Appendix for “On the Value of Warehouse Sharing in the Inventory System for Medical Consumables”
Proof
Proof of Lemma 1 
We first claim the following technical result:
CLAIM 1. Let  return the fractional part of  and . We consider two cases. If  is irrational, then

Otherwise , where  and  are coprime, then  only takes values in , and 
Claim 1 is a corollary of a classical result: Weyl’s Equidistribution Theorem (Weyl, 1910). Thus

This is because the  delivery of single warehouse  occurs at , and the last delivery from supplier  is placed at . Thus, the time difference is .
Then, we replace  by  in Claim 1. If  is rational, we have

The proof is similar when  is irrational.
Proof of Theorem 1 
We first consider the case when  is irrational. In each delivery cycle of single warehouse , inventory is held from the last replenishment of supplier  in this cycle to the end of the cycle when single warehouse  delivers the inventory to departments. The long run average of this holding time is  (from Lemma 1). The inventory level is , the size of each delivery for hospital . Hence, the long-run average total cost in a cycle of single warehouse  is .
The case when  is rational is similar. In summary,

As for suppliers’ inventory holding cost , we also consider two cases and use  to denote the fractional part of . We first consider the case when  is rational. Because the set  is equivalent to the set of , we know that  is cyclic with cycle length . Recall the assumption that supplier  only transfers inventory to single warehouse  for cycles when single warehouse  places a delivery if . This implies that in a cyclic, supplier  will deliver  shipments to single warehouse .
We define  as the time between the  and  deliveries of supplier , assuming the  delivery is placed at time 0 . From Figure 3, we can find:

Moreover, we assume that the production rate  of supplier  for product  is equal to the sum of the demand consumption rate of all hospitals. That means . From the perspective of 3PS, the inbound rate from supplier  to single warehouse  equals the outbound rate of single warehouse  delivery to hospital . Therefore, the production rate  of supplier ’s consumable  that is ultimately intended for hospital  is equal to the demand  for that consumable at hospital .
If  is rational, during the time interval , the initial inventory of supplier  is . where  is an integer taking values from 0 to . At the end of , the inventory of supplier  will be .
In summary, we have obtained the time intervals, the initial inventory level, and the final inventory level between each two deliveries of the supplier. Since the supplier’s production rate is continuous and deterministic, we can calculate the average inventory level of the supplier. The total inventory within one complete cycle is:

Then, the average inventory level is:

Similarly, when  is irrational, the average inventory is .
In summary, the supplier’s average inventory holding cost per unit time is:

Proof of Theorem 2 
In this proof, we use  to denote the fractional part of . We first consider the case when  is rational. Similar to the proof of Theorem 1 above, the set  is equivalent to the set , so we know that  is cyclic with cycle length . Due to symmetry, we can calculate the long-run average inventory by “moving and adding” inventory levels for every  consecutive delivery cycles of supplier  to form “blocks”.
Next, we determine the fraction of blocks that are of height  and . Notice that  is the time interval between the  replenishment from supplier  and single warehouse ’s last delivery before then, assuming the  delivery is placed at time 0. Therefore, if , then in the  delivery cycle of supplier , single warehouse ’s inventory level will rise to . Otherwise, it only rises to . Notice that when , even though single warehouse  does  deliveries, the inventory level only rises to . That is because one of single warehouse ’s deliveries is at the same time as the replenishment of supplier , meaning that as soon as the supplier delivers, the single warehouse  ships out the consumables, resulting in no additional inventory holding time. Consequently,

For the case of irrational , we let  and get .
In terms of the holding cost of suppliers, supplier  delivers every  intervals. At the beginning of each  period, the inventory level is . Since the supplier’s production rate is constant and equal to the demand rate , at the end of , the inventory level will rise to . Therefore, we can determine the average inventory holding cost within a cycle  :

Similarly, if  is irrational, supplier ’s average holding cost is .
Proof of Theorem 3 
Firstly, given the delivery interval of suppliers , we can use backward induction to find the optimal delivery interval of single warehouses. Now, consider the constraint threshold  required by hospitals. When , the optimal delivery intervals of single warehouse  could only be  because the total cost of 3PS is decreasing in . Otherwise, when , the optimal delivery intervals could be  or .
We can get the boundary condition by solving  :

Specifically, when  and , then . Otherwise, , then .
By substituting the optimal delivery intervals  of 3PS, we can get the optimal delivery interval of suppliers. We discuss three possible cases as follows:
Firstly, when , the optimal delivery interval  of supplier  has three possible values. If , then the optimal delivery interval of single warehouse  could only be . The total cost of suppliers is . Similarly, if , the total cost of suppliers is . If , the optimal delivery interval of single warehouse  is 
Obviously,  always lower than . Comparing the total costs at  and , we can find that a threshold  When , the optimal solution is  and . When , the optimal solution is  and .
Secondly, when , similar to case 1, there are also three possible values for supplier ’s optimal delivery interval and five possible cases for supplier  and single warehouse . Comparing all possible cases, we can find a threshold  The total cost  is the minimum only when  and . Otherwise,  is the optimal solution.
Finally, when , the optimal delivery interval of suppliers could only be  or . Under that condition, we can get a threshold  Similar to case 2, the total cost  is the minimum only when  and . Otherwise,  is the optimal solution.
Proof of Theorem 4
The proof of this is fundamentally similar to the proofs of Theorem 1 and Theorem 2, so we omit the details here.
Proof of Theorem 5 
The proof of this is fundamentally similar to the Proof of Theorem 3, and the thresholds are calculated by comparison. Specifically,
   and  where  and . We omit details here.
