APPENDIX. Proofs of the main results


Proof of Proposition 1. Using the inverse order method, we first find the first-order partial derivative with respect to  for Eq. (2) and set it equal to 0 to obtain

		  (A.1)



To ensure that a maximum exists, the second-order partial derivative of Eq. (2) with respect to  as and , such that (A.1) exists with respect to the maximum value. Find the reaction function of the optimal product price with respect to the wholesale product price from Eq. (A.1).

			  	  (A.2)
Substituting Eq. (A.2) into Eq. (1) yields the response function of the manufacturer's profit with respect to the wholesale price of the product, service price, and service intelligibility level.

				  (A.3)
The Hessian matrix for the objective function (A.3) is given below







In order to ensure that the objective function has an optimal solution, the Hessian matrix  needs to satisfy that the odd order principal subequations are negative and the even order principal subequations are positive, which can be obtained as , . In this paper, we assume that , so in order to make sense of the present study, it also needs to satisfy that: 
The first-order partial derivatives of Eq. (A.3) with respect to the wholesale price of products, the price of services, and the level of service intelligibility, and making them equal to zero, we obtain


				   (A.4)

				   (A.5)

				   (A.6)
To obtain the optimal service price, wholesale product price, and service intelligence level by combining Eqs. (A.4), (A.5), and (A.6)

			      (A.7)

				  (A.8)

				  (A.9)
Substituting Eq. (A.8) into Eq. (A.2) to obtain the optimal product price.

				  (A.10)

Substituting Eq. (A.10) into  to obtain product demand

				  (A.11)

Substituting Eqs. (A.7), (A.9), and (A.10) into  to obtain the service demand.

				  (A.12)
Substituting Eqs. (A.7), (A.8), (A.9), and (A.10) into Eq. (4.1) to obtain the manufacturer’s profits.

				  (A.13)
Substituting Eqs. (A.8) and (A.10) in (4.2) to obtain the seller's profits.

				  (A.14)
Adding Eqs. (A.13) and (A.14) to obtain the total profit of the product-service supply chain system:


				  (A.15)



Finally, to ensure that demand for services, demand for products, price of products, price of services, and wholesale price of products are greater than zero, it is necessary to assume . Combining the above analytical processes, the assumptions of and  are required to make sense of this research. The proof is complete.
Proof of Proposition 2. The proof of Proposition 2 is similar to that of Proposition 1; therefore, it has been omitted here. 




Proof of Corollary 1. First-order partial derivatives with respect to ,, and for the manufacturer's profit and the supply chain system's profit in the traditional case in the benchmark model of Section 4.3:


，


，


，
The proof is complete.


Proof of Proposition 3. Let, .





As  and . By examining the denominator and numerator of  and , it is clear that .
The price spreads for products and services under centralized and decentralized decision-making are as follows:












As . Moreover, because  and , it follows that  and , and hence . And because , it follows that .
The difference in demand for the optimal product under centralized and decentralized decision-making is as follows:

 



As 、, it follows that 。





Similar to comparing the sizes of  and , observing the  and  denominators and numerators, it is clear that 
The difference in profitability of the product-service supply chain system under centralized and decentralized decision-making is as follows:





As 、, it follows that . The proof is complete.
Proof of Corollary 2. First-order partial derivatives of wholesale product prices, product prices, product demand, and service demand with respect to cost savings coefficients under decentralized and centralized decision-making.



，


，


，


First-order partial derivatives of cost-saving factor for service prices under decentralized decision-making






















Let 。Determining the size relationship between  and 0 is equivalent to determining the relationship between  and 0.. Axis of symmetry of   and discriminant . As 、, So when , ., , At this point,and  (rounded). Thus, when  is satisfied,  when ; then when .
The steps for proving the impact of the cost-savings factor on service prices under centralized decision-making are as above and are not repeated in this section. The proof is complete.

Proof of Corollary 3. First, the first-order partial derivatives of wholesale product prices, product prices, service prices, product demand, and service demand with respect to the sensitivity of the level of service intelligence under decentralized and centralized decision-making are as follows:


，


，


，


The first-order partial derivative of the sensitivity of the service price to the level of service intelligence under decentralized decision-making is as follows:














Let , the axis of symmetry of the function  is , and there is profit is not less than 0 can be known , so the axis of symmetry  is greater than 0 constant. When ，。So when  and , then , that is,  when  is satisfied.
The proof of the relationship between service price and the sensitivity of the service intelligence level under centralized decision-making is calculated as described above and is not repeated in this section. The proof is complete.

Proof of Corollary 4. Find the first-order partial derivatives of the cost-savings coefficient and the sensitivity of the service intelligence level under decentralized and centralized decision-making as follows:








The proof is complete.

Proof of Corollary 5. 


Let 、



First, the first-order partial derivatives with respect to  for the manufacturer's, seller's, and total profits in the supply chain system under decentralized and centralized decision-making are as follows:


，


，




Since  and ， and , so we can get:









Thus , , , so , , , .

Second, the first-order partial derivatives with respect to  for the manufacturer's profit, seller's profit, and total profit of the supply chain system under decentralized and centralized decision-making are as follows:






，







Considering the denominator and numerator of , it is clear that  and  are constants. 、, so that  and .The proof is complete.
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