Appendix A. Derivation and energy consistency
[bookmark: _GoBack]The quasi-1D equations (1)–(3) are obtained by integrating the compressible Euler equations over the free cross-section A(x,t) and applying the Leibniz rule to the time- and space-varying limits, which produces the geometric source term p ∂A/∂x in the momentum equation and the moving-boundary work −p ∂A/∂t in the energy equation. For a rigid train translating at constant speed the area field satisfies A(x,t) = A(x − Vt), hence ∂A/∂t = −V ∂A/∂x, and the two geometric terms are consistent. The skin-friction force ftr and its rate of working ftr·V are the only train-related exchange terms; the wall friction ft removes momentum, its associated dissipation remaining internal to the gas, so that under the weak-compressibility conditions considered (Δp/p₀ ~ 10⁻²) the global budget of a closed test case is conserved to within the truncation error of the scheme. This was verified numerically on a closed 1 km duct with reflecting ends and no train, initialised with a Gaussian pressure pulse of amplitude 1% of p₀ and run for three acoustic round trips: the mass drift is of order 10⁻¹⁰ per cent, and the total-energy drift is 6.2×10⁻⁷, 1.6×10⁻⁷ and 4.1×10⁻⁸ per cent at Δx = 2, 1 and 0.5 m respectively, falling by approximately a factor of four per grid halving and thus consistent with the formal second order of the scheme. In the incompressible, quasi-steady limit the formulation reduces to the annular mass-and-momentum balance of earlier 1D theory (Woods & Pope, 1981); the present model differs only in retaining the full unsteady compressible terms and in resolving, rather than treating as discontinuities, the nose and tail area changes — the resolution choice whose grid behaviour is quantified in Section 3.4.
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