that
would contribute to osmotic effects (Jyoti & Haese, 2021).
Considering the above-mentioned testing conditions, the

simulation shown in Fig. 7 quantitatively predicts the mea-
surements relatively well. As the acid progressively dissolves the
solid skeleton, the sample deforms under constant axial load
due to chemo-mechanical coupling and the radial stress grows
to sustain the K0 condition. Note that the simulation focuses
on the axial strain developing only within the basal reaction
zone of thickness h, while the upper part of the sampleH� h is
kept rigid. Therefore, the macroscopically measured axial
strain (as reported in Fig. 7) is the one developing within the
localised layer times the correction factor h/H.
In a similar way to the axial strain, the degree of dissolution

ξdis also needs to be projected from the reaction zone to the
overall sample, and Fig. 8(a) shows its evolution in which only
the dissolved mass ratio at the end of the test is reported
experimentally. Such predictions can certainly be improved by
adjusting the reaction rate coefficient kc to be state dependent,
especially considering the impact of the surface area on the
reaction kinetics, which, however, is left for future analyses.
Fig. 8(b) implies that, as the acid is continuously depleted to
dissolve the solid particles, the hydrogen ions need to flow into
the system continuously to sustain a constant pH value (i.e.
JH, 0). Contrarily, since water and calcium ions are reaction
products, they would freely escape from the system (i.e. Jw. 0
and JCa . 0) as governed by the prescribed boundary
conditions, allowing instantaneous drainage and maintaining
a constant calcium ion concentration.

CONCLUSION
This paper has introduced a thermodynamically consistent

modelling framework to investigate the role of solid dissolution
on the mechanical response of geomaterials by adopting
a hydrodynamic procedure. Besides conventional state vari-
ables such as partial densities, momentum, elastic strain and
entropy, the presence of chemical reaction required the
incorporation of the mass fractions of ionic species in the
pore fluid as additional state variables. The derivation showed
that chemical reactions contribute to entropy production
through ionic diffusion and chemical kinetics. To preserve
the non-negativeness of the entropy production, simple yet
effective linear proportionality relationships were adopted as
the dissipative constitutive relations, which readily allows the
recovery of somewidely used empirical lawswith clearly stated
assumptions. It is shown that many of the said empirical laws
tend to remain valid under the exact experimental conditions
used for theiroriginal deductions. Beyond idealised conditions,
it is instructive to favour physics-based models, thus high-
lighting the significance of the proposed model. For example,
the widely recognised relationship in physico-chemistry to
assess pressure dependency of chemical potentials is valid
when the material is nearly incompressible, the commonly
adopted Darcy’s law is valid when the ionic species are nearly
homogeneously distributed throughout the volume, and the
standard Fick’s law is valid when the pore fluid pressure does
not show significant spatial gradients. Although the first
scenario is typically true for geotechnical applications, pH
and pore pressure profiles are not always homogeneous and
thus require more generalised results. As such, the paper
provides insights into cases where one normally does not (or
technologically cannot reliably) obtain experimental data due
to the unique boundary conditions.
Furthermore, the proposed theory holds generality, in that

it should remain applicable as the basis for mechanically
inelastic constitutive laws, such as elastoplasticity and break-
age mechanics. Besides, the theory can be widely applied to
investigate the chemo-mechanical coupling of any
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dissolution or precipitation process in porous systems, under
both saturated and unsaturated conditions. However, the
focus in this paper was on chemical degradation of saturated
calcarenites induced by the dissolution of calcium carbonates
in an acidic environment. Analyses were constrained to the
elastic regime under a saturated condition, thus neglecting
complications from mechanically inelastic phenomena such
as solid rearrangement and grain breakage, as well as surface

tension among solid–fluid–air interfaces. In so doing, the
paper clarifies the significance of coupled chemo-mechanical
processes and the role of chemical reaction on the mechanical
response. The proposed model was used to interpret
previously published experimental observations of LTD
tests on calcarenite samples. Model parameters were cali-
brated based on the uncoupled LTD tests and the adopted
model is shown to be able to capture the weakening of
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mechanical strength due to the loss of solid skeleton, and the
decaying trend of chemical reaction due to the progressive
consumption of acid. Furthermore, coupled LTD tests under
drained conditions are simulated showing that the chemical
reaction compresses the tested samples and tries to cause
lateral expansion under unconfined conditions, thus leading
to a rise of radial stress under an oedometric condition.
Although the consideration of only elasticity offers a

satisfactory prediction of the experimental results, future
extensions could look more deeply into the role of chemo-
mechanical coupling on material inelasticity, including par-
ticle breakage and yielding response. Furthermore, instead
of localising the response within a finite volume, numerical
tools addressing the diffusive processes are desired to explore
the spatiotemporal profiles of field variables, which would
potentially benefit the analysis of various engineering appli-
cations and issues, such as landslides and sinkholes.
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APPENDIX 1. MASS BALANCE
For systems undergoing multiple parallel chemical reactions, the

mass conservation of each component involved is written as (De
Groot & Mazur, 2013)

@tρδ ¼ �ri ρδv
δ
i

� �þXr
j¼1

MδNδjξ j ; where δ [ β; γf g ð57Þ

where MδNδjξj quantifies the density exchange rate of the δth
component attributed to the jth chemical reaction; r represents the
total number of parallel chemical reactions;Mδ is the molecular mass
of the δth component; Nδj is the stoichiometric coefficient of the δth
component in the jth chemical reaction, with negative values for
reactants and positive values for products; and ξj (unit: mol/(m3 h))
indicates the rate of the jth chemical reaction, governed by the
corresponding reaction kinetics, which is equal to 0 in the absence of
chemical reaction. Typically, the dissipative density flux of the δth
component is defined with respect to the barycentric motion

Jδ
i ; ρδ vδi � vi

� � ð58Þ

Combining the last two equations

@tρδ ¼ �riJδ
i �ri ρδvið Þ þ

Xr
j¼1

MδNδjξ j ; δ [ β; γf g ð59Þ

Note that the mass of pore fluid is determined as the sum of all the
ionic species involved and water, and therefore its change due to
chemical reaction is (Bear, 1988)

MfNfj ¼ MwNwj þ
X

MγNγj ð60Þ

Based on the definition of mass fraction of the ionic species in
equation (6), it is found that ργ¼ cγρf. Combining this with equations
(58) and (59), the evolution law of the mass fraction of the γth ionic
species can be expressed as

ρf ð@tcγ þ vfi ricγÞ þ riðJγ
i � cγJ

f
i Þ ¼

Xr
j¼1

ðMγNγj � cγMfNfjÞξ j

ð61Þ
Finally, the overall mass should be conserved and the total density

follows

@tρþri ρvið Þ ¼ 0 ð62Þ

APPENDIX 2. ENERGY FLUX AND DISSIPATION
The first law of thermodynamics, which requires the overall energy

to be conserved, is given by

@tU þriEi ¼ ρGivi ð63Þ
where Ei is the energy flux. The gradient of energy flux can be
derived by following the standard hydrodynamic procedure illus-
trated by Einav & Liu (2018) with additional state variables
quantifying ionic diffusion and chemical reaction. Given the
definition of the total strain rate ε̇ij ¼ �ðrivj þrjviÞ=2 and
combining equations (8)–(21), (60) and (63)

riEi ¼ ri½ð pT þUÞvi þ ðσeij þ σDij Þvj þ Tfi þ
X

μβJ
β
i

þ
X

XγwðJγ
i � cγJ

f
i Þ� � R � firiT þ σeij ε̇

p
ij þ σDij ε̇ij

� Js
iriμs � Jw

i riμw � Ja
i riμa �

X
Jγ
iriμγ � ξA

ð64Þ
where A is the thermodynamic force

A ¼ μsNsMs þ μwMwNw þ μaMaNa þ
X

μγMγNγ ð65Þ

since the stoichiometric number N takes positive values for products
and negative for reactants, by grouping the terms with the same sign
of N, equation (65) essentially quantifies the sum of the total
chemical potentials of products (μp) and reactants (μr), recalling that
μp and μr take opposite signs, which is known as the driving force of
the chemical reaction.
Then, the energy flux Ei is identified by grouping all the terms

within the gradient, while all the remaining terms contribute to the
rate of entropy production R

R ¼� firiT � Js
iriμs � Jw

i riμw � Ja
i riμa

�
X

Jγ
iriμγ � ξAþD

ð66Þ

where the mechanical dissipation D has been identified as

D ¼ σeij ε̇
p
ij þ σDij ε̇ij ð67Þ

APPENDIX 3. INTRINSIC AND PARTIALVALUES
Based on the definitions in equations (9), (23), (27) and (28) the

relationship between the intrinsic and the partial chemical potentials
can be derived as

μs ¼
3ue

ρs
þ μ̂s; μf ¼ μ̂f ð68Þ

Furthermore, for saturated geomaterials the intrinsic pressure of
all the involved phases should be identical based on the energy
minimisation as proved by Jiang et al. (2017). Therefore, the
thermodynamic pressure defined in equation (12) at the equilibrium
state (i.e. vi¼ 0) could be expressed as

pT ¼ 2ue þ P; P ¼ P̂β ð69Þ

According to equation (11) the total pressure p¼ peþ 2ueþP. As
suggested by equations (24) and (25), the elastic energy density scales
approximately as ue/ (εij

e)2. Since for geomaterials, the elastic strains
are normally small with the order O(εij

e)≪ 1, the contribution of the
elastic energy density to the total pressure through thermodynamic
pressure is relatively negligible compared to the contribution of the
free energy through intrinsic pressure (Alaei et al., 2021). Thus, it is
reasonable to replace u by um in both equations (9) and (12) so that

μβ ¼
@um

@ρβ
; pT ¼

X
μβρβ � um ð70Þ

Combining the above with equations (4), (27) and (28) leads to

pT ¼ P̂β ¼ P; μβ ¼ μ̂β ð71Þ
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APPENDIX 4. STRESS–STRAIN RELATIONSHIP
Based on equations (25) and (56) and considering only the elastic

behaviour (i.e. εij
e ¼ εij), the temporal evolution of the elastic stress is

calculated as

ṗe ¼ K̄
ρs
ρ�s

� �3

1þ 3εvð Þε̇v � 3εv
ρs

Js þ 3εv
ρs

NsMsξ


 �
;

q̇ ¼ 3Ḡ
ρs
ρ�s

� �3

3εqε̇v þ ε̇q � 3εq
ρs

Js þ 3εq
ρs

NsMsξ


 � ð72Þ

Furthermore, equation (4) implies

X
ϕβ

ρ̇β
ρβ

�
X

ϕβ
˙̂ρβ
ρ̂β

¼ 0 ð73Þ

Based on equations (6), (7) and (39) is alternatively expressed as

Ṗ ¼ Kf

˙̂ρ f
ρ̂f

þ
X RT

Mγ
� Kw

ρ̃w

� �
ρ̂f ċγ ð74Þ

where Kf ¼ Kw þPRTxγ is the bulk stiffness of the aqueous
solution. For the dilute solution studied Kf�Kw, while by inserting
equations (36), (56), (71) and (74) into equation (73), the rate of
change of the pore pressure becomes

Ṗ ¼ Km ε̇v þ Km

X ξNβMβ � Jβ
ρ̂β

þ Km

Kf

X RT
Mγ

� Kw

ρ̃w

� �
ξNγMγ � Jγ
� �� cγ ξNfMf � Jf

� �� 	 ð75Þ

where Km¼KsKf/(KfϕsþKsϕf) is the undrained bulk modulus of the
solid–fluid mixture (Schmitt, 2015). After combining equations (56),
(72) and (75), the field equations could be assembled in a matrix form

ṗe

q̇

Ṗ

ċH
ċCa

2
6666664

3
7777775
¼

A11 0 A13 0 0

A21 A22 A23 0 0

A31 0 A33 A34 A35

0 0 A43 A44 0

0 0 A53 0 A55

2
6666664

3
7777775

ε̇ev
ε̇eq
Jf
JH
JCa

2
6666664

3
7777775
þ

F1

F2

F3

F4

F5

2
6666664

3
7777775
ξ

ð76Þ
where the matrix coefficients are expressed as

A11 ¼ ρs
ρ�s

� �3

K̄ 1þ 3εvð Þ; A13 ¼ 3
ρs
ρ�s

� �3K̄εv
ρs

;

A21 ¼9
ρs
ρ�s

� �3

Ḡεq; A22 ¼ 3
ρs
ρ�s

� �3

Ḡ;

A23 ¼9
ρs
ρ�s

� �3Ḡεq
ρs

; A31 ¼ Km;

A33 ¼Km

ρ̂s
� Km

ρ̂f
þ Km

Kf

X RT
Mγ

� Kw

ρ̃w

� �
cγ;

A34 ¼� Km

Kf

RT
MH

� Kw

ρ̃w

� �
; A35 ¼ �Km

Kf

RT
MCa

� Kw

ρ̃w

� �
;

A43 ¼ cH
ρf

; A44 ¼ � 1
ρf

; A53 ¼ cCa
ρf

; A55 ¼ � 1
ρf

ð77Þ

and the pseudo driving forces induced by reaction are given by

F1 ¼3
ρs
ρ�s

� �3K̄εv
ρs

NsMs; F2 ¼ 9
ρs
ρ�s

� �3Ḡεq
ρs

NsMs;

F3 ¼Km

X RT
Mγ

� Kw

ρ̃w

� �
NγMγ � cγNfMf

Kf
þ
XNβMβ

ρ̂β

" #
;

F4 ¼ 1
ρf

NHMH � cHNfMf
� �

;

F5 ¼ 1
ρf

NCaMCa � cCaNfMf
� �

ð78Þ

NOTATION
A driving force of the chemical reaction
Aij coefficients of stiffness matrix
b power coefficient of reaction rate

cw,H,Ca,γ mass fractions of the component
D mechanical dissipation
dγ diffusion coefficient of γ-species
Ei energy flux

F1,2,3,4,5 pseudo driving force due to reaction
fi dissipative energy current
Gi gravitational acceleration
gi momentum density

h, H reaction zone thickness, sample height
Ji
s, w, a, f, β, γ, δ flow flux of the component

Js,f,β,γ,δ smeared flow flux of the species
K, G instantaneous bulk and shear moduli

Kf intrinsic bulk modulus of aqueous solution
Km bulk modulus of the solid–fluid mixture

Ks, Gs intrinsic bulk and shear moduli of solid
K̄ , Ḡ bulk and shear stiffness constants

k kinetic energy
kc reaction rate coefficient
kw hydraulic conductivity of water

Ms,w,a,f,β,γ,δ molecular mass of the component
m, V mass, volume of the representative element
mdis dissolved solid mass
ms

0 initial mass of reacting solid
mw, mγ mass of water and γ-ionic species
mβ, Vβ mass and volume of β-phases

Ns,w,a,f,β,γ,δ stoichiometric number of the component
ni normal direction of the surface
P common pressure
pe mean elastic stress
pT thermodynamic pressure

p̂Ts;f ;β intrinsic thermodynamic pressure
qe, q elastic and total deviatoric stress

R ideal gas constant
R rate of entropy production

rf, rγ, rc coefficient of linear proportionality
s entropy
T temperature
t time

t5% time when axial strain is 5%
U conserved energy density
u internal energy density
ue elastic strain energy density
um free energy density
ûs;f intrinsic free energy of solid and fluid

ũw, ũγ energy contribution of water and ions
Vf fluid volume
VR reservoir volume
vi barycentric velocity

vi
s, w, a, f, β, γ, δ flow velocity of the component

Xij μi� μj
xγ,H,Ca molar concentration of ionic species
ΔxH change of hydrogen ion concentration
δij Kronecker delta

ε̇ij ; ε̇eij ; ε̇
p
ij total, elastic and plastic strain rate tensor

εv,q,a,r volumetric, deviatoric, axial and radial strain
η Biot’s coefficient

μ, ρ total chemical potential and density
μp,r chemical potential for products/reactions

μs,w,a,f,β,γ,δ chemical potential of the component
ν Poisson’s ratio
ξ reaction rate

ξdis dissolved mass ratio
ρs,w,a,f,β,γ,δ partial density of the component

ρs
* unstress solid density

σa,r axial and radial stress
σij ; σeij ; σ

D
ij total, elastic, viscous stress tensor
σij′ effective stress tensor
ϕβ volume fraction of the phases
Ωij anti-symmetric velocity gradient
A
0

values at the standard state
Â intrinsic quantity of the variable
Ã partial quantity in the solution
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Ȧ rate of the variable
@tA time differentiation of the variable
riA spatial gradient in the Cartesian coordinate
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