Supplementary material-The proof processes of Propositions 1-5

Appendix 1. Proof of Proposition 1
Proof. The optimal value function for solving the master-slave game equilibrium using inverse induction satisfies the following HJB equation:


The first-order partial derivatives of equations (1) and (2) about the  and , respectively, are obtained by making them equal to 0:


Equations (3) and (4) are substituted into the HJB equation of the third-party shared manufacturing platform to obtain equation (5):

The first-order partial derivative of equations (5) about  is obtained by making it equal to 0:

The optimal strategy equations (3), (4), and (6) can be obtained by eliminating the sign max by bringing them into their respective HJB equations:



The structure of the differential equation suggests that a linear optimal payoff function in Q may be a solution to the HJB equation, motivating the assumption that   and satisfy equation (10):

with the constants and  defined as:

Substituting each of the above assumptions, the parameter values of the solution are:




Substituting the solved ones into the first-order maximization conditions,  and expressions can be obtained. We get their optimal effort and revenue expressions as follows, respectively:






This completes the proof.

Appendix 2. Proof of Proposition 2
Proof. According to the optimal control problem solution method, the optimal value function satisfies the following HJB equation:


The first-order partial derivatives of equations (1) and (2) about the , and , are found and obtained by making them equal to 0:

Substitute equation (3) into the equation (1) and (2) to eliminate the sign max:


The structure of the differential equation suggests that a linear optimal payoff function in Q may be a solution to the HJB equation, motivating the assumption that   and  satisfy equation (6):

where , ,  and are constants, the first-order derivative of the expression  and is ,  Substituting it into equation (4) and (5), the parameter values of the optimal return function using the method of coefficients to be determined are as follows:



Bring the values of  , ,  and  into equation (6), take the first order derivative of Q and substitute it into equation (3). The equilibrium solutions are:

Bring  , ,  and  into equation (4), we can get their optimal revenue expression as follows:


This completes the proof.

Appendix 3. Proof of Proposition 3
Proof. According to the optimal control problem solution method, the total optimal value function of the capacity supplier and the capacity demander satisfies the following HJB equation:


The first-order partial derivatives of equations (1) and (2) about the  ,  and , are found and obtained by making them equal to 0:

Substitute equation (3) into the equation (1) and (2) to eliminate the sign max:


The structure of the differential equation suggests that a linear optimal payoff function in Q may be a solution to the HJB equation, motivating the assumption that    and  satisfy equation (6):

with the constants p1 and p2 defined as: and .
Substituting it into equation (4) and (5), the values of the optimal return function are:



[bookmark: OLE_LINK39]Bring the parameter values of , ,  and  into equation (6), take the first order derivative of Q and substitute it into equation (3). The equilibrium solution of the capacity supplier and the capacity demander's effort is obtained as follows:


Bring , ,  ,  and the parameter value of equation (7) into equation (4), and substitute them into equation (2), we can get the optimal revenue expression as follows:


This completes the proof.

Appendix 4. Proof of Proposition 4
Proof. The total optimal value function satisfies the HJB equation:


The first-order partial derivatives of equations (1) and (2) about the  ,  and , are found and obtained by making them equal to 0:

Substituting equation (3) into the HJB equations (1) and (2) to eliminate the sign max yields the following expression:


The structure of the differential equation suggests that a linear optimal payoff function in Q may be a solution to the HJB equation, motivating the assumption that  and  satisfy equation (6):

with the constants p1 and p2 defined as: , .
Substituting it into equation (4) and (5), the values of the optimal return function are:



Bring the values of  into equation (4), take the first order derivative of Q and substitute it into equation (2). The equilibrium solutions of the effort are obtained:


Bring  , ,  ,  and the parameter value of equation (7) into equation (6), and substitute them into equation (3), we can get the optimal revenue expression of the capacity demander and the third-party shared manufacturing platform as follows:


This completes the proof.

Appendix 5. Proof of Proposition 5
Proof. The total optimal value function πc(Q) satisfies the following equation in this case:

The first-order partial derivatives of equations (1) about the  and , are found and obtained by making them equal to 0:

Substitute the equation (2) into the equation (1), eliminating the sign max:

The structure of the differential equation suggests that a linear optimal payoff function in Q may be a solution to the HJB equation. So it is assumed that , where both m and n are constants to be solved and . Substitute the  expression and its first order derivatives into equation (3) to solve for the values of the m and n parameters:


Substituting m and n into the equation (2) and the expression , respectively, we obtain the optimal level of effort as well as the optimal total revenue expressions:




This completes the proof.

