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This paper describes a simple methodology to calculate the two-dimensional seepage across an infinite
unsaturated slope using models of one-dimensional infiltration through horizontal ground. The
methodology decomposes the seepage across the infinite slope into antisymmetric and symmetric parts,
whose respective solutions are combined to calculate the actual flow regime. The antisymmetric
solution is trivial and does not even require integration of the governing continuity equation, while the
symmetric solution, albeit non-trivial, reduces to the case of one-dimensional flow through horizontal
ground, for which solutions already exist. The methodology is generally applicable to the calculation of
distinct seepage regimes across unsaturated slopes with different hydraulic properties under both
stationary and transient conditions. The paper also defines the gradient of the piezometric head parallel
to the slope, which is the Neumann boundary condition to be imposed on slope sections perpendicular
to the ground surface. The rigorous definition of this gradient overcomes the need of imposing arbitrary
boundary conditions in finite-element models. Finally, the paper demonstrates that all infiltrated water
crosses the slope along the shortest path – namely, the path normal to the surface – while the flow
parallel to the slope is entirely fed by an upstream source at infinite distance.
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INTRODUCTION
Shallow landslides pose a serious hazard to human lives and
infrastructures, not only in subtropical regions (Lim et al.,
1996; Urciuoli et al., 2016; Augusto Filho & Fernandes,
2019) but almost everywhere in the world, as demonstrated
by several studies published in Italy (Sanzeni et al., 2019;
Amabile et al., 2020; Comegna et al., 2021), the UK
(Balzano et al., 2016), Norway (L’Heureux et al., 2006;
Melchiorre & Frattini, 2012) and the USA (Godt et al.,
2009).

Shallow slope failures occur in the first 1–5 m of the
ground, where the soil is often unsaturated and capillary
(tensile) pore water pressures exist. If an unsaturated soil is
wetted by meteoric precipitations, capillarity reduces and
may disappear altogether as the pore water stress changes
from tensile to compressive upon saturation. On the contrary,
an initially saturated soil may develop capillary pressures as
the degree of saturation reduces during a hot climatic spell.

Capillarity has an important effect on the mechanical
behaviour of soils as it generates a cohesive component of
strength, whose magnitude is directly related to the scale of
the pore water tension (Fredlund & Rahardjo, 1993). This
explains why changes of seepage during weather cycles have

a direct impact on the activity of unstable slopes. The
evaluation of the groundwater regime, and the associated
evolution of pore water pressures, is therefore key to assessing
the safety of slopes against sliding by means of, for example,
limit equilibrium or finite-element methods (Ye et al., 2005;
Li et al., 2016; Le et al., 2019).
The simplest landslide model assumes an infinite slope

characterised by constant steepness, unlimited length and,
hence, identical profiles of the soil variables along every
vertical section (Skempton & DeLory, 1957). Despite its
simplicity, the infinite slope model is well suited to describe
shallow soil slides which take place over relatively large areas
along planes that are approximately parallel to the ground
surface (Zieher et al., 2017). The assessment of the stability of
an infinite slope demands the calculation of a factor of safety,
which is defined as the ratio between the available shear
strength and the actual shear stress at the depth closest to
failure according to the chosen constitutive law. Therefore,
the evaluation of the factor of safety entails the prior
calculation of the strength and stress fields inside the infinite
slope, which in turn requires knowledge of the pore water
field under both saturated and unsaturated conditions
(Sitarenios & Casini, 2021).
The pore water field inside an infinite slope is calculated by

solving the differential water continuity equation by way of
either closed-form derivations (Fourie et al., 1999) or, if this
is not possible, by way of approximated finite-element or
finite-difference models (Le et al., 2016). This calculation is
more complex under unsaturated conditions than under
saturated ones because of the dependency of soil per-
meability and degree of saturation on pore water pressure,
which introduces a degree of non-linearity in the governing
equations. Despite these difficulties, rigorous analytical
solutions of the one-dimensional (1D) vertical flow across
horizontal unsaturated ground have been obtained by
assuming different permeability and retention laws (e.g.
Iverson, 2000; Lu & Griffiths, 2004; Huang & Wu, 2012).
Unfortunately, the same is not true for the two-dimensional
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(2D) flow across an infinite unsaturated slope, whose seepage
regime has been analytically solved only by a handful of
studies that assume exponential permeability and retention
laws (Lu &Godt, 2008; Travis et al., 2010; Zhan et al., 2013).
Most often, the unsaturated flow across an infinite slope has
been evaluated by way of numerical (i.e. finite-element or
finite-difference) models that represent a segment of the
inclined soil layer (e.g. Griffiths et al., 2011). To be viable,
these models impose arbitrary boundary conditions (typi-
cally hydrostatic or impermeable) on the two end sides that
cut across the slope (Cho & Lee, 2002; El Shamy, 2007). The
inaccuracies introduced by this artefact are usually mini-
mised by: (a) calculating the flow regime at the middle
section of the model, which is the farthest section from the
boundaries where the arbitrary conditions have been
imposed and (b) by modelling a relatively slender slope
segment with length-to-thickness ratio larger than 20
(Milledge et al., 2012).
This paper presents a methodology that improves and

simplifies the calculation of the 2D seepage across an
unsaturated infinite slope compared to current numerical
models, thus overcoming the above limitations. This is
achieved by decomposing the flow regime into antisymmetric
and symmetric parts, which correspond to the two com-
ponents of the specific water weight that are parallel and
perpendicular to the slope, respectively (Fig. 1). The
antisymmetric part is immediately solved, without even
integrating the governing partial differential equations,
because the pore water pressure field is zero everywhere due
to the antisymmetric nature of the problem. Conversely, the
symmetric part reduces to the case of 1D vertical infiltration
across horizontal ground, for which analytical and numerical
solutions are already available.
The proposed methodology has practical relevance and

presents the following elements of novelty as discussed later.

(a) It extends existing solutions of 1D vertical flow across
horizontal ground to the study of 2D seepage across an
infinite slope. Recall that, owing to symmetry, an
impermeable condition applies to the vertical
boundaries of 1D flow models.

(b) It defines the piezometric head gradient along the
slope direction, that is the Neumann boundary condition
to be imposed on slope sections perpendicular to the
ground. This boundary condition allows a rigorous flow
analysis by modelling only a narrow slope slice.

(c) It provides a physical interpretation of the seepage regime
across an infinite slope showing that the flow parallel to
the ground is entirely fed by anupstream source at infinite
distance, whereas the flow perpendicular to the ground is
entirely fed by surface infiltration.

For the sake of brevity, the proposed methodology has
only been validated for the case of steady-state flow across an
unsaturated slope with an exponential permeability law.
Nevertheless, the approach is entirely general and can be
equally adopted for studying the transient flow regime across
unsaturated slopes with different hydraulic laws, including
hysteretic ones.

DECOMPOSITION OF FLOW REGIME INTO
ANTISYMMETRIC AND SYMMETRIC PARTS
Figure 1 shows a schematic representation of an infinite

unsaturated slope of constant thickness L (measured per-
pendicular to the surface) permeated by water and forming
an angle β with respect to the horizontal. The slope is made
of a homogeneous unsaturated soil with permeability K uð Þ

that depends on the pore water pressure u according to the
following law

K uð Þ ¼ κr uð ÞKsat ð1Þ
where κr uð Þ is the relative permeability and Ksat is the
saturated permeability. The relative permeability κr uð Þ is a
function of the pore water pressure u and defines the
dependency of soil permeability on the saturation state.
The relative permeability is equal to one when the soil is
saturated and the pore water pressure is non-negative,
whereas it tends towards zero as the soil desaturates and
the pore water pressure decreases over the negative range.
Recall that, in unsaturated soils, the pore water is under
tension and the corresponding pressure u is negative
according to geotechnical convention.
The relative permeability is usually expressed as a function

of soil suction s ¼ ua � u, which is the difference between
pore air pressure ua and pore water pressure u. In this study,
however, it is assumed that the pore air pressure is
atmospheric – that is, ua ¼ 0 – so that the suction reduces
to the pore water pressure change of sign – that is, s ¼ �u –
which is the reason why the relative permeability is expressed
as a function of pore water pressure u rather than suction s.
The saturated permeability Ksat in equation (1) is constant

and defined as

Ksat ¼ κ γw
μ

ð2Þ

where κ is the intrinsic permeability of the soil; γw is the
specific weight of the water; and μ is the dynamic viscosity of
the water.
The infinite slope of Fig. 1 is subjected to a constant pore

water pressure ub at the bottom, and to either a constant pore
water pressure ut or a constant infiltration rate qt (perpen-
dicular to the ground) at the top. The chosen reference system
O; x*; y*ð Þ has its origin O on the bottom boundary of
the slope and is defined by the axes x* and y*, which are
respectively parallel and perpendicular to the ground surface.
This reference system is therefore rotated by an angle β with
respect to the reference system O; x; yð Þ, which has the same
origin O but is defined by the axes x and y aligned with the
horizontal and vertical directions, respectively.
The specific water weight γw has vertical direction and can,

therefore, be broken up into the two components γwx* ¼
γw sin β and γwy* ¼ γw cos β that are respectively parallel and
perpendicular to the slope – that is the components along the
x* and y* axes. This enables the decomposition of the flow

L

γw = specific
water weight

γwx∗ = γw sin β

γwy∗ = γw cos β

ub = bottom pore water pressure

ut = top pore water pressure
qt = top infiltration or

K(u) = permeability

β

β

β

x∗

y∗
y

xO

Fig. 1. Geometry of infinite unsaturated slope permeated by water
with hydraulic boundary conditions
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regime into two parts, namely, an antisymmetric part and a
symmetric part, which can be separately analysed. The
results from the analysis of each one of these two parts can
then be combined to provide the solution of the actual flow
problem.

Antisymmetric part
Figure 2 shows the antisymmetric part of the flow regime,

where γwx* ¼ γw sin β is the antisymmetric component of the
specific water weight acting in the direction parallel to the
slope. The antisymmetric fields of pore water pressure uasym,
piezometric head hasym, flux component parallel to the slope
qasymx* and flux component perpendicular to the slope qasymy*
are calculated next.

Because the ground extends indefinitely in the direction
parallel to the slope, every line that is normal to the surface is
an axis of antisymmetry. This means that the antisymmetric
pore water pressure field must be zero everywhere – that
is uasym ¼ 0 – because, if it was different from zero,
the antisymmetry of the problem would be violated. It is
therefore unnecessary to solve the governing continuity
equation to calculate the antisymmetric pore water pressure
field because this is a priori equal to zero.

Given that uasym ¼ 0, the antisymmetric piezometric head
hasym is

hasym ¼ �x*þ uasym

γwx*
¼ �x* ð3Þ

where a minus sign is introduced before the coordinate x*
because the antisymmetric specific water weight γwx* has
the same direction of the x* axis. This is different from
the symmetric case where the component of the specific
water weight normal to the slope γwy* has opposite direction
with respect to the y* axis (see Fig. 1). The piezometric
head coincides with the total head if the kinetic energy is
assumed negligible, which is customary in ground flow
analyses.

Owing to the antisymmetric nature of the problem, the
component of the flux vector normal to the slope is zero, –
that is, qasymy* ¼ 0 – and only the component parallel to the
slope is different from zero – that is, qasymx* = 0. The flux
component parallel to the slope qasymx* can be calculated by
applying Darcy’s law to the antisymmetric piezometric head
hasym of equation (3) as

qasymx* ¼ �Kasym uð Þ @hasym

@x*
¼ Kasym uð Þ ð4Þ

The antisymmetric unsaturated permeability Kasym uð Þ of
equation (4) is calculated from the unsaturated permeability
expression of equation (1) where the saturated permeability
Ksat is replaced with the corresponding antisymmetric

value Kasym
sat as

Kasym uð Þ ¼ κr uð ÞKasym
sat ð5Þ

In turn, the antisymmetric saturated permeability Kasym
sat of

equation (5) is calculated from the saturated permeability
expression of equation (2) where the specific water weight γw
is replaced with the antisymmetric value γwx* ¼ γw sin β as

Kasym
sat ¼ κ γwx*

μ
¼ κ γw

μ
sin β ¼ Ksat sin β ð6Þ

By substituting equation (6) into equation (5) and taking
into account equation (1), the antisymmetric unsaturated
permeability Kasym uð Þ is expressed in terms of the unsatu-
rated permeability K uð Þ as

Kasym uð Þ ¼ κr uð Þ Ksat sin β ¼ K uð Þ sin β ð7Þ
Finally, by substituting equation (7) into equation (4), the

antisymmetric flux parallel to the slope qasymx* is calculated in
terms of the unsaturated permeability K uð Þ as

qasymx* ¼ K uð Þ sin β ð8Þ
Note that the antisymmetric unsaturated permeability

Kasym uð Þ inside equation (4) is a material property and
therefore depends on the actual pore water pressure field u,
which will be shown later to coincidewith the symmetric pore
water pressure field.

Symmetric part
Figure 3 shows the symmetric part of the flow regime

where γwy* ¼ γw cos β is the symmetric component of the
specific water weight in the direction normal to the slope,
while the top and bottom boundary conditions are those of
the actual problem. The symmetric fields of pore water
pressure usym, piezometric head hsym, flux component parallel
to the slope qsymx* and flux component perpendicular to the
slope qsymy* are calculated next.
As the soil geometry extends indefinitely in the direction

parallel to the slope, every line that is normal to the ground
constitutes an axis of symmetry. This means that the symmetric
pore water pressure field usym depends only on the y*
coordinate, which is perpendicular to the slope while it is
constant along the x* coordinate, which is parallel to the slope.
Considering that γwy* ¼ γw cos β, the symmetric piezo-

metric head hsym is calculated as

hsym ¼ y*þ usym

γwy*
¼ y*þ usym

γw cos β
ð9Þ

Owing to symmetry, the component of the flux vector
parallel to the slope is zero – that is, qsymx* ¼ 0 – and only the

L

x∗

y∗

O

γwx∗ = γw sin β

Kasym

qasym

qasym

uasym = 0
hasym = –x∗

uasym = 0
hasym = –x∗

x∗

x∗
qasym
x∗

qasym
x∗

∞∞

Fig. 2. Antisymmetric part of the flow regime across an infinite slope

L usym = ?
hsym = ?

usym = ?

usym = ub

hsym = ?

Ksym

γwy∗ = γw cos β

x∗

y∗

O

qsym
y∗

qsym
y∗

qsym
y∗

qsym
y∗

= qt or usym = u tqsym
y∗

∞ ∞

Fig. 3. Symmetric part of the flow regime across an infinite slope
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component normal to the slope is different from zero – that
is, qsymy* = 0. The flux component qsymy* can be calculated by
wayof Darcy’s law from the symmetric piezometric head hsym

of equation (9) as

qsymy* ¼� K sym uð Þ @hsym

@y*
¼ �K sym uð Þ 1þ 1

γw cos β
@usym

@y*

� �

ð10Þ
As before, the symmetric unsaturated permeability

K sym uð Þ inside equation (10) is calculated from the unsatu-
rated permeability expression of equation (1) where the
saturated permeability Ksat is replaced with the correspond-
ing symmetric value K sym

sat as

K sym uð Þ ¼ κr uð Þ K sym
sat ð11Þ

Similarly, the symmetric saturated permeability K sym
sat

inside equation (11) is obtained from the saturated per-
meability expression of equation (2) after replacing the
specific water weight γw with the symmetric value γwy* ¼
γw cos β as

K sym
sat ¼ κ γwy*

μ
¼ κ γw

μ
cos β ¼ Ksat cos β ð12Þ

By substituting equation (12) into equation (11) and taking
into account equation (1), the symmetric unsaturated
permeability K sym uð Þ is expressed in terms of the unsaturated
permeability K uð Þ as

K sym uð Þ ¼ κr uð ÞKsat cos β ¼ K uð Þ cos β ð13Þ
which is substituted inside equation (10) to yield the
following expression of the symmetric flux perpendicular to
the slope qsymy* in terms of the unsaturated permeability K uð Þ

qsymy* ¼ �K uð Þ cos β 1þ 1
γw cos β

@usym

@y*

� �
ð14Þ

The symmetric unsaturated permeability K sym uð Þ inside
equation (10) is a material property and therefore depends on
the actual pore water pressure field u by way of the relative
permeability function of equation (1). It will be shown later
that the actual and symmetric pore water pressure fields
coincide, which means that the flux qsymy* of equation (14) can
equally be written in terms of the symmetric pore water
pressure field usym as

qsymy* ¼ �K usymð Þ cos β 1þ 1
γw cos β

@usym

@y*

� �
ð15Þ

This is important because it means that the symmetric
seepage of Fig. 3 reduces to the case of 1D flow across
horizontal ground and can therefore be solved by way of
vertical infiltration models, provided that the symmetric
values of water specific weight γw cos β and permeability
K usymð Þ cos β are considered.
Finally, the decomposition of the flow regime into

antisymmetric and symmetric parts allows a physical
interpretation of the water movement in the directions
parallel and perpendicular to the slope, respectively.
Inspection of Fig. 2 indicates that the flow in the direction
parallel to the slope is entirely fed by an upstream source
located at infinite distance with no contribution from surface
infiltration. Conversely, inspection of Fig. 3 indicates that the
flow in the direction perpendicular to the slope is entirely fed
by surface infiltration, with no contribution from the
upstream region. In other words, all water that infiltrates
the surface crosses the slope thickness along the shortest
path, which is the path perpendicular to the ground.

Combination of symmetric and antisymmetric parts
The previous antisymmetric and symmetric flow fields are

now combined to obtain the actual flow field across the
infinite slope. To this end, it is observed that the component
of the actual flux parallel to the slope, qx*, coincides with the
same component of the antisymmetric flux, qasymx* , given by
equation (8) because the symmetric component, qsymx* , is zero

qx* ¼ qasymx* ¼ K uð Þ sin β ð16Þ
Conversely, the component of the actual flux perpendicu-

lar to the slope, qy*, coincides with the same component of
the symmetric flux, qsymy* , given by equation (14) because the
antisymmetric component, qasymy* , is zero

qy* ¼ qsymy* ¼ �K uð Þ cos β 1þ 1
γw cos β

@usym

@y*

� �
ð17Þ

Now consider that the two components of the actual flux
parallel and perpendicular to the slope can be alternatively
calculated by way of Darcy’s law from the actual piezometric
head h as

qx* ¼ �K uð Þ @h
@x*

ð18Þ

qy* ¼ �K uð Þ @h
@y*

ð19Þ

By equating the right-hand sides of equations (16) and (17)
with the right-hand sides of equations (18) and (19),
respectively, the components of the gradient of the piezo-
metric head h along the directions parallel and normal to the
slope are obtained as

@h
@x*

¼ � sin β ð20Þ

@h
@y*

¼ cos β þ 1
γw

@usym

@y*
ð21Þ

Note that equation (20) provides the constant Neumann
boundary condition for all sections perpendicular to the
slope. This boundary condition can also be expressed in
terms of pore water pressure as

@u
@x*

¼ 0 ð22Þ

Finally, because the symmetric pore water pressure usym

depends only on the y* coordinate, the piezometric head h
can be calculated by summing the integrals of the two
gradient components of equations (20) and (21) as

h ¼ � sin βx*þ cos βy*þ usym

γw
ð23Þ

The substitution of both the expression of the piezometric
head h given by equation (23) and the coordinate transform-
ation y ¼ cos βy*� sin βx* inside the definition of pore
water pressure

u ¼ γw h� yð Þ ð24Þ
yields the equality

u ¼γw

�
� sin βx*þ cos βy*þ usym

γw
� cos βy*þ sin βx*

�
¼ usym

ð25Þ
which demonstrates the coincidence between the actual and
symmetric pore water pressure fields – that is, u ¼ usym, as
anticipated above.
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VALIDATION OF PROPOSED METHODOLOGY
The proposed methodology is here applied to the analysis

of steady-state flow inside an infinite unsaturated slope. The
symmetric part of the flow regime is calculated using the
closed-form solution of Lu & Griffiths (2004), who studied
the steady-state vertical infiltration across a horizontal
homogeneous unsaturated soil layer of thickness L. Lu &
Griffiths (2004) assumed the following exponential relative
permeability function that decreases with increasing suction
or, if the pore air pressure is zero as in this study, with
decreasing pore water pressure

K uð Þ ¼ κr uð ÞK sat ¼ eαuK sat ð26Þ

where α is a soil parameter whose magnitude governs the rate
of permeability decrease with reducing pore water pressure u.
Recall that, in unsaturated soils, the pore water pressure
is tensile and therefore negative, which means that the
unsaturated permeability calculated by equation (26) is
smaller than the saturated value.

Lu & Griffiths (2004) assumed a zero pore water pressure
at the bottom of the horizontal soil layer and a constant
infiltration rate at the top. In this paper, however, their
solution has been reworked in a more general form to allow
the imposition of any boundary condition, at the top and
bottom of the soil layer, in terms of either infiltration rate or
pore water pressure. In particular, the distribution of the pore
water pressure u across the horizontal soil layer has been here
integrated again as

u ¼ ln eαγwy* þ C1
� �� αγwy*

α
þ C2 ð27Þ

which is more general than the expression of Lu & Griffiths
(2004) as it allows the imposition of any boundary condition
by calculating the corresponding expressions of the two
constants of integrations C1 and C2. For example, if a pore
water pressure ub is imposed at the bottom boundary and an
infiltration rate qt is imposed at the top boundary, the pore
water pressure u inside the horizontal soil layer is calculated
from equation (27) as

u ¼ 1
α

ln e�αγwy* eαu
b þ qt

K sat

� �
� qt

K sat

� �� 	
ð28Þ

Instead, if two pore water pressures ub and ut are
respectively imposed at the bottom and top boundaries, the

expression of u is obtained from equation (27) as

u ¼ 1
α
ln
1� eαγwðL�y*Þ 1� eαðu

t�ubÞ

 �

� eαðγwLþut�ubÞ

1� eαγwL
þ ub

ð29Þ
Thus, equations (28) and (29) provide the solution of the

1D vertical flow across a horizontal unsaturated soil layer for
two distinct sets of boundary conditions.
The symmetric seepage across an infinite slope having

thickness L and the permeability law of equation (26) can
therefore be calculated from equations (28) and (29) after
replacing the specific water weight γw and saturated per-
meability K sat with the corresponding symmetric values
γwy* ¼ γw cos β and K sat

y* ¼ K sat cos β. This substitution
results in the following two expressions of the symmetric
pore water pressure field, which also coincides with the actual
pore pressure field as discussed before

usym ¼ u

¼ 1
α
ln e�α γw cos β y* eαu

b þ qt

K sat cos β

� �
� qt

K sat cos β

� �

ð30Þ
usym ¼ u

¼ 1
α
ln
1� eα γw cos βðL�y*Þ 1� eαðut�ubÞ


 �
� eαðγw cos β Lþut�ubÞ

1� eα γw cos β L

þ ub

ð31Þ

The pore water pressure u calculated from either
equation (30) or (31) can then be substituted inside
equation (23) to obtain the corresponding piezometric head
h, which is then introduced inside equations (18) and (19) to
obtain the fluxes parallel and perpendicular to the slope,
namely, qx* and qy*.
Equation (30) is here validated against the work by Zhan

et al. (2013), who provided the analytical solution of
transient seepage across an infinite unsaturated slope with
the same exponential permeability law of equation (26). The
slope of Zhan et al. (2013) is subjected to a constant pore
water pressure at the bottom and a constant infiltration rate
at the top, which are the same boundary conditions as
equation (30). Unlike the present work, Zhan et al. (2013)
derived their solution in terms of pressure head u=γw rather
than pressure u and assumed the infiltration qt as vertical

Impermeable

Impermeable

L

S = 20L
Middle section

β

u t = constant
u b = constant

Fig. 4. Model of infinite slope in Plaxis 2D
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downwards positive rather than perpendicular to the slope
upwards positive. Once these differences are accounted for,
equation (30) coincides with the analogous solution by Zhan
et al. (2013) when time tends to infinity and, hence, the flow
regime tends towards stationary conditions. This coincidence
between the two solutions provides an initial validation of the
proposed methodology of partitioning the flow regime into
antisymmetric and symmetric parts.
Equation (31) calculates instead the seepage regime when

two pore water pressures ub and ut are imposed at the bottom
and top boundaries, thus it is here validated against a
finite-element model of a slender slope segment, as shown in
Fig. 4. The segment has inclination β ¼ 30°, thickness L ¼
5m, length S ¼ 100m and, hence, a length-to-thickness ratio
ðS=LÞ ¼ 20, which is large enough to mimic the behaviour of
an infinite slope. The model incorporates the same per-
meability law as equation (26) and has been finely meshed
with 15-noded triangular elements using the geotechnical
finite-element software Plaxis 2D rel. 2019 (Fig. 4). Two
arbitrary zero flow conditions are imposed on the left and
right boundaries of the model while the pore water pressure is
calculated at the middle section, which is assumed far enough
from these two boundaries to neglect any influence. The
values of all geometrical and material parameters are
summarised in Table 1.
Figure 5 compares the steady-state pore water pressure

profiles (normal to the ground) calculated by both equation
(31) and the finite-element model of Fig. 4 for two different
sets of boundary conditions corresponding to ub ¼ 0 kPa
and ut ¼ �100 kPa in one case and ub ¼ 0 kPa and ut ¼
�50 kPa in the other case. The perfect match between the
results of equation (31) and the finite-element model
confirms the validity of the proposed methodology.
If the arbitrary zero flow condition on the left and right

boundaries is replaced with the rigorous Neumann condition

of equation (20), the finite-element model can be signifi-
cantly reduced in size from a large (slender) slope segment
to a narrow (squat) slope slice. To demonstrate this, a
finite-element model of a narrow slope slice, with unit length,
has been discretised using three-noded triangular elements in
the software Comsol Multiphysics 5·6 rel. 2020 (Fig. 6). This
model has then been used to solve the following stationary
form of Richards’ equation

r � Krhð Þ ¼ 0 ð32Þ
while imposing the Neumann boundary condition of
equation (20) on the two sides perpendicular to the ground.
Prior to that, the permeability law of equation (26) has been
recast in terms of piezometric head h (rather than pore water
pressure u) for consistency with equation (32) as

K hð Þ ¼ κr hð ÞK sat ¼ eαγw h�yð ÞK sat ð33Þ
As before, all geometrical and material parameters of the

model are given in Table 1.
Two sets of boundary conditions have been imposed on the

top and bottom boundaries of the slope slice corresponding
to ub ¼ 0 kPa and ut ¼ �100 kPa in one case and ub ¼ 0 kPa

Present analytical solution Plaxis finite-element model
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Fig. 5. Comparison between present analytical solution and Plaxis finite-element model for constant porewater pressures at the top and bottom of
the infinite slope

Neumann BC

∂h
∂x∗ = − sin β

Neumann BC

∂h
∂x∗ = − sin β

L

x∗

y∗

β

1

Fig. 6. Model of infinite slope in Comsol Multiphysics

Table 1. Geometric and material parameters

L: m 5·00
β: degrees 30·00
S=L 20·00
K sat: m/s 3� 10�6

α: 1/kPa 0·10
γw: kN/m3 10·00
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and ut ¼ �50 kPa in the other case. Fig. 7 shows the perfect
match of the pressure profiles calculated by equation (31) and
the Comsol Multiphysics software for both sets of boundary
conditions, which confirms the correctness of the Neumann
expression of equation (20).

A further validation has been performed by imposing an
infiltration rate qt on the top boundary, as in the case of
equation (30). In particular, two distinct sets of boundary
conditions have been imposed corresponding to ub ¼ 0 kPa
and qt ¼ �10�7ðm=sÞ in one case and ub ¼ 0 kPa and qt ¼
�10�6ðm=sÞ in the other case. Fig. 8 shows that the Comsol
Multiphysics results perfectly match the solution of
equation (30), thus confirming the ability of the Neumann
boundary condition of equation (20) to obtain the exact pore
water pressure profile even when a model of reduced size is
employed.

Although the proposed methodology has been validated
only for stationary flow conditions with an exponential
permeability law, the approach is also applicable to the study
of transient flow across infinite slopes obeying different
hydraulic laws, including hysteretic ones.

CONCLUSIONS
Very few closed-form solutions of 2D flow across an

infinite unsaturated slope have been derived by assuming
simple hydraulic laws. More frequently, the flow regime has
been evaluated by way of numerical (i.e. finite-element or
finite-difference) models, which discretise a relatively large
segment of the infinite slope to minimise errors attributable
to the imposition of arbitrary boundary conditions at the
domain ends. This paper has illustrated a simple method-
ology that overcomes the above limitations by extending
solutions of 1D vertical infiltration across horizontal unsa-
turated ground to the case of 2D seepage across an infinite
slope.
The methodology relies on the decomposition of the

seepage across the infinite slope into two parts, an antisym-
metric part and a symmetric part, whose respective solutions
are then combined to define the actual 2D flow regime. The
solution of the antisymmetric part is trivial and does not even
require integration of the governing water continuity
equation. Conversely, the solution of the symmetric part is
non-trivial, but it reduces to the simpler case of vertical

Present analytical solution Comsol Multiphysics finite-element model
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Fig. 8. Comparison between present analytical solution and Comsol Multiphysics finite-element model for constant infiltration rate at the top and
constant pore water pressure at the bottom of the infinite slope
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Fig. 7. Comparison between present analytical solution and Comsol Multiphysics finite-element model for constant pore water pressure at the top
and bottom of the infinite slope
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flow across horizontal ground, for which analytical and
numerical solutions already exist with a variety of hydraulic
laws.
The paper also defines the gradient of piezometric head

along the slope direction, which is the Neumann boundary
condition to be imposed on the slope sections that are
perpendicular to the ground surface. By imposing this
rigorous boundary condition, the seepage regime can be
calculated by way of a finite-element or finite-difference
model of a narrow slope slice. This enables considerable
computational savings compared to current practice where
a large slope segment is discretised to compensate for
the arbitrariness of the boundary conditions at the model
ends.
The present work also offers a physical interpretation of

the flow regime across an infinite slope by differentiating
between the sources of the seepage parallel and perpendicu-
lar to the slope. It emerges that the flow parallel to the slope
is entirely fed by an upstream source located at infinite
distance, whereas the flow perpendicular to the slope is
entirely fed by infiltration at the ground surface. This means
that all ground infiltration crosses the slope along the
shortest possible path, which is the path perpendicular to
the ground.
The above conclusions are applicable to all infinite slopes

regardless of whether the flow regime is stationary or
transient and regardless of the chosen permeability/retention
law, which can also be hysteretic. Future research will
concentrate on the application of the above methodology
to the calculation of the factor of safety in shallow slopes by
further exploiting the proposed partition into antisymmetric
and symmetric components.

NOTATION
C1;C2 constants of integration

h piezometric head
hasym antisymmetric piezometric head
hsym symmetric piezometric head
K permeability

Kasym antisymmetric permeability
K sym symmetric permeability
Ksat saturated permeability

Kasym
sat antisymmetric saturated permeability
K sym

sat symmetric saturated permeability
L slope thickness

O; x; yð Þ standard reference system
O; x*; y*ð Þ rotated reference system

qt infiltration rate normal to the ground surface
qasymx* component parallel to the slope of the antisymmetric

flux vector
qsymx* component parallel to the slope of the symmetric

flux vector
qasymy* component normal to the slope of the antisymmetric

flux vector
qsymy* component normal to the slope of the symmetric flux

vector
S slope length
s suction
u pore water pressure
ua pore air pressure
ub bottom pore water pressure

uasym antisymmetric pore water pressure
usym symmetric pore water pressure
ut top pore water pressure
α unsaturated permeability parameter
β slope angle
γw specific weight of water

γwx* component parallel to the slope of the specific weight
of water

γwy* component normal to the slope of the specific weight
of water

κ intrinsic permeability
κr relative permeability
μ dynamic viscosity of water
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