Discussion on Paper No. 6502*

The ultimate load carrying capacity of slender stanchions
bent about the major axis

by
Nicholas Snowden Trahair, B.Sc., B.E., M.Eng.Sc.

Professor M. R. Horne (Professor of Civil Engineering, University of Manchester) wrote
that the extensive theoretical and experimental study undertaken by the Author showed
how difficult it was to obtain a consistent criterion of strength in continuous I-section
columns. While the exposition of the theoretical treatment was for the most part clear,
it was confusing not to have stated that the last equation in the Author’s § 19 applied
only when n>1. A special equation was required when n=1. It would be of value
to know how many terms in the Fourier analysis had to be taken into account in the
calculations for the experimental stanchions, since these became tedious even when
only two terms were included.

54. The Author compared (Fig. 8) the experimental failure loads of his *near-
perfect” stanchions with the theoretical elastic critical loads. He stated that, in these
cases, the relevant critical load was that which ignored the stub-stanchions, since the
lateral deflexions were small. This was a misconception, since however small the
initial imperfections might be, the deflexions became large at the critical load. Using
the numerical values given in Table 3, and the approximate result of equation 12, the
effect of the stub-stanchion was to decrease the critical load by about 20%;. If this
correction were applied to the theoretical curve in Fig. 8, all the experimental results
lay significantly above the elastic critical load. This indicated that the Author might
not have been entirely successful in eliminating various restraints which might have
acted in the tests to increase the failure loads. Thus, one possible restraint would be
a lateral force resisting the free sideways displacement of the end of the stub-stanchions.

55. In Fig. 9, the Author compared the theoretical first-yield loads, allowing and
ignoring the stub-stanchions. When the initial curvature was zero, one would expect
no difference to arise, since the stanchion must remain straight until the elastic critical
load was reached. Some further explanation of the basis of the Author’s calculations
would be instructive.

56. In his calculations of the load at first yield, the Author ignored the warping of
the section as it affected the maximum stress. This introduced a fourth component
in § 27. In the design method given in the Author’s reference 4, the fourth component
was neglected, but since warping resistance was also ignored in the analysis, it might be
argued that the procedure was justified. In the Author’s treatment, warping resistance
was included, and it would have been more consistent to have allowed also for warping
stresses. Could the Author give some idea of the warping stresses at the theoretical
first-yield loads of his stanchion?

Mr A. N. Procter (Consulting Structural and Civil Engineer, Nottingham) wrote that,
arising out of the opening remarks in § 49 of Mr Trahair’s excellent Paper, the follow-
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52 DISCUSSION ON THE ULTIMATE LOAD CARRYING CAPACITY OF
SLENDER STAUNCHIONS BENT ABOUT THE MAJOR AXIS

ing simple and practical methods of calculation were suggested. Using the Author’s
notation, it could be shown? that
Mg 4 M?2
Zy. fy Qy.C
was a suitable basic formula for columns failing in single curvature. 1t was found that
mild steel columns in double-curvature buckling with ends flat or the normal laboratory
ends-fixed conditions (Q‘y) would carry about three times the Euler load,’0 Q. In
order to achieve fixity, end-restraining couples, M’g, applied by means of the elastic
ties, would be about 259, of the moment of resistance of the stanchion!! (Zy.fy).
P 1, M2 M 2 3
Thi —+ot+-—=1lor =+ =,
S 0nTaTonC Q o5cTi
Under the action of the bending moment, M, the eccentricity, e, of the force, P, would
be M/P. Thus M=P.e and the formula became

P P 3

Qy Q%C 4
The stiffness of the elastic beam was considered sufficient to give the required fixity to
the column. Thus Q’y=30Qy=3-48 tons and C=6-64 tons-in2. Solving,

P
— + = . . . . . - 24
Oy ! @

25

p= ( 1+Qé 1) ¥ 37‘(\/1+1 5822~ 1) tons.
Calculated values of ¢ and P were shown in Table 3, columns 2 and 3.

58. In formula (25) the strength of the straight axially loaded columns would be
about $Q’y=2-61 tons. It was clear, however, that imperfections had a greater effect
on axially loaded columns or on columns with small applied moments, e.g. stanchions
5b, 6d, 6k, 8c, and 8e. When the applied moment, M, was large, the experimental load
was more nearly equal to the calculated load. Then the effect of imperfections became
less evident, although the recorded experimental imperfections acted about the weak
axis only of the stanchions. To estimate the effect merely of the initial curvature, the
second term of eqn {24) should include P.4y/Zy.fy in addition to the effect of the
fixing moment, M’g. Multiplying by Q°y,

Pug.Q'y _ 3-32(1 + 6-61g) J 1582 )
Z. f = 6'6Pug tons and P = 5 ( 1+(1+6-6uo)2 1) tons.

59. Corrected values of P were shown in column 4 and the experimental values in
column 5. Apart from the stanchions already referred to (§ 37) and those noted above,
the agreement of the corrected loads and the test loads was reasonably consistent. The
mean deviation was + 7%%; on the high side compared with 40%/ for B.S. 449 : 1959, the
load factors of which were shown in column 6 for an effective slenderness ratio of 140.
The results appeared sufficient justification for ignoring the initial twists that might
modify the early deflexions rather than the final loads.13 When the applied moment M

was zero, the corrected value of P= was noted in brackets in Table 3.

261
T+66u
60. To determine the effect of an applied torque, 7, the third term of equation (24)
( My LhQy .0 y)

0 dnM When 7" was small compared with M,
y.

e.g. when caused by small imperfections, this was QMC ZTICZ’

of M and P with the initial twist would produce a torque that might be substituted for
T, giving another small correction. This did not by any means account for the +74%;
mean deviation between the test results and the calculated values. There would be of

could be modified to the form?®

The combined action
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Tasie 31 COMPARISON OF CORRECTED COLLAPSE LOADS WITH TEST LOADS ON

STANCHIONS

Stanchion | Moment/force Axial load at collapse: P, tons B.S.499:

No. ratio, ¢: PRI ———————— N | A X
n. Calculated Corrected Test fixed.

=0 for loads Load factor
curvature

Trial 047 236 — 232 32
1 045 2-38 2:37 223 31
2 — 2-61) (2:58) 2:02 23
3 55 066 063 0-55 21
4 20 1-41 1-39 1-49 32
sa — 261 2:56) 270 3.1
b 0-24 2-53 2:36 2:09 27
c — - @61 (2-44) 2:04 24
d 049 238 2:27 2:06 2:9
€ 0-77 2-13 210 1-95 3-0
f 1-09 193 1-90 1-84 29
6a —_— 2:61) (2:56) 2-44 2:5
b — (2:61) (2:53) 2:26 2:6
c —— (2-61) (2:23) 2-27 27
d 0-38 2-41 2:29 2-:09 2-8
e 0-63 2:37 210 1-91 2:8
f 0-91 2-:06 191 178 2-8
g 1-32 1-77 1-65 1-52 28
h 5-23 0-71 0-67 0-64 2-8
i 97-5 0-041 0-041 0-04 24
j —_ (2:61) (2-20) 2-18 2:0
k 042 2:42 2-14 1-92 2-6
1 097 2:02 1-81 1-65 2-7
m 1-87 1-47 1-38 126 2:6
n 510 0-69 0-67 0-63 23
o 100-5 0-041 0-041 004 20
) — (2-61) (1-91) 1-85 22
q 05 2-37 171 1-60 2-3
r 1-44 1-70 1:36 112 2-1
s 42 0-82 071 0-63 2:0
t 902 0-046 0-044 004 1-8
Ta — (2-61) (2-48) 2-50 29
b 0-34 2-49 2:36 2:37 31
c 0-80 2-:08 2:06 2-:01 31
d 1-53 1-65 1-63 1-58 30
e 2:97 1-08 1-06 1-08 2-8
f 84 0-48 0-45 0-48 2-8
g — 2-61) @11 1-86 2.8
8a — 2-61) (2-52) 226 2:6
b — (2-61) (2-54) 2:23 2:6
c 0-38 2:41 239 2-11 29
d 0-78 217 2-14 2-16 2:3
e 0-38 241 2-38 210 2-8
f 0-85 212 2-:04 191 30
g 1-54 1-64 1-61 1-57 30
h 272 1-15 1-13 1-18 29
i 9-8 0-39 0-38 0-43 2:6
j 107-5 0-038 0-038 0-04 2-1
k — (2:61) (2-28) 1-95 23
1 0-45 2:38 2:19 1-79 25
m 1-06 1-92 1-79 1-52 2:6
Loads in brackets from P = —221__ tons Mean load factor=2-8
oads in brackets from 166 . ad fac .
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54 DISCUSSION ON THE ULTIMATE LOAD CARRYING CAPACITY OF

course other sources of error, as noted at the end of § 37, such as unintentional imper-
fections or eccentricities, etc. Since they appeared to be roughly proportional to the
applied forces, they could be allowed for in a load factor.

61. In practice there were appreciable bending moments applied about the minor
axis of a stanchion in addition to the restraining moments. In a design these could be
dealt with quite simply by utilizing formula (24). In such cases it would probably be
found that there would be a further increase in the load factor imposed by B.S. 449 : 1959,
since this made no provision for the fixing moments required to restrain the ends of the
column.12 It was clear that the relative importance of column imperfections decreased
as the applied bending moments increased.13 In practice some economy could most
likely be achieved by bearing this in mind, since the imperfections were deduced from
tests on axially loaded columns. Moreover, it was found that, when the formulas
suggested above were plotted, the diagram might be used to develop a direct method of
column design. This would obviate the present trial and error methods and also
increase efficiency in design.

Dr R. H. Wood (Senior Principal Scientific Officer, Building Research Station) wrote
that Mr Trahair was the first to give a useful derivation for the torsional elastic critical
loads of stanchions, restrained about the minor axis by unloaded elastic beams, and
subjected to constant moments Mx applied about the major axis by ““plastic”” beams.
This celebrated PxEy case had been much debated by Horne,! Baker er al.,4 Heyman,5
and Wood,14.15 the latter from the point of view of producing an immediately available
design method!? for restrained stanchions, even when bent about both axes by beam
loads, rather than an all-out attempt at predicting outright collapse loads. This
important case was in fact intractable,4 especially if recent developments concerning
existing stresses were taken into account,16 but that did not mean that reasonable
approximations to the collapse state could not be built into a rapid design method.

63. The Author’s Fig. 8 showed how important the knowledge of the elastic critical
load was from the point of view of approximating to the collapse state. But it was
important to remember that by studying only symmetrical single curvature the Author
would be giving extra prominence to the elastic critical load. Secondly, the general
problem of determining the alferation in end moments in the stanchion, depending on
the slenderness, the direct load, the beam/column stiffness ratio at the top and (inde-
pendently) at the bottom, the out-of-balance fixed-end moments of loads on the
elastic beams, top and bottom, demanded a thorough knowledge of Berry’s functions
{or Merchant’s17 more up-to-date tabulation). On such a treatment hung the solution
of the frame-instability problem even for the no-sway case,14 and as yet the only rapid
design method which incorporated Berry’s function as a basis was that derived by the
Building Research Station.!15

64. Moreover when such beam restraint (Ey) was employed, the stanchions could be
astonishingly slender, and in the B.R.S. design method, for example, it had been
necessary to provide for stanchions under factored loads operating at such high levels
as (P/Pg)=1-5, where

P
P _P__ P _ PL2 _(A{L/rz

Pruier Pe  m2EIL2 ~ #2(13000) Ar2~ \13 100}

approximately, in ton-in. units.

65. ‘This simple formula was a reminder that a stanchion with a slenderness ratio of
100 and a direct stress of 13 tons/sq.in. was operating at the Euler load. If the figures
were 150 and 8 respectively, then P/Pr=1-38, and there was even then the possibility of
considerable bending stress before the yield stress of 16 tons/sq.in. was reached. This
emphasized that the major problem in the PyFEy case was, to begin with, a problem with
Berry’s functions built into slope/deflexion equations, and the Author’s treatment had
only encountered this general problem in a very particular case. At a more advanced
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SLENDER STANCHIONS BENT ABOUT THE MAJOR AXIS 55

elasto-plastic stage, Berry’s functions were superseded by the ‘‘conjugate beam-line
method” as outlined by Wood.18  As regards the torsional problem with beam bending
as well as beam restraint, this was partly investigated by Goodwin,19 using a differential
analyser, who showed that the use!5 of very slender stanchions could be accompanied
by only small torsional stresses. Moreover, torsional instability in the presence of
existing stresses was then certainly intractable, and would provide a scatter of points,
and was better avoided than incorporated in a design. Of course to avoid it, it was
necessary to study the increase of stress arising from it and to limit this increase of stress.
Here however was a dilemma. For with restrained stanchions, once the principal
problem of bending stresses induced by the beams had been solved (Berry’s problem)
and the stanchion designed accordingly, then any further stresses arising from torsional
instability were subject to severe complications coming from two sources:

(a) The deterioration of stiffness about the minor axis and about the torsional axis
as a result of existing stresses, when coupled with the bending stresses and
direct stresses, causing plastic zones of unknown extent.

(b) Measured out-of-straightness.

66. Previously the tendency in Britain had been to make Perry’s constant n=0-003 L/r,
belonging to item (b), virtually incorporate all the effects of item (a). The Author’s
treatise followed in this stream. The tendency in America was just the opposite,16 and
seemed to be trying to invent a system of agreed locked-up stresses (item (a)) which
would also virtually incorporate the effects of item (b). This debate was becoming too
elaborate. The principal reason in a design process15 for incorporating out-of-straight-
ness and existing stresses at all was that, in the event of the loads on an elastically
restrained stanchion being absolutely symmetrically disposed, the sum of the induced
bending stresses about each axis (Berry’s problem) being then zero, there was nothing
to stop the engineer designing the stanchion so as to be at the full “squash” load
P=Afy. This would cause severe deterioration of stability,14 and to avoid it some value
of n must be agreed upon. But in the end it must be remembered that no theory of
torsional instability was qualitatively any better than the choice of the value of 7 in the
first place. In improving on Perry’s treatment, therefore, to include torsion, it must
not be forgotten that the main design problem was Berry’s problem. This was often
overlooked.

The Author, in reply to Professor M. R. Horne, stated that the last equation in § 19
of the Paper was quite general and held for all values of n. However, when n=1 the
equation simplified and the coefficient a; could be expressed as in the first equation (9).
This expression could also be derived from the second equation (9) with n=1.

o0
68. In the theoretical analysis, convergence of the quantity > (2r—1)a, was
‘ =1

required, and ten terms of the series had to be calculated for this. However, it was
0

1
found that 23(2;1— 1)a, remained practically constant for a given value of M for the
He=

range of values of P. This fact considerably reduced the volume of calculations
required.

69. Stub stanchion action was a factor introduced experimentally, and an attempt
was made to account for it theoretically. If the stub stanchion acted as theoretically
assumed, then its contribution to the effective length would lower the elastic critical
load of a perfect stanchion below that where there was no stub stanchion. This was
shown in the analysis presented in the Paper, and might also be demonstrated by using
the energy method to derive the critical loads.

70. For a theoretically perfect stanchion, the lateral deflexion would be zero when
the critical load was reached and would then increase with no increase in load until
catastrophic failure occurred at first yield. For near-perfect stanchions, the experi-~
mental failure loads were reached before the deflexions became large and before the
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56 DISCUSSION ON THE ULTIMATE LOAD CARRYING CAPACITY OF

stub stanchions started to move laterally. This was the reason that the stub stanchion
effect was ignored for these stanchions. Professor Horne's comment that possibly
additional restraints might have been introduced was quite likely to be true, but these
had not been detected experimentally.

71. In the theoretical calculations, the longitudinal stresses due to warping were
ignored. This was justified when either the major axis moment was zero or there were
no imperfections, since in these cases the warping stresses were either zero or infinitesi-
mal. The extreme fibre stress at the centre of the stanchion due to warping might be
derived from

__EdB(d*8
R o = M
@
- EdB ﬂz (2n—1)2an sin 2n—Dn
4 Cl 1—a+Q2n—1)2y 2
=1

Now oz would be greatest for large moments and imperfections. The stress ¢, for
P=0'5 ton, M=2:0 tons, and /5(Pag+ Ky1at)=0-2 ton-in., was calculated as 1-40
tons/sq. in. or 8% of the yield stress. This stress was additive in effect to the stresses
previously calculated, thus reducing the yield load combinations.

72. 'When taken into account, this effect emphasized the increase of the experimental
collapse loads over the theoretical first yield loads for stanchions with high major-axis
moments and imperfections. It did not alter the conclusion that the first yield failure
theory was applicable if the major-axis moments or the imperfections were small.

73. Mr A. N. Procter had given a design method based on empirical formulae and
certain approximations, which was a mixture of elastic analysis and the results of experi-
mental ultimate tests. In applying them to the experimental results given here, he found
that his mean prediction was 74%/ higher than the experimental collapse loads. The use
of design methods such as this should be treated with extreme caution until it could be
shown either theoretically or by extensive experimental tests that the method was both
safe and accurate and what its limits of applicability were.

74. 1In § 58 Mr Procter said ““ It was clear, however, that imperfections had a greater
effect on axially loaded columns or on columns with small applied moments”. Tt
should be pointed out that Mr Procter was referring to a comparison between his cal-
culated loads and the experimental collapse loads and not to the actual behaviour of the
stanchions tested. ~Further, his statement that initial twists modified early deflexions
rather than final loads was not justified by the experimental evidence which showed that
for high major-axis moments, the initial twists played an important part in determining
the collapse loads.

75. Dr R. H. Wood had drawn attention to the fact that the work presented in the
Paper formed only a part of the general problem of Px.Ey stanchions. This general
problem might be attacked in two ways, the first being to determine the collapse loads,
the second being to produce by reasonable approximations a workable design method
which would give safe answers. This Paper represented an investigation by the first
method of attack of a clearly defined part of the general problem, but it was hoped that
the experimental results would be of some use to those who were using the second
method of attack.
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