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Supplementary Material 1. Model Linearization and Reformulation 
The original mathematical model involves multiple sources of nonlinearity, such as conditional constraints, bilinear terms involving continuous and binary variables, maximum operators, and piecewise-defined expressions. To transform the model into a MILP model suitable for standard optimization solvers, these nonlinearities must be linearized. In the following, each nonlinear constraint is reformulated into its linear equivalent using appropriate linearization techniques.
Linearization of the constraint in (5):
Constraint (5) is nonlinear due to the presence of a binary decision rule that activates the variable ​ when node  is selected as a consolidation point. This occurs when at least two vehicles arrive at node . To transform this logical rule into a linear form, we introduce the following constraints: 
	
	(A.1) 

	
	(A.2)


These constraints use a sufficiently large constant  to enforce the binary implication without resorting to nonlinear formulations. More precisely, the constraint in (A.1) ensures that if , then at least two vehicles must arrive at node . The constraint in (A.2), however, ensures that if , then at most one vehicle may arrive at node .
Linearization of the constraint in (10)
Constraint (10) is nonlinear due to the presence of a product of a continuous variable ​ (the service start time at node ) and a binary routing variable ​. The nonlinear term enforces that the arrival time to node  via node  by vehicle type  satisfies  only if . To linearize this condition, the Big-M method is applied. The original nonlinear restriction is replaced with the following three linear inequalities: 
	
	(A.3)

	
	(A.4)

	
	(A.5)


When , the Big-M terms vanish in inequalities (A.3) and (A.4), and together these two constraints enforce equality: . When , inequalities (A.3) and (A.4) become non-binding because the large constant  relaxes them completely. However, without constraint (A.5), the arrival time variable ​ could still take an arbitrary positive value even though the corresponding arc is not used. Constraint (A.5) explicitly restricts  to zero when the arc is inactive, preserving logical consistency and preventing the creation of artificial arrival times on unused links.
Linearization of the constraint in (12)
Constraint (12) introduces nonlinearity due to its conditional logic: it restricts incoming arcs to node  based on two variables, binary ​ (indicating consolidation point status) and integer  (customer demand)​. Specifically, if both  and , then no vehicle may enter node . Otherwise, the number of incoming arcs is bounded from above by . This conditional structure renders the constraint nonlinear. To linearize it, we introduce the following constraint (A.6):
	
	(A.6) 


The new constraint uses a large constant  to ensure that when both and ​, the left-hand side must also be zero, i.e., no vehicle enters node . When either variable is positive (i.e., node  is a consolidation point or has some incoming arcs), the right-hand side becomes large enough to permit up to  incoming arcs.
Linearization of the constraint in (13)
This constrain models service lateness at node . Specifically, it ensures that if the service begins after the latest allowable start time , the variable ​ captures the positive amount of lateness, otherwise it remains zero. Since the constraint includes a maximum function, we replace it with a system of linear inequalities using the Big-M method and a binary activation variable ​ as follows:
	
	(A.7)

	
	(A.8)

	
	(A.9)

	
	(A.10)


Constraint (A.7) ensures that ​ absorbs any excess service start time beyond . Constraint (A.8) enforces that if there is no lateness (), then . Constraint (A.9) limits  to the actual delay when , and permits slack otherwise. Constraint (A.10) ensures that ​ activates only if lateness is present.


Linearization of the constraint (14)
A structurally similar nonlinearity appears in Constraint (14), which involves a max function and can be linearized using the Big-M method along with additional binary variables. Let ​ be a non-negative continuous variable representing earliness, and  be a binary variable that activates the earliness constraint for each arc  and vehicle . The following constraints linearize the constraint in (14):
	
	(A.11)

	
	(A.12)

	
	(A.13)

	
	(A.14)


These constraints ensure that  when the arc  is not used (). Moreover, ​ captures the amount of early service time only when relevant (, ).
Linearization of the constraint in (15)
Constraint (15) defines the maximum earliness  at customer node  as the largest value among all incoming earliness variables . To linearize this max operation, we introduce the following inequality:
	
	(A.15)


This linear formulation ensures that  captures the most severe early arrival among all vehicles arriving at node , without explicitly using a max function.
Linearization of the constraint in (17)
Constraint (17) models the waiting time before service start at node  if the vehicle arrives too early. The original constraint has a max-based formulation. We reformulate the constraint using the Big-M method and auxiliary binary variable , which equals 1 if early arrival occurs (i.e., the vehicle arrives before the start of the hard time window at node ) and 0 otherwise. The new constraints are as follows: 
	
	(A.16)

	
	(A.17)

	
	(A.18)

	
	(A.19)


These constraints ensure that waiting time is triggered only when an arc is active and early arrival occurs. If no arc is used or if there is no early arrival, the waiting time is forced to zero. 
Linearization of the constraint in (19)
Constraint (19) ensures that the vehicle’s arrival time at node j is not earlier than the start of the soft time window, but only if the arc  is traversed (i.e., ). If the arc is not used (), the constraint becomes inactive. This conditional formulation can be linearized as follows: 
	
	(A.20)


This new constraint enforces the soft time window condition only when the arc is active (i.e., ). If no vehicle travels from node  to node , the large constant  relaxes the constraint, effectively removing the restriction.
Linearization of the constraint in (21)
The constraint for customer dissatisfaction is represented as a piecewise-linear function, where dissatisfaction increases linearly once the latest allowable start time is exceeded. This introduces nonlinearity due to the conditional nature of the formulation. To linearize it, we introduce a binary variable ​, which activates the dissatisfaction logic only when late service occurs. The function is now re-formulated using the following three linear inequalities: 
	
	(A.21)

	
	(A.22)

	
	(A.23)


Constraint (A.21) ensures dissatisfaction increases proportionally with lateness once service starts beyond the soft limit. Constraint (A.22) relaxes the upper bound when the condition is inactive (i.e. when there is no lateness). Constraint (A.23) forces dissatisfaction to zero when the binary trigger , deactivating the penalty.




