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[bookmark: _Hlk195108596]Appendix A.1. Proof of Lemma 1

The characteristic function of the coalition when the manufacturerdoes not participate in collaboration is expressed as: 

		(A.1)










[bookmark: _Hlk182835866]In the above equation, since the coefficients of the selling prices  and  at which the recycler and echelon utilization enterprise sell used batteries to the manufacturer are both negative — specifically,  and — to minimize the manufacturer's profit,   and must take their maximum values, i.e.,  and . Substituting  and  into Eq. (A.1) and simplifying, we obtain the manufacturer's value function: 

		(A.2)

[bookmark: _Hlk182834470]Let.





To ensure the existence of the model's optimal solution, it is assumed that . By taking the first-order derivatives of  with respect to the CSR effort level  and the new power battery price , respectively, and setting them equal to zero, the unique optimal solution can be derived. Since the Hessian matrix  is negative definite, the optimal solutions are obtained as: 

		(A.3)

		(A.4)



[bookmark: _Hlk182836367]Substituting the optimal CSR effort level  and the optimal new power battery price  into Eq. (A.2), the value of coalition  is obtained as

		(A.5)


Similarly, the values of coalitions , and  are given by Eqs (A.6), (A.7), (A.8), (A.9), and (A.10):

[bookmark: _Hlk195116992]Under the condition that , it follows that 

		(A.6)

[bookmark: _Hlk195117087]Under the condition that , it follows that

[bookmark: _Hlk182837082]		(A.7)


Under the conditions thatand, it follows that

 		(A.8)


[bookmark: _Hlk195117557]Under the conditions thatand, it follows that

		(A.9)


[bookmark: _Hlk182838382]Under the conditions that  and , it follows that

		(A.10)




[bookmark: _Hlk195119124]The value function of the grand coalition  formed by the manufacturer, recycler, and echelon utilization enterpriseis defined as: 

	(A.11)

Let . 




[bookmark: _Hlk183021460][bookmark: _Hlk195118414]Similarly, by taking the first-order derivatives of  with respect to the CSR effort level  and the new power battery price , and setting them equal to zero, and since the Hessian matrix  is negative definite, the unique optimal solution is derived as:

[bookmark: _Hlk182838506]		(A.12)

		(A.13)



Substituting the optimal CSR effort level  from Eq. (A.12) and the optimal new power battery price  from Eq. (A.13) into the grand coalition , the value of the grand coalition is obtained as:

[bookmark: _Hlk182838806]		(A.14)
[bookmark: _Hlk195169158]Appendix A.2. Proof of Lemma 2
Through cooperative game theory, the profit allocation values for each member in the CLSC are calculated. Next, by treating the profit allocation values of the recycler and the echelon utilization enterprise as payoff functions in the non-cooperative stage, the corresponding Nash equilibrium is derived. By taking the derivatives of the profit allocation values of the recycler and the echelon utilization enterprise with respect to their respective recycling rates and setting them equal to zero, the following equations are obtained:

		(A.15)

		(A.16)
Solving the above two equations simultaneously yields the optimal recycling rates for the recycler and the echelon utilization enterprise: 

		(A.17)

		(A.18)




Where ,;,. 
[bookmark: _Hlk195170184]Appendix A.3. Proof of Corollary 1


According to Lemma 2, the optimal recycling rates for the recycler and the echelon utilization enterprise are  and .




The analysis shows that when the parameters simultaneously satisfy ,, and   is sufficiently large, the optimal recycling rates are non-negative. This ensures both the economic feasibility of recycling and the rationality of market demand. Therefore,    is the unique profit-maximizing optimal point.

[bookmark: _Hlk195169702]Combining Eqs (18)–(25), it can be concluded that the noncooperative-cooperative biform game model proposed in this paper yields a unique optimal solution: .
Appendix A.4. Proof of Corollary 2

Let











According to Corollary 1 and following the approach similar to Zheng et al. (2023), the first-order derivatives are derived with respect to the recycling competition intensity  of retired power batteries for the optimal recycling rates of the recycler and echelon utilization enterprise, the optimal sales price of power batteries, the manufacturer's optimal CSR effort level, the optimal market demand, and the optimal sales prices at which the recycler and echelon utilization enterprise sell retired power batteries to the manufacturer:














[bookmark: _Hlk195171082]Appendix A.5. Proof of Corollary 3
[bookmark: _Hlk195171147]The proof of Corollary 3 follows a similar approach to that of Corollary 2, from which we obtain:








[bookmark: _Hlk195171370]Appendix A.6. Proof of Corollary 4
The proof of Corollary 4 follows a similar approach to that of Corollary 2, from which we obtain:






When,
Appendix A.7. Proof of Corollary 5
The proof of Corollary 5 follows a similar approach to that of Corollary 2, from which we obtain:
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